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Preface

This text is intended for use in senior/first-year graduate courses on linear systems and
multivariable system design in electrical, mechanical, chemical, and aeronautical departments.
It may also be useful to practicing engineers because it contains many design procedures. The
mathematical background assumed is a working knowledge of linear algebra and the Laplace
transform and an elementary knowledge of differential equations.

Linear system theory is a vast field. In this text, we limit our discussion to the conventional
approaches of state-space equations and the polynomial fraction method of transfer matrices.
The geometric approach, the abstract algebraic approach, rational fractions, and optimization
are not discussed.

We aim to achieve two objectives with this text. The first objective is to use simple
and efficient methods to develop results and design procedures. Thus the presentation is
not exhaustive. For example, in introducing polynomial fractions, some polynomial theory
such as the Smith-McMillan form and Bezout identities are not discussed. The second
objective of this text is to enable the reader to employ the results to carry out design.
Thus most results are discussed with an eye toward numerical computation. All design
procedures in the text can be carried out using any software package that includes singular-
value decomposition, QR decomposition, and the solution of linear algebraic equations and
the Lyapunov equation. We give examples using MATLAB®, as the package' seems to be the
most widely available.

This edition is a complete rewriting of the book Linear System Theory and Design, which
was the expanded edition of Introduction to Linear System Theory published in 1970. Aside
from, hopefully, a clearer presentation and a more logical development, this edition differs
from the book in many ways:

e The order of Chapters 2 and 3 is reversed. In this edition, we develop mathematical
descriptions of systems before reviewing linear algebra. The chapter on stability is moved
earlier.

o This edition deals only with real numbers and foregoes the concept of fields. Thus it is
mathematically less abstract than the original book. However, all results are still stated as
theorems for easy reference.

o In Chapters 4 through 6, we discuss first the time-invariant case and then extend it to the
time-varying case, instead of the other way around.

1. MATLAB is a registered trademark of the MathWorks, Inc., 24 Prime Park Way, Natick, MA 01760-1500. Phone:
508-647-7000, fax: 508-647-7001, E-mail: info@mathworks.com, http://www.mathworks.com.

Xi
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PREFACE

o The discussion of discrete-time systems is expanded.

o In state-space design, Lyapunov equations are employed extensively and multivariable
canonical forms are downplayed. This approach is not only easier for classroom presentation
but also provides an attractive method for numerical computation.

o The presentation of the polynomial fraction method is streamlined. The method is equated
with solving linear algebraic equations. We then discuss pole placement using a one-degree-
of-freedom configuration, and model matching using a two-degree-of-freedom configura-
tion.

o Examples using MATLAB are given throughout this new edition.

This edition is geared more for classroom use and engineering applications; therefore, many
topics in the original book are deleted, including strict system equivalence, deterministic iden-
tification, computational issues, some multivariable canonical forms, and decoupling by state
feedback. The polynomial fraction design in the input/output feedback (controller/estimator)
configuration is deleted. Instead we discuss design in the two-parameter configuration. This
configuration seems to be more suitable for practical application. The eight appendices in the
original book are either incorporated into the text or deleted.
The logical sequence of all chapters is as follows:

Chap. 8
Chap. 6 = {Chap. 7
Sec. 7.1-7.3 = Sec. 9.1-9.3
= Sec. 7.6-7.8 = Sec. 9.4-9.5

Chap. 1-5 =

In addition, the material in Section 7.9 is needed to study Section 8.6.4. However, Section 8.6.4
may be skipped without loss of continuity. Furthermore, the concepts of controllability and
observability in Chapter 6 are useful, but not essential for the material in Chapter 7. All minimal
realizations in Chapter 7 can be checked using the concept of degrees, instead of checking
controllability and observability. Therefore Chapters 6 and 7 are essentially independent.

This text provides more than enough material for a one-semester course. A one-semester
course at Stony Brook covers Chapters 1 through 6, Sections 8.1-8.5, 7.1-7.2, and 9.1-9.3.
Time-varying systems are not covered. Clearly, other arrangements are also possible for a
one-semester course. A solutions manual is available from the publisher.

I am indebted to many people in revising this text. Professor Imin Kao and Mr. Juan
Ochoa helped me with MATLAB. Professor Zongli Lin and Mr. T. Anantakrishnan read
the whole manuscript and made many valuable suggestions. I am grateful to Dean Yacov
Shamash, College of Engineering and Applied Sciences, SUNY at Stony Brook, for his
encouragement. The revised manuscript was reviewed by Professor Harold Broberg, EET
Department, Indiana Purdue University; Professor Peyman Givi, Department of Mechanical
and Aerospace Engineering, State University of New York at Buffalo; Professor Mustafa
Khammash, Department of Electrical and Computer Engineering, lowa State University; and
Professor B. Ross Barmish, Department of Electrical and Computer Engineering, University
of Wisconsin. Their detailed and critical comments prompted me to restructure some sections
and to include a number of mechanical vibration problems. I thank them all.
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I am indebted to Mr. Bill Zobrist of Oxford University Press who persuaded me to
undertake this revision. The people at Oxford University Press, including Krysia Bebick,
Jasmine Urmeneta, Terri O’Prey, and Kristina Della Bartolomea were most helpful in this
undertaking. Finally, I thank my wife, Bih-Jau, for her support during this revision.

Chi-Tsong Chen
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Chapter

Infroduction

Introduction

The study and design of physical systems can be carried out using empirical methods. We can
apply various signals to a physical system and measure its responses. If the performance is not
satisfactory, we can adjust some of its parameters or connect to it a compensator to improve
its performance. This approach relies heavily on past experience and is carried out by trial and
error and has succeeded in designing many physical systems.

Empirical methods may become unworkable if physical systems are complex or too
expensive or too dangerous to be experimented on. In these cases, analytical methods become
indispensable. The analytical study of physical systems consists of four parts: modeling,
development of mathematical descriptions, analysis, and design. We briefly introduce each
of these tasks.

The distinction between physical systems and models is basic in engineering. For example,
circuits or control systems studied in any textbook are models of physical systems. A resistor
with a constant resistance is a model; it will burn out if the applied voltage is over a limit.
This power limitation is often disregarded in its analytical study. An inductor with a constant
inductance is again a model; in reality, the inductance may vary with the amount of current
flowing through it. Modeling is a very important problem, for the success of the design depends
on whether the physical system is modeled properly.

A physical system may have different models depending on the questions asked. It may
also be modeled differently in different operational ranges. For example, an electronic amplifier
is modeled differently at high and low frequencies. A spaceship can be modeled as a particle
in investigating its trajectory; however, it must be modeled as a rigid body in maneuvering.
A spaceship may even be modeled as a flexible body when it is connected to a space station.
In order to develop a suitable model for a physical system, a thorough understanding of the
physical system and its operational range is essential. In this text, we will call a model of a
physical system simply a system. Thus a physical system is a device or a collection of devices
existing in the real world; a system is a model of a physical system.

Once a system (or model) is selected for a physical system, the next step is to apply
various physical laws to develop mathematical equations to describe the system. For ex-
ample, we apply Kirchhoff’s voltage and current laws to electrical systems and Newton’s
law to mechanical systems. The equations that describe systems may assume many forms;

1
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they may be linear equations, nonlinear equations, integral equations, difference equations,
differential equations, or others. Depending on the problem under study, one form of equation
may be preferable to another in describing the same system. In conclusion, a system may
have different mathematical-equation descriptions just as a physical system may have many
different models.

After a mathematical description is obtained, we then carry out analyses—quantitative
and/or qualitative. In quantitative analysis, we are interested in the responses of systems
excited by certain inputs. In qualitative analysis, we are interested in the general properties
of systems, such as stability, controllability, and observability. Qualitative analysis is very
important, because design techniques may often evolve from this study.

If the response of a system is unsatisfactory, the system must be modified. In some
cases, this can be achieved by adjusting some parameters of the system; in other cases,
compensators must be introduced. Note that the design is carried out on the model of the
physical system. If the model is properly chosen, then the performance of the physical system
should be improved by introducing the required adjustments or compensators. If the model is
poor, then the performance of the physical system may not improve and the design is useless.
Selecting a model that is close enough to a physical system and yet simple enough to be studied
analytically is the most difficult and important problem in system design.

1.2 Overview

The study of systems consists of four parts: modeling, setting up mathematical equations,
analysis, and design. Developing models for physical systems requires knowledge of the
particular field and some measuring devices. For example, to develop models for transistors
requires a knowledge of quantum physics and some laboratory setup. Developing models
for automobile suspension systems requires actual testing and measurements; it cannot be
achieved by use of pencil and paper. Computer simulation certainly helps but cannot replace
actual measurements. Thus the modeling problem should be studied in connection with the
specific field and cannot be properly covered in this text. In this text, we shall assume that
models of physical systems are available to us.

The systems to be studied in this text are limited to linear systems. Using the concept of
linearity, we develop in Chapter 2 that every linear system can be described by

y(t) =/ G, u(r)dr (L.1)

]

This equation describes the relationship between the input u and output y and is called the
input—output or external description. If a linear system is lumped as well, then it can also be
described by

x(t) = A®)x() + B(H)u(r) (1.2)
y(1) = C(O)x(t) + D()u(r) 1.3)

Equation (1.2) is a set of first-order differential equations and Equation (1.3) is a set of algebraic
equations. They are called the internal description of linear systems. Because the vector x is
called the state, the set of two equations is called the state-space or, simply, the state equation.



1.2 Overview 3

If a linear system has, in addition, the property of time invariance, then Equations (1.1)
through (1.3) reduce to

y(t) = / Gt —tu(r)dr (1.4)
0
and
x(t) = Ax(¢) + Bu(r) (1.5)
y(t) = Cx(t) + Du(r) (1.6)

For this class of linear time-invariant systems, the Laplace transform is an important tool in
analysis and design. Applying the Laplace transform to (1.4) yields

§(s) = G(s)l(s) (1.7)

where a variable with a circumflex denotes the Laplace transform of the variable. The function
G(s) is called the transfer matrix. Both (1.4) and (1.7) are input—output or external descriptions.
The former is said to be in the time domain and the latter in the frequency domian.

Equations (1.1) through (1.6) are called continuous-time equations because their time
variable ¢ is a continuum defined at every time instant in (—oo, 00). If the time is defined
only at discrete instants, then the corresponding equations are called discrete-time equations.
This text is devoted to the analysis and design centered around (1.1) through (1.7) and their
discrete-time counterparts.

We briefly discuss the contents of each chapter. In Chapter 2, after introducing the
aforementioned equations from the concepts of lumpedness, linearity, and time invariance,
we show how these equations can be developed to describe systems. Chapter 3 reviews linear
algebraic equations, the Lyapunov equation, and other pertinent topics that are essential for
this text. We also introduce the Jordan form because it will be used to establish a number of
results. We study in Chapter 4 solutions of the state-space equations in (1.2) and (1.5). Different
analyses may lead to different state equations that describe the same system. Thus we introduce
the concept of equivalent state equations. The basic relationship between state-space equations
and transfer matrices is also established. Chapter 5 introduces the concepts of bounded-input
bounded-output (BIBO) stability, marginal stability, and asymptotic stability. Every system
must be designed to be stable; otherwise, it may burn out or disintegrate. Therefore stability
is a basic system concept. We also introduce the Lyapunov theorem to check asymptotic
stability.

Chapter 6 introduces the concepts of controllability and observability. They are essential
in studying the internal structure of systems. A fundamental result is that the transfer matrix
describes only the controllable and observable part of a state equation. Chapter 7 studies
minimal realizations and introduces coprime polynomial fractions. We show how to obtain
coprime fractions by solving sets of linear algebraic equations. The equivalence of controllable
and observable state equations and coprime polynomial fractions is established.

The last two chapters discuss the design of time-invariant systems. We use controllable
and observable state equations to carry out design in Chapter 8 and use coprime polynomial
fractions in Chapter 9. We show that, under the controllability condition, all eigenvalues
of a system can be arbitrarily assigned by introducing state feedback. If a state equation
is observable, full-dimensional and reduced-dimensional state estimators, with any desired
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eigenvalues, can be constructed to generate estimates of the state. We also establish the
separation property. In Chapter 9, we discuss pole placement, model matching, and their
applications in tracking, disturbance rejection, and decoupling. We use the unity-feedback
configuration in pole placement and the two-parameter configuration in model matching. In our
design, no control performances such as rise time, settling time, and overshoot are considered;
neither are constraints on control signals and on the degree of compensators. Therefore this
is not a control text per se. However, all results are basic and useful in designing linear time-
invariant control systems.



2.1

Chapter

Mdathematicdl
Descriptfions of Systems

Intfroduction

The class of systems studied in this text is assumed to have some input terminals and output
terminals as shown in Fig. 2.1. We assume that if an excitation or input is applied to the input
terminals, a unique response or output signal can be measured at the output terminals. This
unique relationship between the excitation and response, input and output, or cause and effect
is essential in defining a system. A system with only one input terminal and only one output
terminal is called a single-variable system or a single-input single-output (SISO) system.
A system with two or more input terminals and/or two or more output terminals is called
a multivariable system. More specifically, we can call a system a multi-input multi-output
(MIMO) system if it has two or more input terminals and output terminals, a single-input
multi-output (SIMO) system if it has one input terminal and two or more output terminals.

u(t) y(t)

RN Y~

0 "o Black (0 0 !
ulk] ulk] box YK k]

4 SEREEN

ol 123 k 0] 12345 &

Figure 2.1 System.
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A system is called a continuous-time system if it accepts continuous-time signals as
its input and generates continuous-time signals as its output. The input will be denoted by
lowercase italic u(¢) for single input or by boldface u(¢) for multiple inputs. If the system has
p input terminals, thenu(¢) isa p x 1 vectororu = [u; u, --- u,]’, where the prime denotes
the transpose. Similarly, the output will be denoted by y(¢) or y(¢). The time ¢ is assumed to
range from —oo to oo.

A system is called a discrete-time system if it accepts discrete-time signals as its input
and generates discrete-time signals as its output. All discrete-time signals in a system will
be assumed to have the same sampling period 7. The input and output will be denoted by
ulk] := u(kT) and y[k] := y(kT), where k denotes discrete-time instant and is an integer
ranging from —oo to 0co. They become boldface for multiple inputs and multiple outputs.

2.1.1 Cuusulity und Lumpedness

A system is called a memoryless system if its output y(#y) depends only on the input applied
at fo; it is independent of the input applied before or after 7. This will be stated succinctly as
follows: current output of a memoryless system depends only on current input; it is independent
of past and future inputs. A network that consists of only resistors is a memoryless system.

Most systems, however, have memory. By this we mean that the output at #, depends on
u(t) fort < ty,t = ty,and t > ty. That is, current output of a system with memory may depend
on past, current, and future inputs.

A system is called a causal or nonanticipatory system if its current output depends on
past and current inputs but not on future input. If a system is not causal, then its current output
will depend on future input. In other words, a noncausal system can predict or anticipate what
will be applied in the future. No physical system has such capability. Therefore every physical
system is causal and causality is a necessary condition for a system to be built or implemented
in the real world. This text studies only causal systems.

Current output of a causal system is affected by past input. How far back in time will the
past input affect the current output? Generally, the time should go all the way back to minus
infinity. In other words, the input from —oo to time ¢ has an effect on y(¢). Tracking u(z)
from t = —o0 is, if not impossible, very inconvenient. The concept of state can deal with this
problem.

Definition 2.1 The state X(ty) of a system at time ty is the information at t that, together
with the input u(t), for t > to, determines uniquely the output y(t) for all t > t,.

By definition, if we know the state at , there is no more need to know the input u(¢) applied
before 7y in determining the output y(¢) after #y. Thus in some sense, the state summarizes the
effect of past input on future output. For the network shown in Fig. 2.2, if we know the voltages
x1(tp) and x,(#y) across the two capacitors and the current x3(#p) passing through the inductor,
then for any input applied on and after 7y, we can determine uniquely the output for ¢ > .
Thus the state of the network at time ¢ is
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Figure 2.2 Network with 3 state variables. b ¥ I+ X |
————
C, C, X3 +
R] Ll
Uus
@ |
ujp RZ
x1(fo)
x(f) = | x2(to)
x3(%o)

Itisa3 x 1 vector. The entries of x are called state variables. Thus, in general, we may consider
the initial state simply as a set of initial conditions.
Using the state at 7y, we can express the input and output of a system as

x(o)

u(), t > to} -y, 1210 2.1)

It means that the output is partly excited by the initial state at #y and partly by the input applied
at and after #. In using (2.1), there is no more need to know the input applied before #, all the
way back to —oo. Thus (2.1) is easier to track and will be called a state-input—output pair.

A system is said to be lumped if its number of state variables is finite or its state is a
finite vector. The network in Fig. 2.2 is clearly a lumped system; its state consists of three
numbers. A system is called a distributed system if its state has infinitely many state variables.
The transmission line is the most well known distributed system. We give one more example.

ExAmPLE 2.1 Consider the unit-time delay system defined by

v = u(t — 1)

The output is simply the input delayed by one second. In order to determine {y(¢), t > o}
from {u(t), t > ty}, we need the information {u(t), tp —1 <t < ty}. Therefore the initial state
of the system is {u(t), to — 1 <t < ty}. There are infinitely many pointsin {fo — 1 <t < fp}.
Thus the unit-time delay system is a distributed system.

2.2 Lineur Systems

A system is called a linear system if for every 7y and any two state-input—output pairs

x; (to)

— yi(0), t > 1
wm,tzm} ¥ () 0

fori =1, 2, we have
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X1 (to) + X2(to)

= yi1(t) +y2(1), t =1y (additivit
u (1) + wa (1), tzto} Y1 (1) +y2(1) o ( y)

and

axi ()

— t), t >ty (homogeneit
oy (1), tzto} ayi(t), t =1t ( g y)

for any real constant «. The first property is called the additivity property, the second, the
homogeneity property. These two properties can be combined as

a1x;(fy) + arx>(tp)

- o )+ o 1), t >t
oquy (1) + aruy (1), tZ,O} 1Y1(8) + a2y2(2) 0

for any real constants «| and a5, and is called the superposition property. A system is called
a nonlinear system if the superposition property does not hold.

If the input u(?) is identically zero for ¢ > f, then the output will be excited exclusively
by the initial state x(y). This output is called the zero-input response and will be denoted by

o X(10)

(), 1>t
u(t)z(),tzto}_)yz() 0

If the initial state x(fp) is zero, then the output will be excited exclusively by the input. This
output is called the zero-state response and will be denoted by y_, or
X(t) =0

— 1), t =1
ll(t), tZtO} yz‘v() 0

The additivity property implies

x(fo)

I
Output due to { = output due to {X(O)

ui) =0, t>1¢
x(t) =0
u), t > 1

u(r), t =1ty
+ output due to {

or
Response = zero-input response + zero-state response

Thus the response of every linear system can be decomposed into the zero-state response and
the zero-input response. Furthermore, the two responses can be studied separately and their
sum yields the complete response. For nonlinear systems, the complete response can be very
different from the sum of the zero-input response and zero-state response. Therefore we cannot
separate the zero-input and zero-state responses in studying nonlinear systems.

If a system is linear, then the additivity and homogeneity properties apply to zero-state
responses. To be more specific, if x(#y) = 0, then the output will be excited exclusively by
the input and the state-input—output equation can be simplified as {u; — y;}. If the system is
linear, then we have {u; + u, — y; + y»} and {oeu; — ay;} for all « and all u;. A similar
remark applies to zero-input responses of any linear system.

Input-output description We develop a mathematical equation to describe the zero-state
response of linear systems. In this study, the initial state is assumed implicitly to be zero and the
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output is excited exclusively by the input. We consider first SISO linear systems. Let 64 (f — ;)
be the pulse shown in Fig. 2.3. It has width A and height 1/A and is located at time #,. Then
every input u(¢) can be approximated by a sequence of pulses as shown in Fig. 2.4. The pulse
in Fig. 2.3 has height 1/A; thus 55 (¢ — #;) A has height 1 and the left-most pulse in Fig. 2.4
with height u(#;) can be expressed as u(f;)da(t — ;) A. Consequently, the input u(¢) can be
expressed symbolically as

u(t) ~ Y u(t)dalt — A

Let ga(t, t;) be the output at time ¢ excited by the pulse u(r) = 5A(t — 1;) applied at time ;.
Then we have

Salt — 1) = galt, 1;)
Sat — t)u(t)A — ga(t, t)u(t;)A  (homogeneity)

ZSA(t —KHu(t) A — ZgA(l‘, tHu(t;)A  (additivity)

Thus the output y(#) excited by the input u(¢) can be approximated by

Y() =Y galt, thu(t)A 22)

Figure 2.3 Pulse at 7;.

> =

| nh+A

u(t)da(t — ;) A

1

1

I 1

u(t;) | :

ti 1 1 !

Figure 2.4 Approximation of input signal.
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Now if A approaches zero, the pulse § o (f —¢;) becomes an impulse at t;, denoted by 6 ( —¢;), and
the corresponding output will be denoted by g(, #;). As A approaches zero, the approximation
in (2.2) becomes an equality, the summation becomes an integration, the discrete #; becomes
a continuum and can be replaced by 7, and A can be written as dt. Thus (2.2) becomes

[e.¢]
y() = / g(t, Du(r)dr (2.3)
—0Q
Note that g (¢, 7) is a function of two variables. The second variable denotes the time at which
the impulse input is applied; the first variable denotes the time at which the output is observed.
Because g(¢, 7) is the response excited by an impulse, it is called the impulse response.
If a system is causal, the output will not appear before an input is applied. Thus we have

Causal <= g(t,7) =0 fort <t

A system is said to be relaxed at t if its initial state at fy is 0. In this case, the output y(z),
for t > 1y, is excited exclusively by the input u(¢) for + > #y. Thus the lower limit of the
integration in (2.3) can be replaced by ¢,. If the system is causal as well, then g(¢, ) = O for
t < 1. Thus the upper limit of the integration in (2.3) can be replaced by ¢. In conclusion,
every linear system that is causal and relaxed at #; can be described by

t
y() =/ g, Du(r)dr 2.4
fo
In this derivation, the condition of lumpedness is not used. Therefore any lumped or distributed
linear system has such an input—output description. This description is developed using only
the additivity and homogeneity properties; therefore every linear system, be it an electrical
system, a mechanical system, a chemical process, or any other system, has such a description.
If a linear system has p input terminals and g output terminals, then (2.4) can be
extended to

v = [ G.ou e @5)
where
gll(tv T) glz(tv T) glp(tﬂ T)
821 (tv t) g22(t7 T) e gzp(tv T)
G(t, 1) =
gql(tv T) ng(l,l') gqp(ts T)

and g;;(, 7) is the response at time ¢ at the ith output terminal due to an impulse applied at
time T at the jth input terminal, the inputs at other terminals being identically zero. That is,
gij(t, T) is the impulse response between the jth input terminal and the ith output terminal.
Thus G is called the impulse response matrix of the system. We stress once again that if a
system is described by (2.5), the system is linear, relaxed at ¢y, and causal.

State-space description Every linear lumped system can be described by a set of equations
of the form
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x(t) = A®)x() + B(H)u() (2.6)
y(1) = C(O)x(t) + D()u(r) 2.7)

where X := dx/dt.! For a p-input g-output system, uisa p x 1 vector andy is a g x 1 vector.
If the system has n state variables, then x is an n x 1 vector. In order for the matrices in (2.6)
and (2.7) to be compatible, A, B, C,and D mustben x n,n x p,q x n, and g x p matrices.
The four matrices are all functions of time or time-varying matrices. Equation (2.6) actually
consists of a set of n first-order differential equations. Equation (2.7) consists of ¢ algebraic
equations. The set of two equations will be called an n-dimensional state-space equation or,
simply, state equation. For distributed systems, the dimension is infinity and the two equations
in (2.6) and (2.7) are not used.

The input—output description in (2.5) was developed from the linearity condition. The
development of the state-space equation from the linearity condition, however, is not as simple
and will not be attempted. We will simply accept it as a fact.

2.3 Linear Time-Invariant (LTI) Systems

A system is said to be time invariant if for every state-input—output pair

x()

t), t =1
u(), tzto}_)y() ’

and any T, we have

x(to+T)

t—T), t>ty+T (time shifti
ui —T). t2t0+T}_)y( ), t =1+ T (time shifting)

It means that if the initial state is shifted to time 7y + 7" and the same input waveform is applied
from #y + T instead of from #, then the output waveform will be the same except that it starts
to appear from time 7, + 7. In other words, if the initial state and the input are the same, no
matter at what time they are applied, the output waveform will always be the same. Therefore,
for time-invariant systems, we can always assume, without loss of generality, that 7y = 0. If a
system is not time invariant, it is said to be time varying.

Time invariance is defined for systems, not for signals. Signals are mostly time varying.
If a signal is time invariant such as u(¢) = 1 for all ¢, then it is a very simple or a trivial signal.
The characteristics of time-invariant systems must be independent of time. For example, the
network in Fig. 2.2 is time invariant if R;, C;, and L; are constants.

Some physical systems must be modeled as time-varying systems. For example, a burning
rocket is a time-varying system, because its mass decreases rapidly with time. Although the
performance of an automobile or a TV set may deteriorate over a long period of time, its
characteristics do not change appreciable in the first couple of years. Thus a large number of
physical systems can be modeled as time-invariant systems over a limited time period.

1. We use A := B to denote that A, by definition, equals B. We use A =: B to denote that B, by definition, equals A.
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Input-output description The zero-state response of a linear system can be described by
(2.4). Now if the system is time invariant as well, then we have?

g, 1) =gt +T,t+T)=g(t—1,0) =g —1)
for any T'. Thus (2.4) reduces to

y(t) = / gt —u(r)dr = / g(u(t —1)dr 2.8)
0 0

where we have replaced 7y by 0. The second equality can easily be verified by changing the
variable. The integration in (2.8) is called a convolution integral. Unlike the time-varying case
where g is a function of two variables, g is a function of a single variable in the time-invariant
case. By definition g(t) = g(¢ — 0) is the output at time ¢ due to an impulse input applied at
time 0. The condition for a linear time-invariant system to be causal is g(#) = 0 for ¢ < 0.

EXAMPLE 2.2 The unit-time delay system studied in Example 2.1 is a device whose output
equals the input delayed by 1 second. If we apply the impulse §(¢) at the input terminal, the
output is § (¢ — 1). Thus the impulse response of the system is 6(r — 1).

ExAmMPLE 2.3 Consider the unity-feedback system shown in Fig. 2.5(a). It consists of a
multiplier with gain a and a unit-time delay element. It is a SISO system. Let r(¢) be the
input of the feedback system. If (#) = &(¢), then the output is the impulse response of the
feedback system and equals
[o.¢]
gr(t) =ad(t — 1) +a*5(t —2) +a®8(t —3) +--- = Za"a(t — i) (2.9)
i=1

Let r(¢) be any input with r(¢) = 0 for r < 0; then the output is given by

y(t):/ gf(r—r)r(r)drzzaf/ 8t —t —ir(r)dr
0 i—1 70

= Zair(t) = Zair(t —1)
i=1 i i=l

Because the unit-time delay system is distributed, so is the feedback system.

T=t—

) + u(t) Unit-time y(t) () + u(t) Unit-time y(t)
delay - delay
+ element _ element

(a) b)

Figure 2.5 Positive and negative feedback systems.

2. Note that g(z, ) and g(¢r — 7) are two different functions. However, for convenience, the same symbol g is used.
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Transfer-function matrix The Laplace transform is an important tool in the study of linear
time-invariant (LTI) systems. Let y(s) be the Laplace transform of y(¢), that is,

y(s) = /0 y(t)e *'dt

Throughout this text, we use a variable with a circumflex to denote the Laplace transform of
the variable. For causal systems, we have g(#) = O fort < Oor g(t — 7) = 0 for > ¢. Thus
the upper integration limit in (2.8) can be replaced by co. Substituting (2.8) and interchanging
the order of integrations, we obtain

y(s) = /OO </OO gt — r)u(r)dr) e gy
t=0 =0

= / (/ gt —1)e" 0 dt) u(t)e *tdr
=0 t=0

which becomes, after introducing the new variable v =t — 7,

y(s) = /OC (/‘00 gw)e™" dv) u(t)e*"dt
=0 v=—1

Again using the causality condition to replace the lower integration limit inside the parentheses
from v = —71 to v = 0, the integration becomes independent of t and the double integrations
become

y(s) = /00 g)e " dv /‘00 u(t)e*tdr

=0 =0
or

y(s) = g(s)u(s) (2.10)

where

g(s) = / g(ne™'dt
0

is called the transfer function of the system. Thus the transfer function is the Laplace transform
of the impulse response and, conversely, the impulse response is the inverse Laplace transform
of the transfer function. We see that the Laplace transform transforms the convolution integral
in (2.8) into the algebraic equation in (2.10). In analysis and design, it is simpler to use algebraic
equations than to use convolutions. Thus the convolution in (2.8) will rarely be used in the
remainder of this text.

For a p-input g-output system, (2.10) can be extended as

yi(s) gu@s) &G - gip@) iy (s)
P2(s) 82(s) &n(s) - p(s) s (s)
.)A}q(s) §q1(S) qu(S) gqp(s) ﬁp(s)

or

§(s) = G(s)i(s) 2.11)
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where g;;(s) is the transfer function from the jth input to the ith output. The ¢ x p matrix
G(s) is called the transfer-function matrix or, simply, transfer matrix of the system.

ExAMPLE 2.4 Consider the unit-time delay system studied in Example 2.2. Its impulse
response is §(¢ — 1). Therefore its transfer function is

2 =Lt - D] = / St —Dedt=e"|_ =e"*
0

This transfer function is an irrational function of s.

ExAMPLE 2.5 Consider the feedback system shown in Fig. 2.5(a). The transfer function of
the unit-time delay element is e~*. The transfer function from r to y can be computed directly

from the block diagram as
R ae™*
gr(s) = T oo (2.12)

ae—S

This can also be obtained by taking the Laplace transform of the impulse response, which was
computed in (2.9) as

gr()=> a's(t—1i)
i=1
Because L[5(t — i)] = e~*, the Laplace transform of gr(t)is

gf(s) = L[gf([)] = Zaie_is —qge”$ Z(ae_s)i
i=0

i=1

Using
oo
. 1
> -
4 1—r
i=0
for |r| < 1, we can express the infinite series in closed form as
3 (5) ae™*
S) =
&f 1 —aes

which is the same as (2.12).

The transfer function in (2.12) is an irrational function of s. This is so because the feedback
system is a distributed system. If a linear time-invariant system is lumped, then its transfer
function will be a rational function of s. We study mostly lumped systems; thus the transfer
functions we will encounter are mostly rational functions of s.

Every rational transfer function can be expressed as g(s) = N(s)/D(s), where N (s) and
D(s) are polynomials of s. Let us use deg to denote the degree of a polynomial. Then g(s) can
be classified as follows:

o 2(s) proper < deg D(s) > deg N(s) < g(00) = zero or nonzero constant.
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o g(s) strictly proper < deg D(s) > deg N(s) & g(o0) = 0.
e £(s) biproper < deg D(s) = deg N(s) < g(00) = nonzero constant.
e g(s) improper < deg D(s) < deg N(s) < |g(00)| = co.

Improper rational transfer functions will amplify high-frequency noise, which often exists in
the real world; therefore improper rational transfer functions rarely arise in practice.

A real or complex number A is called a pole of the proper transfer function g(s) =
N(s)/D(s) if |g(1)| = o0; a zero if g(1) = 0. If N(s) and D(s) are coprime, that is, have
no common factors of degree 1 or higher, then all roots of N (s) are the zeros of g(s), and all
roots of D(s) are the poles of g(s). In terms of poles and zeros, the transfer function can be
expressed as

. (s —z)(s —22) - (s — Zm)
g(s) =
(s =pDs—p2)---(s = pa)
This is called the zero-pole-gain form. In MATLAB, this form can be obtained from the transfer
function by calling [z, p, k]= tf2zp (num,den).

A rational matrix f}(s) is said to be proper if its every entry is proper or if f}(oo) is a zero
or nonzero constant matrix; it is strictly proper if its every entry is strictly proper or if é(oo) is
a zero matrix. If a rational matrix G(s) is square and if both é(s) and G~! (s) are proper, then
G(s) is said to be biproper. We call X a pole of é(s) if it is a pole of some entry of é(s). Thus
every pole of every entry of é(s) is a pole of G(s). There are a number of ways of defining
zeros for G(s). We call A a blocking zero if it is a zero of every nonzero entry of G(s). A more
useful definition is the transmission zero, which will be introduced in Chapter 9.

State-space equation Every linear time-invariant lumped system can be described by a set
of equations of the form

x(t) = Ax(t) + Bu(r)
(2.13)
y(t) = Cx(t) + Du(z)

For a system with p inputs, g outputs, and n state variables, A, B, C, and D are, respectively,
nxn,nxp,qxn, and g x p constant matrices. Applying the Laplace transform to (2.13)
yields

sX(s) — x(0) = AX(s) + Bii(s)
y(s) = Cx(s) + Du(s)
which implies
X(s) = (sI— A)7'x(0) + (s — A)~'Bii(s) (2.14)
§(s) = C(sI— A)~'x(0) + C(sI — A)~'Bii(s) 4 Dix(s) (2.15)

They are algebraic equations. Given x(0) and t(s), X(s) and y(s) can be computed algebraically
from (2.14) and (2.15). Their inverse Laplace transforms yield the time responses x(¢) and
y(#). The equations also reveal the fact that the response of a linear system can be decomposed
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as the zero-state response and the zero-input response. If the initial state x(0) is zero, then
(2.15) reduces to

§(s) = [C(sI — A)~'B + DJa(s)
Comparing this with (2.11) yields
G(s)=CGI—A)"'B+D (2.16)

This relates the input—output (or transfer matrix) and state-space descriptions.

The functions t£2ss and ss2tf in MATLAB compute one description from the other.
They compute only the SISO and SIMO cases. For example, [num, den]=ss2tf (a,b, c,
d, 1) computes the transfer matrix from the first input to all outputs or, equivalently, the first
column of é(s). If the last argument 1 in ss2tf (a, b, c,d, 1) is replaced by 3, then the
function generates the third column of G(s).

To conclude this section, we mention that the Laplace transform is not used in studying
linear time-varying systems. The Laplace transform of g(¢, 7) is a function of two variables
and LTIA(1)x(1)] # LIA(#)]L[x(¢)]; thus the Laplace transform does not offer any advantage
and is not used in studying time-varying systems.

2.3.1 Op-Amp Circuit Implementation

Every linear time-invariant (LTT) state-space equation can be implemented using an operational
amplifier (op-amp) circuit. Figure 2.6 shows two standard op-amp circuit elements. All inputs
are connected, through resistors, to the inverting terminal. Not shown are the grounded
noninverting terminal and power supply. If the feedback branch is a resistor as shown in Fig.
2.6(a), then the output of the element is — (ax; +bx; +cx3). If the feedback branch is a capactor
with capacitance C and RC = 1 as shown in Fig. 2.6(b), and if the output is assigned as x, then
X = —(avy +bvy + cv3). We call the first element an adder; the second element, an integrator.
Actually, the adder functions also as multipliers and the integrator functions also as multipliers
and adder. If we use only one input, say, x;, in Fig. 2.6(a), then the output equals —ax, and
the element can be used as an inverter with gain a. Now we use an example to show that every
LTI state-space equation can be implemented using the two types of elements in Fig. 2.6.
Consider the state equation

s 2 —037[x() )
|:562(t):| B |:1 -8 :| |:x2(f)i|+|: 0:|“(t) (2.17)
R/a R R/a c
X1 o=AAN— 01 —AAAS :(
A R/b RC=1
A2 o=AAAN— v

=\ \NV—
R/c R/c X
T30 AMN— U3 o=AAA— —o
—(axy + bx, + cx3) —X = avy + bvy + cvs

(a) (b)

Figure 2.6 Two op-amp circuit elements.
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x1(1)
x2(1)

It has dimension 2 and we need two integrators to implement it. We have the freedom in
choosing the output of each integrator as +x; or —x;. Suppose we assign the output of the
left-hand-side (LHS) integrator as x; and the output of the right-hand-side (RHS) integrator
as —x; as shown in Fig. 2.7. Then the input of the LHS integrator should be, from the first
equation of (2.17), —x; = —2x; + 0.3x + 2u and is connected as shown. The input of the
RHS integrator should be X, = x| — 8x; and is connected as shown. If the output of the adder
is chosen as y, then its input should equal —y = 2x; — 3x, — 5u, and is connected as shown.
Thus the state equation in (2.17) and (2.18) can be implemented as shown in Fig. 2.7. Note that
there are many ways to implement the same equation. For example, if we assign the outputs
of the two integrators in Fig. 2.7 as x; and x;, instead of x; and —x;, then we will obtain a
different implementation.

In actual operational amplifier circuits, the range of signals is limited, usually 1 or 2 volts
below the supplied voltage. If any signal grows outside the range, the circuit will saturate or
burn out and the circuit will not behave as the equation dictates. There is, however, a way to
deal with this problem, as we will discuss in Section 4.3.1.

y(1) =[-2 3] [ } + 5u(t) (2.18)

2.4 Lineurization

Most physical systems are nonlinear and time varying. Some of them can be described by the
nonlinear differential equation of the form

R
—x R
AN
R/2 C c R/2 R
1. I
N\ N\

R/2 N R .y RS
U o AAA—] - AAA— L AAA— y
R/0.3 R/8 R/5

RC =1

Figure 2.7 Op-amp implementation of (2.17) and (2.18).
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x(t) =hx(),u(®), 1) (2.19)
y@) =£fx@®),u(@), 1)

where h and f are nonlinear functions. The behavior of such equations can be very complicated
and its study is beyond the scope of this text.

Some nonlinear equations, however, can be approximated by linear equations under
certain conditions. Suppose for some input function u,(¢) and some initial state, X, (¢) is the
solution of (2.19); that is,

X (1) = h(X, (1), w, (1), 1) (2.20)

Now suppose the input is perturbed slightly to become u,, (¢) + u(¢) and the initial state is also
perturbed only slightly. For some nonlinear equations, the corresponding solution may differ
from x,(¢) only slightly. In this case, the solution can be expressed as X, (¢) 4+ X(¢) with x(¢)
small for all 7.> Under this assumption, we can expand (2.19) as

X, (1) + X(1) = h(x, (1) + X(1), u,(r) + 1(r), 1)

oh_  oh_
=hx, (), u,(),t) + —X+ —u+--- (2.21)
0x ou

where, for h = [k hy h3]', x = [x1 X2 x3], and u = [u; us],
5h '8h1/8x1 3h1/3)€2 3h1/3)€3
A(r) == P := | 0hy/0x; 0hy/dxy, 0hy/0x3
_8]13/8)61 3/13/8)62 8]13/3)63
5h '8h1/8u1 8]11/8%2
B() := e = | 0hy/0uy 0hy/duy
_3}13/3141 8h3/3u2
They are called Jacobians. Because A and B are computed along the two time functions X, ()

and u,(¢), they are, in general, functions of 7. Using (2.20) and neglecting higher powers of X
and u, we can reduce (2.21) to

X(1) = A(DX(1) + B@)u()
This is a linear state-space equation. The equation y(t) = f(x(¢), u(¢), ) can be similarly
linearized. This linearization technique is often used in practice to obtain linear equations.

2.5 Exumples

In this section we use examples to illustrate how to develop transfer functions and state-space
equations for physical systems.

ExAMPLE 2.6 Consider the mechanical system shown in Fig. 2.8. It consists of a block with
mass m connected to a wall through a spring. We consider the applied force u to be the input

3. This is not true in general. For some nonlinear equations, a very small difference in initial states will generate
completely different solutions, yielding the phenomenon of chaos.
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and displacement y from the equilibrium to be the output. The friction between the floor and the
block generally consists of three distinct parts: static friction, Coulomb friction, and viscous
friction as shown in Fig. 2.9. Note that the horizontal coordinate is velocity y = dy/dt. The
friction is clearly not a linear function of the velocity. To simplify analysis, we disregard
the static and Coulomb frictions and consider only the viscous friction. Then the friction
becomes linear and can be expressed as k; y(¢), where k| is the viscous friction coefficient. The
characteristics of the spring are shown in Fig. 2.10; it is not linear. However, if the displacement
is limited to (y;, y») as shown, then the spring can be considered to be linear and the spring
force equals k; y, where k; is the spring constant. Thus the mechanical system can be modeled
as a linear system under linearization and simplification.

Figure 2.8 Mechanical system. y=0
|_Z
ka
u
m =
ki
Force Force
Viscous friction
Static
Velocity Velocity
0 0
Coulomb

(a) (b)

Figure 2.9 Mechanical system.(a) Static and Coulomb frictions. (b) Viscous friction.

Figure 2.10 Characteristic of spring. Force
Break
o —F
N y2
} } Displacement
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We apply Newton’s law to develop an equation to describe the system. The applied force
u must overcome the friction and the spring force. The remainder is used to accelerate the
block. Thus we have

my =u—kiy—kyy (2.22)

where ¥ = d?y(t)/dt* and y = dy(t)/dt. Applying the Laplace transform and assuming zero
initial conditions, we obtain

ms*$(s) = i(s) — kisH(s) — kad(s)

which implies

1 .
(s)

y@s) = —msz e +k2u

This is the input—output description of the system. Its transfer function is 1/(ms? + ks + k).
Itm =1, k; =3, k; = 2, then the impulse response of the system is

1 1 1
¢ =£—l =£—l _ — ol _ —2t
8@ |:s2+3s+2:| |:s+1 s+2:| ¢ ¢

and the convolution description of the system is

y(t):/ gt — Du(r)dr =f (7179 — e 2Dy (1) dr
0 0

Next we develop a state-space equation to describe the system. Let us select the displace-
ment and velocity of the block as state variables; that is, x; = y, x, = y. Then we have, using
(2.22),

}'C1 = X2 m}.Cz:u—kl)CQ—kle

They can be expressed in matrix form as

NI N
X (1) —ky/m —ki/m x2(1) 1/m

x1(t)
y@) =1 ][xz(t)}

This state-space equation describes the system.
ExampLE 2.7 Consider the system shown in Fig. 2.11. It consists of two blocks, with masses

m; and m,, connected by three springs with spring constants k;, i = 1, 2, 3. To simplify the
discussion, we assume that there is no friction between the blocks and the floor. The applied

| - > V2 Figure 2.11 Spring-mass system.

k] kz k3

uy — Uy —>
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force u; must overcome the spring forces and the remainder is used to accelerate the block,
thus we have

up —kiyr —ka(y1 — y2) = my
or

miy1 + (ki + ka)yr — kay2 = uy (2.23)
For the second block, we have

myys — kayr + (ki + ka)y2 = uz (2.24)
They can be combined as

Ko | Y e[ B
0 my [y —ky  kit+ka Ly U
This is a standard equation in studying vibration and is said to be in normal form. See Reference
[18]. Let us define
XII=Yy1L %=y X3i=) 0 X4 =)

Then we can readily obtain

, 0 I 0 0 0 0
X1 —(k k k X1 1
‘ (ky + k2) 0 k. 0 LI
X2 _ m m X2 L m up
)'63 0 0 0 1 X3 0 0 uy
N B itk N . L

my ni my

0 1000
Yy = = X
v 0010

This two-input two-output state equation describes the system in Fig. 2.11.
To develop its input—output description, we apply the Laplace transform to (2.23) and
(2.24) and assume zero initial conditions to yield

mis*91(s) + (ki + k) $1(5) — kaFa(s) = di1(s)
mas*$2(s) — ka$1(s) + (ki + k2) 2 (s) = dia(s)

From these two equations, we can readily obtain

mys? + ki + ko k2
|:}A’1(S)i| _ d(s) d(s) |:121(S)]
)] ko mys® 4+ ki + ko | Li2(s)
d(s) d(s)

where
d(s) = (ms* 4 ki + ko) (mas® + ki + ky) — k2

This is the transfer-matrix description of the system. Thus what we will discuss in this text can
be applied directly to study vibration.
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ExAMPLE 2.8 Consider a cart with an inverted pendulum hinged on top of it as shown in Fig.
2.12. For simplicity, the cart and the pendulum are assumed to move in only one plane, and the
friction, the mass of the stick, and the gust of wind are disregarded. The problem is to maintain
the pendulum at the vertical position. For example, if the inverted pendulum is falling in the
direction shown, the cart moves to the right and exerts a force, through the hinge, to push the
pendulum back to the vertical position. This simple mechanism can be used as a model of a
space vehicle on takeoff.
Let H and V be, respectively, the horizontal and vertical forces exerted by the cart on the
pendulum as shown. The application of Newton’s law to the linear movements yields
2
d_y =u—H
dr?
d? .. .
H = mﬁ(y +[sinf) = my + mlO cos — ml(@)2 sin 0
d? . -
mg—V = mﬁ(l cosf) = ml[—0sinf — (0)" cos O]

The application of Newton’s law to the rotational movement of the pendulum around the hinge
yields

mglsin = mlé - 1 + m3l cos 6

They are nonlinear equations. Because the design objective is to maintain the pendulum
at the vertical position, it is reasonable to assume 6 and 6 to be small. Under this assumption,
we can use the approximation sin # = 6 and cos 6 = 1. By retaining only the linear terms in 6
and @ or, equivalently, dropping the terms with 62, (6)2, 66, and 66, we obtain V = mg and

M¥ =u—my —mlo

g0 =10+ 5
which imply
My =u—mgo (2.25)
M1 = (M + m)gh — u (2.26)

Figure 2.12 Cart with inverted pendulum.
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Using these linearized equations, we now can develop the input—output and state-space
descriptions. Applying the Laplace transform to (2.25) and (2.26) and assuming zero initial
conditions, we obtain

Ms*§(s) = ii(s) — mg(s)
MIs*0(s) = (M + m)gO(s) — ii(s)
From these equations, we can readily compute the transfer function g, (s) from « to y and the
transfer function gg,, (s) from u to 6 as
st —g
$2[Ms? — (M +m)g]
—1
Ms? — (M +m)g

gyu(s) =

é&u(s) =

To develop a state-space equation, we select state variables as x; =y, x, =y, x3 =0,
and x4 = 6. Then from this selection, (2.25), and (2.26) we can readily obtain

X1 0 1 0 0 X1 0
X7 0 0 —mg/M 0 X3 1/M
. = + u
X3 0 0 0 1 X3 0
X4 00 M+mg/Ml O X4 —1/Ml
y=1[10 0 0]x 2.27)

This state equation has dimension 4 and describes the system when 6 and 6 are very small.

ExAMPLE 2.9 A communication satellite of mass m orbiting around the earth is shown in
Fig. 2.13. The altitude of the satellite is specified by »(¢), 6(¢), and ¢ (¢) as shown. The orbit
can be controlled by three orthogonal thrusts u,(¢), ug(¢), and uy(¢). The state, input, and
output of the system are chosen as

()
gg; ur (1) 0
XO=1 450 u(t) = | up(t) yi) = | 6@t
o) ug(1) @)
Lo (1) |
Then the system can be shown to be described by
- -
r62cos? ¢ +r¢* —k/r* +u,/m
x =h(x,u) = 0 o S (2.28)
—2r0/r + 20¢ sin¢g/ cos ¢ + ug/mr cos ¢
¢
L —62cospsing — 27/ + ug/mr i
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Figure 2.13  Satellite in orbit.

One solution, which corresponds to a circular equatorial orbit, is given by
X,(t) =1[r, 0 w,t w, 0 0] u, =0

with r2w? = k, a known physical constant. Once the satellite reaches the orbit, it will remain
in the orbit as long as there are no disturbances. If the satellite deviates from the orbit, thrusts
must be applied to push it back to the orbit. Define

X(1) =%,() +x()  u@)=w,@)+u@)  y@)=y,+y)

If the perturbation is very small, then (2.28) can be linearized as

0 1 0 0 0 0
302 0 0 2w,r, 0 0
] 0 0 0 0
sl 2w, _
X(1) 0 P o 0 o o |X®
r()
0 0 0 0 : 0 1
L 0 0 0 0 C -2 0
0 0
1
m
0 0
+1 0 1 0 8@
mr,
0 0 0
1
L mr, -
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0O 0 0 : 0 0
yo=[0 0 1T 0 = 0 0 |30 (2.29)
0O 0 0 0 : 1 0

This six-dimensional state equation describes the system. In this equation, A, B, and C happen
to be constant. If the orbit is an elliptic one, then they will be time varying. We note that the
three matrices are all block diagonal. Thus the equation can be decomposed into two uncoupled
parts, one involving r and 6, the other ¢. Studying these two parts independently can simplify
analysis and design.

ExampLE 2.10 In chemical plants, it is often necessary to maintain the levels of liquids. A
simplified model of a connection of two tanks is shown in Fig. 2.14. It is assumed that under
normal operation, the inflows and outflows of both tanks all equal Q and their liquid levels
equal H, and H,. Let u be inflow perturbation of the first tank, which will cause variations
in liquid level x; and outflow y; as shown. These variations will cause level variation x, and
outflow variation y in the second tank. It is assumed that

where R; are the flow resistances and depend on the normal height H, and H,. They can also
be controlled by the valves. Changes of liquid levels are governed by

Aydxi = u—y))dt and Aydx; = (y; —y)dt

where A; are the cross sections of the tanks. From these equations, we can readily obtain

u X1 — X2

X=—
Al A1R1

. X1 — X2 X2

Xy = —
A2R1 A2R2

Thus the state-space description of the system is given by

|:X1]_|:—1/A1R1 1/A1R1 :||:X1]+|:1/A1j|
| T 1/AR = (1/AsR +1/AsR) || x2 o |"

y =10 1/R,1x
Figure 2.14 Hydraulic — \
tanks. 0+u
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Its transfer function can be computed as
1
A1A2R1R2S2 + (A]R] + A|R2 + A2R2)S + 1

g(s) =

2.5.1 RLC networks

In RLC networks, capacitors and inductors can store energy and are associated with state
variables. If a capacitor voltage is assigned as a state variable x, then its current is Cx, where
C is its capacitance. If an inductor current is assigned as a state variable x, then its voltage is
Lx, where L is its inductance. Note that resistors are memoryless elements, and their currents
or voltages should not be assigned as state variables. For most simple RLC networks, once
state variables are assigned, their state equations can be developed by applying Kirchhoft’s
current and voltage laws, as the next example illustrates.

ExAMPLE 2.11 Consider the network shown in Fig. 2.15. We assign the C;-capacitor voltages
as x;, i = 1, 2 and the inductor current as x3. It is important to specify their polarities. Then
their currents and voltage are, respectively, C1x;, C,x,, and Lxz with the polarities shown.
From the figure, we see that the voltage across the resistor is # — x; with the polarity shown.
Thus its current is (¢ — x1)/R. Applying Kirchhoff’s current law at node A yields Cox, = x3;
at node B it yields

u—Xx . 5 .
R =Cix1 4+ Coxo = C1X1 + x3
Thus we have
X1 X3 u
XN=—— =+ —
RC, Ci RC
1
Xy = —Xx
2 C 3
Appling Kirchhoff’s voltage law to the right-hand-side loop yields Lx; = x; — x; or
. X — X2
X3 = L

The output y is given by

y=Liz=x—x

L u— x| Sl X2 5 Figure 2.15 Network.
u—XxXr —J A
R W+ Is i : + I +
R CZ CQXZ
+ ) L .
u (~ e Lis
- _ Clxl X3 _ [ _
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They can be combined in matrix form as

~1/RC;, 0 —1/C 1/RC,
X = 0 0 1/C, |x+| 0 |u
/L —-1)L 0 0

y=[1 —10]x+0-u

This three-dimensional state equation describes the network shown in Fig. 2.15.

The procedure used in the preceding example can be employed to develop state equations
to describe simple RLC networks. The procedure is fairly simple: assign state variables and
then use branch characteristics and Kirchhoff’s laws to develop state equations. The procedure
can be stated more systematically by using graph concepts, as we will introduce next. The
procedure and subsequent Example 2.12, however, can be skipped without loss of continuity.

First we introduce briefly the concepts of tree, link, and cutset of a network. We consider
only connected networks. Every capacitor, inductor, resistor, voltage source, and current source
will be considered as a branch. Branches are connected at nodes. Thus a network can be
considered to consist of only branches and nodes. A loop is a connection of branches starting
from one point and coming back to the same point without passing any point twice. The
algebraic sum of all voltages along every loop is zero (Kirchhoff’s voltage law). The set of all
branches connect to a node is called a cutset. More generally, a cutset of a connected network
is any minimal set of branches so that the removal of the set causes the remaining network
to be unconnected. For example, removing all branches connected to a node leaves the node
unconnected to the remaining network. The algebraic sum of all branch currents in every
cutset is zero (Kirchhoff’s current law).

A tree of a network is defined as any connection of branches connecting all the nodes but
containing no loops. A branch is called a tree branch if it is in the tree, a link if it is not. With
respect to a chosen tree, every link has a unique loop, called the fundamental loop, in which
the remaining loop branches are all tree branches. Every tree branch has a unique cutset, called
the fundamental cutset, in which the remaining cutset branches are all links. In other words, a
fundamental loop contains only one link and a fundamental cutset contains only one tree branch.

Procedure for developing state-space equations*

1. Consider an RLC network. We first choose a normal tree. The branches of the normal
tree are chosen in the order of voltage sources, capacitors, resistors, inductors, and current
sources.

2. Assign the capacitor voltages in the normal tree and the inductor currents in the links as
state variables. Capacitor voltages in the links and inductor currents in the normal tree are
not assigned.

3. Express the voltage and current of every branch in terms of the state variables and,
if necessary, the inputs by applying Kirchhoff’s voltage law to fundamental loops and
Kirchhoff’s current law to fundamental cutsets.

4. The reader may skip this procedure and go directly to Example 2.13.
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4. Apply Kirchhoff’s voltage or current law to the fundamental loop or cutset of every branch
that is assigned as a state variable.

ExamMPpLE 2.12 Consider the network shown in Fig. 2.16. The normal tree is chosen as shown
with heavy lines; it consists of the voltage source, two capacitors, and the 1-S2 resistor. The
capacitor voltages in the normal tree and the inductor current in the link will be assigned as
state variables. If the voltage across the 3-F capacitor is assigned as x, then its current is 3x;.
The voltage across the 1-F capacitor is assigned as x, and its current is x,. The current through
the 2-H inductor is assigned as x3 and its voltage is 2x3. Because the 2-2 resistor is a link, we
use its fundamental loop to find its voltage as u; — x;. Thus its current is (u; — x;)/2. The
1-2 resistor is a tree branch. We use its fundamental cutset to find its current as x3. Thus its
voltage is 1 - x3 = x3. This completes Step 3.

The 3-F capacitor is a tree branch and its fundamental cutset is as shown. The algebraic
sum of the cutset currents is O or

Uy —Xxi .
——— —3X1+u, —x3=0
2
which implies
. 1 1 1 1
X1 = —EXI — §X3 =+ aul =+ 3142
The 1-F capacitor is a tree branch, and from its fundamental cutset we have x, — x3 = 0 or

)'62 = X3

The 2-H inductor is a link. The voltage along its fundamental loop is 2x3 +x3 —x; +x; =0
or

. 1 1 1
X3 = le — E)Cz — 5)63

Fundamental
| | cutset of @

| Fundamental
1 cutset of 3

+ —
‘4—,\’2—‘—)
\

ANV 14
CHE N B (S

J’_

= Fundamental
cutset of Q)

(voltage _ Y- (current
source) source)

Figure 2.16 Network with two inputs.
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They can be expressed in matrix form as
1
-0 -
X = 0 1 [x+
1 1 1

2 2

O wi—
=

(2.30)

oS ool

If we consider the voltage across the 2-H inductor and the current through the 2-C2 resistor as
the outputs, then we have

Y1 =2X3=X1 —xz—x3=[1 —1 —l]X
and
y2=0.5w; —x1) =[-0.5 0 0]x 4+ [0.5 OJu

They can be written in matrix form as

o1 -1 0 0
y:[—o.s 0 0}”[0.5 o}“ (@31)

Equations (2.30) and (2.31) are the state-space description of the network.
The transfer matrix of the network can be computed directly from the network or using
the formula in (2.16):
Gs)=CGI—A)"'B+D

We will use MATLAB to compute this equation. We type
a=[-1/6 0 -1/3;0 0 1;0.5 -0.5 -0.5];b=[1/6 1/3;0 0;0 0];

c=[1 -1 -1;-0.5 0 0];d=[0 0;0.5 0];
[N1,dl]=ss2tf(a,b,c,d, 1)

which yields
Nl=
0.0000 0.1667 —0.0000 —0.0000
0.5000 0.2500  0.3333 —0.0000
dl=

1.0000 0.6667 0.7500 0.0833

This is the first column of the transfer matrix. We repeat the computation for the second input.
Thus the transfer matrix of the network is

0.1667s2 0.3333s2
f}(s) _ | $340.6667s% 4 0.755 +0.083 53 +0.6667s% + 0.75s + 0.0833
0.55% +0.255% + 0.3333s —0.1667s% — 0.0833s — 0.0833

s34+ 0.6667s2 +0.755 +0.083 53 + 0.6667s2 + 0.75s + 0.0833
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ExXAMPLE 2.13 Consider the network shown in Fig. 2.17(a), where T is a tunnel diode with
the characteristics shown in Fig. 2.17(b). Let x; be the voltage across the capacitor and x, be

MATHEMATICAL DESCRIPTIONS OF SYSTEMS

the current through the inductor. Then we have v = x| and

They can be arranged as

This set of nonlinear equations describes the network. Now if x;(¢) is known to lie only inside
the range (a, b) shown in Fig. 2.17(b), then h(x;(¢)) can be approximated by h(x;(t)) =
x1(#)/R;. In this case, the network can be reduced to the one in Fig. 2.17(c) and can be

Xp(t) = Cx1(t) +i(t) = Cx1(t) + h(x1(2))
Lxy(t) = E — Rxa(t) — x1(2)

—h
A1) = (Zl(l)) xzc(f)
() = —x1() Z Rxy (1) +%

(2.32)

described by
):61 _ —1/CR1 l/C X1 + 0 E
X2 —1/L —R/L X2 l/L
B /R
L x i =h()
— ~ N
i =,
X2 R 1 i |
+
J’__L T ;: v [7] | | | : |
X1 | | | |
E= _ Ciy a 0 b c v d
-|- 1/R,
(a) (b)
L X L X2
Y Y YN\ Y Y Y\
Ty
R R
T+C —_— > i+ —_—r >
xq C T gRl . M_C /~ v
E T l* T E

v

()

Figure 2.17 Network with a tunnel diode.

(d)
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This is an LTT state-space equation. Now if x;(¢) is known to lie only inside the range (c, d)
shown in Fig. 2.17(b), we may introduce the variables x; (f) = x| (t) —v,, and X, (t) = x(t)—i,
and approximate h(x;(¢)) as i, — x1(t)/R,. Substituting these into (2.32) yields

X1 _[1/CRy 1/C T[x N 07z

x| | =1/L —R/L || i 1/L
where E = E — v, — Ri,. This equation is obtained by shifting the operating point from (0, 0)
to (v,, i,) and by linearization_at (v, i,). Because the two linearized equations are identical
if —R, is replaced by R; and E by E, we can readily obtain its equivalent network shown in

Fig. 2.17(d). Note that it is not obvious how to obtain the equivalent network from the original
network without first developing the state equation.

2.6 Discrete-Time Systems

This section develops the discrete counterpart of continuous-time systems. Because most
concepts in continuous-time systems can be applied directly to the discrete-time systems,
the discussion will be brief.

The input and output of every discrete-time system will be assumed to have the same
sampling period 7 and will be denoted by u[k] := w(kT), y[k]:= y(kT), where k is an integer
ranging from —oo to 4+-00. A discrete-time system is causal if current output depends on current
and past inputs. The state at time kg, denoted by x[ko], is the information at time instant k),
which together with u[k], k > k¢, determines uniquely the output y[k], k > k. The entries of
x are called state variables. If the number of state variables is finite, the discrete-time system
is lumped; otherwise, it is distributed. Every continuous-time system involving time delay,
as the ones in Examples 2.1 and 2.3, is a distributed system. In a discrete-time system, if the
time delay is an integer multiple of the sampling period 7', then the discrete-time system is a
lumped system.

A discrete-time system is linear if the additivity and homogeneity properties hold. The
response of every linear discrete-time system can be decomposed as

Response = zero-state response + zero-input response

and the zero-state responses satisfy the superposition property. So do the zero-input responses.

Input-output description Let 5[k] be the impulse sequence defined as

1 ifk=m
5[k_m]={o ifk #m

where both k and m are integers, denoting sampling instants. It is the discrete counterpart of
the impulse & (r — #;). The impulse §(# — #;) has zero width and infinite height and cannot be
generated in practice; whereas the impulse sequence 6[k — m] can easily be generated. Let
ulk] be any input sequence. Then it can be expressed as

o0

ulk] = Z u[m1d[k — m]

m=—0oQ

Let g[k, m] be the output at time instant k excited by the impulse sequence applied at time
instant m. Then we have
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ok —m] — glk, m]
o[k — mlu[m] — glk, m]u[m] (homogeneity)
> 8tk —mlulm] — > glk,mlulm] (additivity)

m

Thus the output y[k] excited by the input u[k] equals

[ee]

yIkl= Y glk, mlulm] (2.33)

m=—0Q

This is the discrete counterpart of (2.3) and its derivation is considerably simpler. The sequence
glk, m] is called the impulse response sequence.

If a discrete-time system is causal, no output will appear before an input is applied. Thus
we have

Causal <= glk,m] =0, fork <m

If a system is relaxed at ky and causal, then (2.33) can be reduced to

k
Ikl =) glk, mlu[m] (234)
m=kg
asin (2.4).
If a linear discrete-time system is time invariant as well, then the time shifting property
holds. In this case, the initial time instant can always be chosen as ky = 0 and (2.34) becomes

k k
Ykl =" glk —mlulm] =Y glmlulk —m] (2.35)
m=0

m=0

This is the discrete counterpart of (2.8) and is called a discrete convolution.
The z-transform is an important tool in the study of LTI discrete-time systems. Let y(z)
be the z-transform of y[k] defined as

() o= ZIylkl] == ) ylklz™ (2.36)

k=0

We first replace the upper limit of the integration in (2.35) to 00,’ and then substitute it into
(2.36) to yield

=) (Z glk — m]u[m]) gz
k=0 \m=0
=) <Z glk — m]Z“"’”) ulm]z™"
m=0 \k=0
= ( g[l]Z_l> (Z Mm]z"") =: §(2)ii(2)

1=0 m=0

5. This is permitted under the causality assumption.
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where we have interchanged the order of summations, introduced the new variable [ = k —m,
and then used the fact that g[/] = 0 for [ < 0 to make the inner summation independent of m.
The equation

¥(2) = g()i(z) (2.37)

is the discrete counterpart of (2.10). The function g (z) is the z-transform of the impulse response
sequence g[k] and is called the discrete transfer function. Both the discrete convolution and
transfer function describe only zero-state responses.

ExaMPLE 2.14 Consider the unit-sampling-time delay system defined by
yIkl = ulk — 1]

The output equals the input delayed by one sampling period. Its impulse response sequence is
glk] = 6[k — 1] and its discrete transfer function is

1
8 =ZBk—1=z"= =

It is a rational function of z. Note that every continuous-time system involving time delay is a
distributed system. This is not so in discrete-time systems.

ExampLE 2.15 Consider the discrete-time feedback system shown in Fig. 2.18(a). It is the
discrete counterpart of Fig. 2.5(a). If the unit-sampling-time delay element is replaced by its
transfer function z~!, then the block diagram becomes the one in Fig. 2.18(b) and the transfer

function from r to y can be computed as
~1
N az a
g(Z) = . =
1—az z—a

This is a rational function of z and is similar to (2.12). The transfer function can also be
obtained by applying the z-transform to the impulse response sequence of the feedback system.
As in (2.9), the impulse response sequence is

o0
grlkl = adlk — 1]+ a*8[k — 2]+ --- = Zam(S[k —m]

m=1
The z-transform of §[k — m] is z7™. Thus the transfer function of the feedback system is
8@ =Zlglkll=az ' +a’z > +a’z 7 + -+
—1

00 az
=az' Y @y =

1—az
m=0

which yields the same result.

The discrete transfer functions in the preceding two examples are all rational functions
of z. This may not be so in general. For example, if

0 form <0
g[k]:{l/k fork=1,2,...
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rlkl K| ime | YKL alz] 3lz]

delay
+ +

(a) (b)

Figure 2.18 Discrete-time feedback system.

Then we have
§@ ="+ + 4 = I -7

Itis an irrational function of z. Such a system is a distributed system. We study in this text only
lumped discrete-time systems and their discrete transfer functions are all rational functions
of z.

Discrete rational transfer functions can be proper or improper. If a transfer function is
improper such as g(z) = (z> + 2z — 1)/(z — 0.5), then

&_zz—i-Zz—l
i(z)  z—0.5

which implies

Ik + 11— 0.5y[k] = ulk + 2] + 2ulk + 1] — u[k]
or

ylk + 11 = 0.5y[k] + ulk + 2] + 2ulk + 1] — u[k]

It means that the output at time instant k + 1 depends on the input at time instant k + 2,
a future input. Thus a discrete-time system described by an improper transfer function is
not causal. We study only causal systems. Thus all discrete rational transfer functions will
be proper. We mentioned earlier that we also study only proper rational transfer functions
of s in the continuous-time case. The reason, however, is different. Consider g(s) = s or
y(t) = du(t)/dt. It is a pure differentiator. If we define the differentiation as

du(t) Cou(t+A) —u@)

lim
dt A—0 A

where A > 0, then the output y(¢) depends on future input u (¢ + A) and the differentiator is
not causal. However, if we define the differentiation as

du(t) Cou(t)—u—A)

= lim ——

dt A—0 A

then the output y(¢) does not depend on future input and the differentiator is causal. Therefore
in continuous-time systems, it is open to argument whether an improper transfer function
represents a noncausal system. However, improper transfer functions of s will amplify high-

y(@) =

y() =
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frequency noise, which often exists in the real world. Therefore improper transfer functions
are avoided in practice.

State-space equations Every linear lumped discrete-time system can be described by
x[k + 1] = A[k]x[k] + B[k]u[k]
ylk] = Clk]x[k] + D[k]u[k]

(2.38)

where A, B, C, and D are functions of k. If the system is time invariant as well, then (2.38)
becomes

x[k + 1] = Ax[k] + Bu[k]

(2.39)
y[k] = Cx[k] 4+ Du[k]
where A, B, C, and D are constant matrices. Let X(z) be the z-transform of x[k] or
() = ZIx[k]] == ) x[k]z™*
k=0
Then we have
ZIx[k+ 101 =Y xlk+ 11z =z ) x[k+ 1]z~ *+
k=0 k=0
=z [Z x[11z7" +x[0] — x[O]:| = z(X(z) — x[0])
I=1
Applying the z-transform to (2.39) yields
7X(z) — zx[0] = AX(z) + Bi(z)
¥(z) = CX(z) + Dii(z)
which implies
%(2) = (zI — A)7'zx[0] + (zI — A) "' Bi(z) (2.40)
§(z) = C(zI — A)~'2x[0] + C(zI — A)"'Bii(z) + Dia(z) (2.41)

They are the discrete counterparts of (2.14) and (2.15). Note that there is an extra z in front of
x[0]. If x[0] = 0, then (2.41) reduces to

§(z) = [C(zI — A)"'B + DJi(z) (2.42)
Comparing this with the MIMO case of (2.37) yields
Gz =CGEI—A)'B+D (2.43)

This is the discrete counterpart of (2.16). If the Laplace transform variable s is replaced by the
z-transform variable z, then the two equations are identical.
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ExAMPLE 2.16 Consider a money market account in a brokerage firm. If the interest rate
depends on the amount of money in the account, it is a nonlinear system. If the interest rate is
the same no matter how much money is in the account, then it is a linear system. The account
is a time-varying system if the interest rate changes with time; a time-invariant system if the
interest rate is fixed. We consider here only the LTI case with interest rate r = 0.015% per day
and compounded daily. The input u[k] is the amount of money deposited into the account on
the kth day and the output y[k] is the total amount of money in the account at the end of the
kth day. If we withdraw money, then u[k] is negative.

If we deposit one dollar on the first day (that is, #u[0] = 1) and nothing thereafter
(ulk] =0, k =1, 2, ...), then y[0] = u[0] = 1 and y[1] = 1 + 0.00015 = 1.00015.
Because the money is compounded daily, we have

y[2] = y[1] + y[1] - 0.00015 = y[1] - 1.00015 = (1.00015)?
and, in general,
y[k] = (1.00015)

Because the input {1, 0, O, ...}is animpulse sequence, the output is, by definition, the impulse
response sequence or

glk] = (1.00015)¢

and the input—output description of the account is

k k
yIkI =Y glk —mlulm] = > (1.00015)* " u[m] (2.44)
m=0

m=0

The discrete transfer function is the z-transform of the impulse response sequence or

o0 o0
2(2) = ZIglkll = Y _(1.00015)" z ™% = "(1.00015z~")*
k=0 k=0
1 Z
= = (2.45)
1 —1.00015z=!  z—1.00015
Whenever we use (2.44) or (2.45), the initial state must be zero, or there is initially no money
in the account.
Next we develop a state-space equation to describe the account. Suppose y[k] is the total
amount of money at the end of the kth day. Then we have

ylk + 1] = y[k] + 0.00015y[k] + u[k + 1] = 1.00015y[k] + u[k 4 1] (2.46)
If we define the state variable as x[k] := y[k], then
x[k + 1] = 1.00015x[k] + ulk + 1]
y[k] = x[k]

Because of u[k 4+ 1], (2.47) is not in the standard form of (2.39). Thus we cannot select
x[k] := y[k] as a state variable. Next we select a different state variable as

(2.47)
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x[k] := y[k] — ulk]
Substituting y[k + 1] = x[k + 1] + u[k + 1] and y[k] = x[k] + u[k] into (2.46) yields
x[k + 1] = 1.00015x[k] + 1.00015u[k]
yIk] = x[k] + ulk]

(2.48)

This is in the standard form and describes the money market account.

The linearization discussed for the continuous-time case can also be applied to the discrete-
time case with only slight modification. Therefore its discussion will not be repeated.

2.7 Concluding Remurks

We introduced in this chapter the concepts of causality, lumpedness, linearity, and time invari-
ance. Mathematical equations were then developed to describe causal systems, as summarized
in the following.

System type Internal description External description
t
Distributed, linear y@) = / G(t, Du(r)dr
Ip
t
Lumped, linear x =A()x + B(@)u y(@) = / G(t, tu(r)dr
to

y=C@)x+D()u

t
Distributed, linear, y() = / G(t — u(r)dr
time-invariant 0 A
Y(s) = G(s)u(s), G(s) irrational

t
Lumped, linear, X = Ax + Bu y) = / G(t — u(r)dr
time-invariant N N
y = Cx + Du Y(s) = G(s)u(s), G(s) rational

Distributed systems cannot be described by finite-dimensional state-space equations. External
description describes only zero-state responses; thus whenever we use the description, systems
are implicitly assumed to be relaxed or their initial conditions are assumed to be zero.

We study in this text mainly lumped linear time-invariant systems. For this class of
systems, we use mostly the time-domain description (A, B, C, D) in the internal description
and the frequency-domain (Laplace-domain) description G(s) in the external description.
Furthermore, we will express every rational transfer matrix as a fraction of two polynomial
matrices, as we will develop in the text. By so doing, all designs in the SISO case can be
extended to the multivariable case.
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PROBLEMS

The class of lumped linear time-invariant systems constitutes only a very small part of
nonlinear and linear systems. For this small class of systems, we are able to give a complete
treatment of analyses and syntheses. This study will form a foundation for studying more
general systems.

2.1 Consider the memoryless systems with characteristics shown in Fig. 2.19, in which u
denotes the input and y the output. Which of them is a linear system? Is it possible to
introduce a new output so that the system in Fig. 2.19(b) is linear?

Yo /

(a) (b) (©)
Figure 2.19

2.2 The impulse response of an ideal lowpass filter is given by
in 2w (t —

g(t) = Qa)w
2w(t — ty)

for all ¢, where w and #; are constants. Is the ideal lowpass filter causal? Is it possible to
build the filter in the real world?

2.3 Consider a system whose input « and output y are related by

u() fort <a
0 fort > «

y(t) = (Pau)(t) := {

where « is a fixed constant. The system is called a truncation operator, which chops off
the input after time «. Is the system linear? Is it time-invariant? Is it causal?

2.4 The input and output of an initially relaxed system can be denoted by y = Hu, where
H is some mathematical operator. Show that if the system is causal, then

Pay = PaHl/t = PO[HPO[M
where Py is the truncation operator defined in Problem 2.3. Is it true Py Hu = H Py u?

2.5 Consider a system with input # and output y. Three experiments are performed on the
system using the inputs u (), us(t), and u3(¢) for t > 0. In each case, the initial state
x(0) at time ¢ = 0 is the same. The corresponding outputs are denoted by y;, y», and ys.
Which of the following statements are correct if x(0) # 0?
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2.9

2.10

2.11

2.12
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1. If uz = uy + uo, then y3 = y; + y».
2. If uz = 0.5(uy + uy), then V3 = 0.5()71 + y2)-
3. Ifus = uy — uy, then y3 = y; — y,.

Which are correct if x(0) = 0?

Consider a system whose input and output are related by
(1) = wr@)/ut —1) ifut—1)#0
Y 0 ifut—1)=0
for all £. Show that the system satisfies the homogeneity property but not the additivity
property.
Show that if the additivity property holds, then the homogeneity property holds for all
rational numbers «. Thus if a system has some “continuity” property, then additivity
implies homogeneity.
Letg(t,7) = g(t+«, t+a) forall ¢, 7, and «. Show that g(¢, ) depends onlyon ¢ — 7.
[Hint: Define x =t + 7 and y = ¢t — 7 and show that dg(¢, t)/dx = 0.]
Consider a system with impulse response as shown in Fig. 2.20(a). What is the zero-state
response excited by the input #(¢) shown in Fig. 2.20(b).
u(t)
g(0)
1 1
; Y } } t t
0 1 2 3 4 0 1 2
(a)
1+
(b)
Figure 2.20
Consider a system described by

V+2y—-3y=u—u
What are the transfer function and the impulse response of the system?

Let y(¢) be the unit-step response of a linear time-invariant system. Show that the impulse
response of the system equals dy(¢)/dt.

Consider a two-input and two-output system described by

D11(p)y1(@) + Di2(p)y2(t) = Nu(plui(t) + Ni2(pua ()



40

MATHEMATICAL DESCRIPTIONS OF SYSTEMS

2.13

2.14

2.15

2.16

D71 (p)y1(t) + Dyna(p)y2(t) = Nt (p)ui(t) + Na(plua(t)

where N;; and D;; are polynomials of p := d/dt. What is the transfer matrix of the
system?

Consider the feedback systems shown in Fig. 2.5. Show that the unit-step responses of
the positive-feedback system are as shown in Fig. 2.21(a) for @ = 1 and in Fig. 2.21(b)
for a = 0.5. Show also that the unit-step responses of the negative-feedback system are
as shown in Figs. 2.21(c) and 2.21(d), respectively, fora = 1 and a = 0.5.

y(®) ()

64
1__
0.751 a=0.5
0.5
3

54
y(@)

4 -
05+
025+ |_\—'_‘_"
1 1 1 1 1 1 1 t
i 3

3_
2_
1_

(=]
—_
[\S)
e
[
N
-

()

14

Figure 2.21

Draw an op-amp circuit diagram for

[0

y =[3 10]x — 2u

Find state equations to describe the pendulum systems in Fig. 2.22. The systems are
useful to model one- or two-link robotic manipulators. If 6, 8, and 6, are very small,
can you consider the two systems as linear?

Consider the simplified model of an aircraft shown in Fig. 2.23. It is assumed that the
aircraft is in an equilibrium state at the pitched angle 6y, elevator angle u, altitude Ay,
and cruising speed vy. It is assumed that small deviations of 8 and u from 6y and u
generate forces fi = k160 and f> = kou as shown in the figure. Let m be the mass of
the aircraft, I the moment of inertia about the center of gravity P, b the aerodynamic
damping, and & the deviation of the altitude from /. Find a state equation to describe
the system. Show also that the transfer function from u to &, by neglecting the effect of
I,is



Problems 41

u(t)

mg
(@ (b)
Figure 2.22

-

—
—
—

/Q///XQ_AU
—

Figure 2.23

_h(s)  kikely — kabs

88) =205 = mstbs T kaln)

2.17 The soft landing phase of a lunar module descending on the moon can be modeled as
shown in Fig. 2.24. The thrust generated is assumed to be proportional to nz, where m is
the mass of the module. Then the system can be described by my = —km — mg, where
g is the gravity constant on the lunar surface. Define state variables of the system as
X1 =y,x =y,x3 =m,and u = m. Find a state-space equation to describe the system.

2.18 Find the transfer functions from u to y; and from y; to y of the hydraulic tank system
shown in Fig. 2.25. Does the transfer function from u to y equal the product of the two
transfer functions? Is this also true for the system shown in Fig. 2.14? [Answer: No,
because of the loading problem in the two tanks in Fig. 2.14. The loading problem is an
important issue in developing mathematical equations to describe composite systems.
See Reference [7].]
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| Figure 2.24
|
|
; mg
AN
by |
|
T Thrust = km
|
|
Lunar surface
O+u
— Figure 2.25
H; + x| Ry

Ry
Az l 9&—» O+y

2.19 Find a state equation to describe the network shown in Fig. 2.26. Find also its trans-
fer function.

Figure 2.26

u
(current
source)

NI
A/
Al
[es]

2.20 Find a state equation to describe the network shown in Fig. 2.2. Compute also its transfer
matrix.

2.21 Consider the mechanical system shown in Fig. 2.27. Let I denote the moment of inertia
of the bar and block about the hinge. It is assumed that the angular displacement 0 is
very small. An external force u is applied to the bar as shown. Let y be the displacement
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of the block, with mass m,, from equilibrium. Find a state-space equation to describe
the system. Find also the transfer function from u to y.

Figure 2.27 , [ LLLLL

y
b | _T_




Chapter

Linear Algebrd

3.1 Infroduction

44

This chapter reviews a number of concepts and results in linear algebra that are essential in the
study of this text. The topics are carefully selected, and only those that will be used subsequently
are introduced. Most results are developed intuitively in order for the reader to better grasp
the ideas. They are stated as theorems for easy reference in later chapters. However, no formal
proofs are given.

As we saw in the preceding chapter, all parameters that arise in the real world are real
numbers. Therefore we deal only with real numbers, unless stated otherwise, throughout this
text. Let A, B, C, and D be, respectively, n x m, m X r,[ x n,and r X p real matrices. Let a;
be the ith column of A, and b; the jth row of B. Then we have

b;
b,
AB=[a; a, --- a,]| . | =ab;+aby+---+a,b, 3.1
b,
CA=Cl[a; a, --- a,]=[Ca; Ca, --- Ca,] (3.2)
and
b, b;D
b, b,D
BD=| |D= ] (3.3)
b, b,,D
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These identities can easily be verified. Note that a;b; is an n X r matrix; it is the product of an

n x 1 column vector and a 1 x r row vector. The product b;a; is not defined unless n = r; it
becomes a scalar if n = r.

3.2 Busis, Representation, and Orthonormalization

Consider an n-dimensional real linear space, denoted by R". Every vector in R" is an n-tuple
of real numbers such as

X1
X2
X =
Xn
To save space, we write it as X = [x; x, --- x,]’, where the prime denotes the transpose.
The set of vectors {X;, Xp, ..., X} in R" is said to be linearly dependent if there exist
real numbers oy, oy, ..., o, not all zero, such that
oX] +oXo + -+ apX, =0 (3.4
If the only set of «; for which (3.4) holdsisa; =0, ap =0, ..., a, = 0, then the set of
vectors {X;, Xo, ..., X, } is said to be linearly independent.

If the set of vectors in (3.4) is linearly dependent, then there exists at least one «;, say,
o1, that is different from zero. Then (3.4) implies

X; = ——[oXp +o3X3 + -+ Xl
[e5]

= Boxo + B3x3+ -+ + BuXnm

where B; = —«; /1. Such an expression is called a linear combination.

The dimension of a linear space can be defined as the maximum number of linearly
independent vectors in the space. Thus in R", we can find at most n linearly independent
vectors.

Basis and representation A set of linearly independent vectors in R” is called a basis if
every vector in R" can be expressed as a unique linear combination of the set. In R", any set
of n linearly independent vectors can be used as a basis. Let {q;, q», ..., q,} be such a set.
Then every vector x can be expressed uniquely as

X=o1q +a2qx+ -+ ayq, (35)

Define the n x n square matrix

Q:=1[q @ - q,] (3.6)

Then (3.5) can be written as
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(23]
(2%)
x=Q| . |=20x 3.7
a,
We call X = [ ar --- «,] the representation of the vector x with respect to the basis
{qlv an M) qn}
We will associate with every R" the following orthonormal basis:
1 r0- r0- 0
0 1 0 0
0 0 0 0
i] = . ) i2 = . EEE) in71 = . ) in = . (3'8)
0 0 1 0
L0 L0 L0 L1
With respect to this basis, we have
X X1
X2 X2
X = . =_X1i1+xZi2+'~'+xnin=In
L X, X,

where I, is the n X n unit matrix. In other words, the representation of any vector x with respect
to the orthonormal basis in (3.8) equals itself.

ExampPLE 3.1 Consider the vector x = [1 3]’ in R? as shown in Fig. 3.1, The two vectors
q: = [3 1] and q; = [2 2] are clearly linearly independent and can be used as a basis. If we
draw from x two lines in parallel with q, and q;, they intersect at —q; and 2q, as shown. Thus
the representation of x with respect to {q;, q»} is [—1 2]’. This can also be verified from

x=m=[q1 qz][_zl]z E ﬂ[_zl}

To find the representation of x with respect to the basis {qa, i}, we draw from x two lines
in parallel with i, and q,. They intersect at 0.5q, and 2i,. Thus the representation of x with
respect to {qa, i} is [0.5 2]. (Verify.)

Norms of vectors The concept of norm is a generalization of length or magnitude. Any
real-valued function of x, denoted by ||x||, can be defined as a norm if it has the following
properties:

1. ||x]| = O for every x and ||x|| = 0 if and only if x = 0.
2. |lax|| = |«|||x]], for any real .

3. |Ix1 + x2|| < |Ix1]|] + ||X2]] for every x; and x,.
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Figure 3.1 Different representations of
vector X.

The last inequality is called the triangular inequality.
Letx = [x; x --- x,]. Then the norm of x can be chosen as any one of the following:

n
X1y = Il

i=1

; 12
= (z w)

i=1

x|z :

[1X[[oo := max; |x;]

They are called, respectively, 1-norm, 2- or Euclidean norm, and infinite-norm. The 2-norm
is the length of the vector from the origin. We use exclusively, unless stated otherwise, the
Euclidean norm and the subscript 2 will be dropped.

In MATLAB, the norms just introduced can be obtained by using the functions
norm(x, 1), norm(x,2)=norm(x), and norm(x, inf).

Orthonormalization A vector xis said to be normalized if its Euclidean normis 1 orx'x = 1.
Note that x'x is scalar and xx’ is n x n. Two vectors x; and x, are said to be orthogonal if

X;X, = x5,X; = 0. Asetof vectors x;,i = 1,2, ..., m, is said to be orthonormal if
e = 0 ifi#j
t 1 ifi=j
Given a set of linearly independent vectors e;, e;, ..., €,, we can obtain an orthonormal

set using the procedure that follows:
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U =e q = w/||uy]|
w =e; — (q)e)q Q@ = wy/||uy]]

W= — Y0 (@)W G =,/ [y,

The first equation normalizes the vector e; to have norm 1. The vector (q] e;)q; is the projection
of the vector e, along q;. Its subtraction from e, yields the vertical part u,. It is then normalized
to 1 as shown in Fig. 3.2. Using this procedure, we can obtain an orthonormal set. This is called
the Schmidt orthonormalization procedure.

Let A = [a; a, --- a,] be an n x m matrix with m < n. If all columns of A or
{a;, i = 1,2, ..., m} are orthonormal, then
aj 1 0 --- 0
a) 01 --- 0
AA=| |laa - a,l=|. . . |=]
a’ 00 --- 1

m

where I,,, is the unit matrix of order m. Note that, in general, AA’ # I,,. See Problem 3.4.

3.3 Lineur Algebruic Equutions

Consider the set of linear algebraic equations
Ax =y 3.9

where A and y are, respectively, m x n and m x 1 real matrices and X is an n x 1 vector. The
matrices A and y are given and x is the unknown to be solved. Thus the set actually consists of
m equations and n unknowns. The number of equations can be larger than, equal to, or smaller
than the number of unknowns.

We discuss the existence condition and general form of solutions of (3.9). The range
space of A is defined as all possible linear combinations of all columns of A. The rank of A is

q, A

=
&)
S

Figure 3.2 Schmidt orthonormization procedure.
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defined as the dimension of the range space or, equivalently, the number of linearly independent
columns in A. A vector X is called a null vector of A if Ax = 0. The null space of A consists
of all its null vectors. The nullity is defined as the maximum number of linearly independent
null vectors of A and is related to the rank by

Nullity (A) = number of columns of A — rank (A) (3.10)

ExAMPLE 3.2 Consider the matrix

01 1 2
A=|1 2 3 4| =:[a; a, a3z a4] (3.11)
2 0 2 0

where a; denotes the ith column of A. Clearly a; and a, are linearly independent. The third
column is the sum of the first two columns or a; + a, — a3 = 0. The last column is twice the
second column, or 2a, — a4 = 0. Thus A has two linearly independent columns and has rank
2. The set {a;, a,} can be used as a basis of the range space of A.

Equation (3.10) implies that the nullity of A is 2. It can readily be verified that the two
vectors

1 0
1 2
= = 3.12
n; 1 n; 0 (3.12)
0 —1

meet the condition An; = 0. Because the two vectors are linearly independent, they form a
basis of the null space.

The rank of A is defined as the number of linearly independent columns. It also equals
the number of linearly independent rows. Because of this fact, if A is m x n, then

rank(A) < min(m, n)

In MATLAB, the range space, null space, and rank can be obtained by calling the functions
orth, null, and rank. For example, for the matrix in (3.11), we type

a=[0 11 2;1 2 3 4;2 02 0];
rank (a)

which yields 2. Note that MATLAB computes ranks by using singular-value decomposition
(svd), which will be introduced later. The svd algorithm also yields the range and null spaces
of the matrix. The MATLAB function R=orth (a) yields'

Ans R=
0.3782 —0.3084
0.8877 —0.1468 (3.13)
0.2627 0.9399

1. This is obtained using MATLAB Version 5. Earlier versions may yield different results.
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The two columns of R form an orthonormal basis of the range space. To check the orthonor-
mality, we type R’ *R, which yields the unity matrix of order 2. The two columns in R are not
obtained from the basis {a;, a,} in (3.11) by using the Schmidt orthonormalization procedure;
they are a by-product of svd. However, the two bases should span the same range space. This
can be verified by typing

rank([al a2 R])

which yields 2. This confirms that {a;, a,} span the same space as the two vectors of R. We
mention that the rank of a matrix can be very sensitive to roundoff errors and imprecise data.
For example, if we use the five-digit display of R in (3.13), the rank of [al a2 R] is 3. The
rank is 2 if we use the R stored in MATLAB, which uses 16 digits plus exponent.

The null space of (3.11) can be obtained by typing null (a), which yields

Ans N=

0.3434 —0.5802

0.8384  0.3395

—0.3434  0.5802

—0.2475 —0.4598

The two columns are an orthonormal basis of the null space spanned by the two vectors {n;, ny}

in (3.12). All discussion for the range space applies here. That is, rank ([nl n2 NI)

yields 3 if we use the five-digit display in (3.14). The rank is 2 if we use the N stored in
MATLAB.

With this background, we are ready to discuss solutions of (3.9). We use p to denote the
rank of a matrix.

(3.14)

Theorem 3.1

1. Given anm X n matrix A and an m X 1 vectory, ann X 1 solution X exists in AX = y if and only
if y lies in the range space of A or, equivalently,

p(A) =p([AyD

where [A y]isanm X (n 4+ 1) matrix with y appended to A as an additional column.
2. Given A, a solution X exists in AX =y for every y, if and only if A has rank m (full row rank).

The first statement follows directly from the definition of the range space. If A has full
row rank, then the rank condition in (1) is always satisfied for every y. This establishes the
second statement.

Theorem 3.2 (Parameterization of all solutions)

Given anm X n matrix A and anm x 1 vector y, let X, be a solution of AX = y andletk :=n — p(A)
be the nullity of A. If A has rank 7 (full column rank) or k = 0, then the solution X, is unique. If k > 0,
then for every real o;, i = 1, 2, ..., k, the vector
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X=X, +oan+ -+ ohg (3.15)

is a solution of AX =y, where {n, ..., ng} is a basis of the null space of A.

Substituting (3.15) into Ax =y yields

k
Ax, +Za,An,- =Ax,+0=y

i=1

Thus, for every «;, (3.15) is a solution. Let X be a solution or AX = y. Subtracting this from
Ax, =y yields

AR—x,) =0

which implies that X — x,, is in the null space. Thus X can be expressed as in (3.15). This
establishes Theorem 3.2.

ExaMPLE 3.3 Consider the equation

01 1 2 —4
Ax= |1 2 3 4 |x=:[a; ap a3 a4y]lx=| -8 | =y (3.16)
2 0 2 0 0

This y clearly lies in the range space of A andx, = [0 —4 0 0]’ is a solution. A basis of the
null space of A was shown in (3.12). Thus the general solution of (3.16) can be expressed as

0 1 0
—4 1 2

X=X, +an +an = 0 + ay 1 + an 0 (3.17)
0 0 —1

for any real «; and «5.

In application, we will also encounter XA =y, where the m x n matrix A and the 1 x n
vector y are given, and the 1 x m vector X is to be solved. Applying Theorems 3.1 and 3.2 to
the transpose of the equation, we can readily obtain the following result.

Coroliary 3.2

1. Given an m X n matrix A, a solution X exists in XA =y, for any Y, if and only if A has full column
rank.

2. Givenanm x n matrix A andan 1 X 1 vector y, let X, be asolutionof XA = yandletk = m—p(A).
If k = 0, the solution X,, is unique. If k > 0, then for any o;, i =1, 2, ..., k, the vector

X=X, +aon+ -+ ohg

is a solution of XA =y, where n; A = 0 and the set {ny, ..., ng} is linearly independent.

In MATLAB, the solution of Ax = y can be obtained by typing A\y. Note the use of
backslash, which denotes matrix left division. For example, for the equation in (3.16), typing
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a=[0 1 1 2;1 2 3 4;2 02 0];y=[-4;-8;0];
a\y

yields [0 -4 O 0] ‘. The solution of XA = y can be obtained by typing y/A. Here we use
slash, which denotes matrix right division.

Determinant and inverse of square matrices The rank of a matrix is defined as the number
of linearly independent columns or rows. It can also be defined using the determinant. The
determinant of a 1 x 1 matrix is defined as itself. Forn = 2, 3, ..., the determinant of n X n
square matrix A = [a;;] is defined recursively as, for any chosen j,

n
det A= ajc; (3.18)

where a;; denotes the entry at the ith row and jth column of A. Equation (3.18) is called
the Laplace expansion. The number c;; is the cofactor corresponding to a;; and equals
(—1)"*/ det M;;, where M;; is the (n — 1) x (n — 1) submatrix of A by deleting its ith row
and jth column. If A is diagonal or triangular, then det A equals the product of all diagonal
entries.

The determinant of any » x r submatrix of A is called a minor of order r. Then the rank
can be defined as the largest order of all nonzero minors of A. In other words, if A has rank r,
then there is at least one nonzero minor of order r, and every minor of order larger than r is
zero. A square matrix is said to be nonsingular if its determinant is nonzero. Thus a nonsingular
square matrix has full rank and all its columns (rows) are linearly independent.

The inverse of a nonsingular square matrix A = [a;;] is denoted by A~!. The inverse has
the property AA~! = A=A = I and can be computed as

Aol AdA 1

/
= GetA  deta U] (3.19)
where ¢;; is the cofactor. If a matrix is singular, its inverse does not exist. If A is 2 x 2, then
we have
_ an ap]! 1 ap —ap
A 1:=[ } =—[ ] (3.20)
a an anaxy —apdx | —ax  an

Thus the inverse of a 2 x 2 matrix is very simple: interchanging diagonal entries and changing
the sign of off-diagonal entries (without changing position) and dividing the resulting matrix
by the determinant of A. In general, using (3.19) to compute the inverse is complicated. If A is
triangular, it is simpler to compute its inverse by solving AA~! = I. Note that the inverse of a
triangular matrix is again triangular. The MATLAB function inv computes the inverse of A.

Theorem 3.3

Consider AX =y with A square.

1. If A is nonsingular, then the equation has a unique solution for every y and the solution equals A_ly.
In particular, the only solution of AX = 0 is x = 0.
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2. The homogeneous equation AX = () has nonzero solutions if and only if A is singular. The number
of linearly independent solutions equals the nullity of A.

3.4 Similarity Transformation

Consider an n X n matrix A. It maps R" into itself. If we associate with R" the orthonormal
basis {i;, i, ..., i,} in (3.8), then the ith column of A is the representation of Ai; with re-
spect to the orthonormal basis. Now if we select a different set of basis {q;, q2, ..., q,}, then
the matrix A has a different representation A. It turns out that the i th column of A is the representation
of Aq; with respect to the basis {q1, 2, ..., qy}. This is illustrated by the example that follows.

ExAMPLE 3.4 Consider the matrix

3 2 -1
A=|-2 1 0 (3.21)
4 3 1
Letb =1[0 O 1]. Then we have
-1 —4 -5
Ab=| 0|, Abh=AAb)=| 2|, A’b=A@A’b)=]| 10
1 -3 -13

It can be verified that the following relation holds:
A’b = 17b — 15Ab + 5A°b (3.22)

Because the three vectors b, Ab, and A”b are linearly independent, they can be used as a basis.
We now compute the representation of A with respect to the basis. It is clear that

-0
A(b) =[b Ab A’b]| 1
L0
-0
A(Ab) =[b Ab A%b]| 0
L1
ro17
A(A’b) = [b Ab A%b]| —15
5

where the last equation is obtained from (3.22). Thus the representation of A with respect to
the basis {b, Ab, A’b} is
0 0 17
A=|1 0 -15 (3.23)
0 1 5
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The preceding discussion can be extended to the general case. Let A be an n x n matrix. If
there exists an 7 x 1 vector b such that the n vectors b, Ab, ..., A"~ 'b are linearly independent
and if

A" = Bib+ BAb+ .- 4+ 8,A""'b

then the representation of A with respect to the basis {b, Ab, ..., A" 'b}is
0 0 -+ 0 BT
1 0 - 0 B
_ O 1 - 0 B
A= (3.24)
00 -+ 0 B
L 00 -1 :811 .
This matrix is said to be in a companion form.
Consider the equation
Ax =y (3.25)
The square matrix A maps x in R” into y in R". With respect to the basis {q;, q2, ..., qn},
the equation becomes
Ax =y (3.26)
where X and y are the representations of x and y with respect to the basis {q;, q2, ..., q.}.
As discussed in (3.7), they are related by
x=Qx y=Qy
with
Q=la 9 - q.] (3.27)
an n X n nonsingular matrix. Substituting these into (3.25) yields
AQx=Qy or Q'AQx=y (3.28)
Comparing this with (3.26) yields
A=Q'AQ or A=QAQ"! (3.29)
This is called the similarity transformation and A and A are said to be similar. We write
(3.29) as
AQ = QA
or

Algi @ - q,]=[Aqi Aqy - Aq,]=1[qi @ -~ q,]A
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This shows that the ith column of A is indeed the representation of Aq; with respect to the
basis {qi, q2, ..., Qu}.

3.5 Diugonul Form und Jordun Form

A square matrix A has different representations with respect to different sets of basis. In this
section, we introduce a set of basis so that the representation will be diagonal or block diagonal.

A real or complex number A is called an eigenvalue of the n x n real matrix A if there
exists a nonzero vector x such that Ax = Ax. Any nonzero vector X satisfying Ax = AX is
called a (right) eigenvector of A associated with eigenvalue A. In order to find the eigenvalue
of A, we write Ax = Ax = Alx as

(A—2Dx=0 (3.30)

where I is the unit matrix of order n. This is a homogeneous equation. If the matrix (A — AI) is
nonsingular, then the only solution of (3.30) is x = 0 (Theorem 3.3). Thus in order for (3.30)
to have a nonzero solution X, the matrix (A — AI) must be singular or have determinant 0.
We define

A(L) = det(\I — A)

It is a monic polynomial of degree n with real coefficients and is called the characteristic
polynomial of A. A polynomial is called monic if its leading coefficient is 1. If A is a root of
the characteristic polynomial, then the determinant of (A — AI) is 0 and (3.30) has at least one
nonzero solution. Thus every root of A(A) is an eigenvalue of A. Because A(X) has degree n,
the n x n matrix A has n eigenvalues (not necessarily all distinct).

‘We mention that the matrices

r0 0 0 —oy -] —0) —03 —047]
1 0 0 —os3 1 0 0 0
01 0 —ou 0 1 0 0

L0 0 1 —o 0 0 1 0

and their transposes

0 1 0 0 —a; 1 0 07
0 0 1 0 —a; 0 1 0
0 0 0 1 —a3 0 0 1

L—oy —a3 —ar —oy —as 0 0 04

all have the following characteristic polynomial:
A =2+ oA +aar? +ash 4o

These matrices can easily be formed from the coefficients of A()) and are called companion-
form matrices. The companion-form matrices will arise repeatedly later. The matrix in (3.24)
is in such a form.
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Eigenvalues of A are all distinct Let A;,i = 1, 2, ..., n, be the eigenvalues of A and
be all distinct. Let q; be an eigenvector of A associated with A;; that is, Aq; = A;q;. Then
the set of eigenvectors {q;, (2, ..., q,} is linearly independent and can be used as a basis.
Let A be the representation of A with respect to this basis. Then the first column of A is the
representation of Aq; = A;q; with respect to {q;, q2, ..., q,}. From
Al
0
Ag =rq=[q q - qu]| O
0
we conclude that the first column of A is [A; O --- 0O]. The second column of A is the
representation of Aqy = A,q, with respect to {qi, q2, ..., .}, thatis, [0 A, O --- 0O].
Proceeding forward, we can establish
A 0 0 - 0
0O » 0 -~ 0
A=|0 0 2 - 0 (3.31)
o o0 0 .- X,

This is a diagonal matrix. Thus we conclude that every matrix with distinct eigenvalues has
a diagonal matrix representation by using its eigenvectors as a basis. Different orderings of
eigenvectors will yield different diagonal matrices for the same A.

If we define

Q=1[q1 @2 - q,] (3.32)

then the matrix A equals
A=0Q'AQ (3.33)

as derived in (3.29). Computing (3.33) by hand is not simple because of the need to  compute
the inverse of Q. However, if we know A, then we can verify (3.33) by checking QA AQ.

ExAMPLE 3.5 Consider the matrix

000
A=|1 0 2
01 1
Its characteristic polynomial is
A0 0
A) =det(AI —A) =det| —1 A -2
0 -1 x-1

=AMAA-D=2]=AQ-2)A+ Dr
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Thus A has eigenvalues 2, —1, and 0. The eignevector associated with A = 2 is any nonzero
solution of
-2 0 0
(A — 21)(]1 = 1 -2 2 q = 0
0 I -1
Thus q; = [0 1 1] is an eigenvector associated with A = 2. Note that the eigenvector is not
unique, [0 @ «] for any nonzero real « can also be chosen as an eigenvector. The eigenvector

associated with A = —1 is any nonzero solution of
1 00
A-EDDE=|1 1 2|q=0
0 1 2

which yields qu = [0 — 2 1]'. Similarly, the eigenvector associated with A = 0 can be
computed as q3 = [2 1 — 1]’. Thus the representation of A with respect to {q, q2, q3} is

2 0 0
A=|0 -1 0 (3.34)
0 0 0

It is a diagonal matrix with eigenvalues on the diagonal. This matrix can also be obtained by
computing

A=Q'AQ
with
0 0 27
Q=[qqqgl=|1 -2 1 (3.35)
1 1 -1

However, it is simpler to verify QA =AQor
0 0 2 2 0 0 0 0O
1 -2 1 0O -1 0|=]1 0 2 1 -2 1
1 1 -1 0 0 0 0 1 1

The result in this example can easily be obtained using MATLAB. Typing

a=[0 0 0;1 0 2;0 1 1]; [qg,dl=eig(a)

yields
0 0 0.8186 2 0 0
qg =1 0.7071 0.8944 0.4082 d=10 -1 0
0.7071 —0.4472 —0.4082 0 0 0

where d is the diagonal matrix in (3.34). The matrix q is different from the Q in (3.35); but their
corresponding columns differ only by a constant. This is due to nonuniqueness of eigenvectors
and every column of g is normalized to have norm 1 in MATLAB. If we type eig (a) without
the left-hand-side argument, then MATLAB generates only the three eigenvalues 2, -1, 0.
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We mention that eigenvalues in MATLAB are not computed from the characteristic polynomial.
Computing the characteristic polynomial using the Laplace expansion and then computing its
roots are not numerically reliable, especially when there are repeated roots. Eigenvalues are
computed in MATLAB directly from the matrix by using similarity transformations. Once
all eigenvalues are computed, the characteristic polynomial equals [ (A — %;). In MATLAB,
typing r=eig(a) ;poly (r) yields the characteristic polynomial.

EXAMPLE 3.6 Consider the matrix

-1 1 1
A= 0 4 -13
0 1 0

Its characteristic polynomial is (A+1) (A —4A+13). Thus A has eigenvalues —1, 243 j. Note
that complex conjugate eigenvalues must appear in pairs because A has only real coefficients.
The eigenvectors associated with —1 and 2+ 3 j are, respectively,[1 0 0] and[j; —342j j].
The eigenvector associated withA =2 —3jis[—j —3—2j — j], the complex conjugate
of the eigenvector associated with A = 2 + 3. Thus we have

1 Jj —J -1 0 0
Q=|0 -3+2j -3-2j| and A=| 0 243 0 (3.36)
0 J j 0 0 2-—3j
The MATLAB function [g, d]=eig(a) yields
1 0.2582; —0.2582;
g=|0 —-0.7746+0.5164; —0.7746 —0.5164;
0 0.2582; —0.2582;
and
-1 0 0

d=| 0 2+43; 0
0 0 2-3j

All discussion in the preceding example applies here.

Complex eigenvalues Even though the data we encounter in practice are all real numbers,
complex numbers may arise when we compute eigenvalues and eigenvectors. To deal with this
problem, we must extend real linear spaces into complex linear spaces and permit all scalars
such as «; in (3.4) to assume complex numbers. To see the reason, we consider

Av:[ b 1+]}v:0 (3.37)
1—j 2

If we restrict v to real vectors, then (3.37) has no nonzero solution and the two columns of
A are linearly independent. However, if v is permitted to assume complex numbers, then
v = [-2 1 — j] is a nonzero solution of (3.37). Thus the two columns of A are linearly
dependent and A has rank 1. This is the rank obtained in MATLAB. Therefore, whenever
complex eigenvalues arise, we consider complex linear spaces and complex scalars and
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transpose is replaced by complex-conjugate transpose. By so doing, all concepts and results
developed for real vectors and matrices can be applied to complex vectors and matrices.
Incidentally, the diagonal matrix with complex eigenvalues in (3.36) can be transformed into
a very useful real matrix as we will discuss in Section 4.3.1.

Eigenvalues of A are not all distinct An eigenvalue with multiplicity 2 or higher is called a
repeated eigenvalue. In contrast, an eigenvalue with multiplicity 1 is called a simple eigenvalue.
If A has only simple eigenvalues, it always has a diagonal-form representation. If A has repeated
eigenvalues, then it may not have a diagonal form representation. However, it has a block-
diagonal and triangular-form representation as we will discuss next.

Consider an n X n matrix A with eigenvalue A and multiplicity n. In other words, A has
only one distinct eigenvalue. To simplify the discussion, we assume n = 4. Suppose the matrix
(A — AI) has rank n — 1 = 3 or, equivalently, nullity 1; then the equation

(A—1Dg=0

has only one independent solution. Thus A has only one eigenvector associated with A. We
need n — 1 = 3 more linearly independent vectors to form a basis for R*. The three vectors
q2, q3, q4 will be chosen to have the properties (A — AI)’qx = 0, (A — A)3>q3 = 0, and
(A — AD*qq = 0.
A vector v is called a generalized eigenvector of grade n if
A=-2D"v=0
and
A-AD"'v£0

If n = 1, they reduce to (A — AI)v = 0 and v # 0 and v is an ordinary eigenvector. Forn = 4,
we define

V4=V
vz := (A — ADvy = (A — ADv
Vo := (A — ADv; = (A — AD)%v
vi:= (A —ADv, = (A — D’y
They are called a chain of generalized eigenvectors of length n = 4 and have the properties
(A —ADv; =0, (A —AD?*v, = 0, (A — A)3v3 = 0, and (A — AD)*v4 = 0. These vectors,

as generated, are automatically linearly independent and can be used as a basis. From these
equations, we can readily obtain

AV] = )\.V]
Avy = v + Avy
Av; = v, + Av;

Avy =v3 + Avy
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Then the representation of A with respect to the basis {v, vz, v3, V4}is

A1 0 0
0O~ 1 0
= 3.38
1 0 0 x 1 (3.38)
0 0 0 A

We verify this for the first and last columns. The first column of J is the representation of
Av| = Lv; with respect to {vy, v, v3, v4}, which is [, 0 0 0]’. The last column of J is the
representation of Av, = v3 + Av,4 with respect to {vy, v,, v3, v4}, which is [0 O 1 A]". This
verifies the representation in (3.38). The matrix J has eigenvalues on the diagonal and 1 on the
superdiagonal. If we reverse the order of the basis, then the 1’s will appear on the subdiagonal.
The matrix is called a Jordan block of order n = 4.

If (A — AD) has rank n — 2 or, equivalently, nullity 2, then the equation

(A—ADg=0

has two linearly independent solutions. Thus A has two linearly independent eigenvectors and
we need (n — 2) generalized eigenvectors. In this case, there exist two chains of generalized
eigenvectors {v, Vo, ..., vt} and {u;, up, ..., w} with k +/ = n. If v| and u, are linearly
independent, then the set of n vectors {vy, ..., V¢, uy, ..., w} is linearly independent and can
be used as a basis. With respect to this basis, the representation of A is a block diagonal matrix
of form

A = diag(J;, Jo)

where J; and J, are, respectively, Jordan blocks of order k and /.
Now we discuss a specific example. Consider a 5 x 5 matrix A with repeated eigenvalue A
with multiplicity 4 and simple eigenvalue A,. Then there exists a nonsingular matrix Q such that

A=Q'AQ
assumes one of the following forms
A& 1 0 0 0 a1 0 0 0-
0 A, 1 0 0 0 » 1 0 0
Al=l0 0 » 1 0 A=|0 0 2 0 0
0 0 0 A O 0 0 0 A O
Lo 0 0 0 A L0 0 0 0 -
A& 1 0 0 0 a1 0 0 0-
0 » 0 0 0 0 » 0 0 0
As=|0 0 » 1 0 As=]0 0 2 0 0
0 0 0 A O 0 0 0 A O
Lo 0 0 0 A LO 0 0 0 A
A 0 0 0 0A
0 » 0 0 0
As=|0 0 2 0 0 (3.39)
0 0 0 A O
Lo 0 0 0 ad
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The first matrix occurs when the nullity of (A — AI) is 1. If the nulllty is 2, then A has two
Jordan blocks associated with A} ; it may assume the form in A2 orin A3 If (A — A1) has nullity
3, then A has three Jordan blocks associated with A; as shown in Ay. Certainly, the positions
of the Jordan blocks can be changed by changing the order of the basis. If the nullity is 4, then
Aisa diagonal matrix as shown in A5 All these matrices are triangular and block diagonal
with Jordan blocks on the diagonal; they are said to be in Jordan form. A diagonal matrix is a
degenerated Jordan form; its Jordan blocks all have order 1. If A can be diagonalized, we can
use [g,d]=eig(a) to generate Q and A as shown in Examples 3.5 and 3.6. If A cannot be
diagonized, A is said to be defective and [q, d]1=eig (a) will yield an incorrect solution. In
this case, we may use the MATLAB function [g, d] =jordan (a) . However, jordan will
yield a correct result only if A has integers or ratios of small integers as its entries.

Jordan-form matrices are triangular and block diagonal and can be used to establish
many general properties of matrices. For example, because det(CD) = detCdetD and
detQdet Q™! =detI = 1, from A = QAQ~!, we have

detA = dethetAdet Q'= detA

The determinant of A is the product of all diagonal entries or, equivalently, all eigenvalues of
A. Thus we have

det A = product of all eigenvalues of A

which implies that A is nonsingular if and only if it has no zero eigenvalue.
We discuss a useful property of Jordan blocks to conclude this section. Consider the
Jordan block in (3.38) with order 4. Then we have

r0 1 0 07 0010
0010 0 0 0 1
a ) 0 0 0 1 a ) 00 0 O
LO 0 0 0. 00 0O
r0 0 0 17
00 0O
—AD? = 3.40
J—AD 000 0 (3.40)
LO 0 0 0.

and (J — AD* = 0 for k > 4. This is called nilpotent.

3.6 Functions of u Syuure Mutrix

This section studies functions of a square matrix. We use Jordan form extensively because
many properties of functions can almost be visualized in terms of Jordan form. We study first
polynomials and then general functions of a square matrix.

Polynomials of a square matrix Let A be a square matrix. If k is a positive integer, we
define

AF:=AA---A (k terms)
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and A =I. Let £ (1) be a polynomial such as f (1) = A> +21% — 6 or (A 4 2)(4A — 3). Then
f(A) is defined as

f(A) =A% +2A% -6 or f(A)=(A+2D)4A —3I)

If A is block diagonal, such as

A
e
0 A
where A and A, are square matrices of any order, then it is straightforward to verify
Al 0 fan 0
A =] "1 d f(A)= 3.41
[0 A’;] S [ 0 f(Az)] (G40

Consider the similarity transformation A = Q~'AQ or A = QAQ™'. Because
A* = (QAQ™)(QAQ™) - (QAQ ™) = QA"Q™!
we have
fA)=QfA)Q" or f(A)=Q'f(A)Q (3.42)

A monic polynomial is a polynomial with 1 as its leading coefficient. The minimal
polynomial of A is defined as the monic polynomial v (1) of least degree such that s (A) = 0.
Note that the 0 is a zero matrix of the same order as A. A direct consequence of (3.42) is
that f(A) = 0 if and only if f (A) = 0. Thus A and A or, more general, all similar matrices
have the same minimal polynomial. Computing the minimal polynomial directly from A is not
simple (see Problem 3.25); however, if the Jordan-form representation of A is available, the
minimal polynomial can be read out by inspection.

Let A; be an eigenvalue of A with multiplicity n;. That is, the characteristic polynomial
of A is

AL) =det(I —A) = l_[()\ — )

Suppose the Jordan form of A is known. Associated with each eigenvalue, there may be one or
more Jordan blocks. The index of X;, denoted by n;, is defined as the largest order of all Jordan
blocks associated with ;. Clearly we have n; < n;. For example, the multiplicities of A; in all
five matrices in (3.39) are 4; their indices are, respectively, 4, 3, 2, 2, and 1. The multiplicities
and indices of A; in all five matrices in (3.39) are all 1. Using the indices of all eigenvalues,
the minimal polynomial can be expressed as

v =] -2)"

1

withdegreen = ) 7n; < Y n; = n = dimension of A. For example, the minimal polynomials
of the five matrices in (3.39) are

== —1)  Ya=0A—A) A1)
Yi=GA—2)P*A—r)  Ya=—r) A — 1)
Ys = —A)A —A2)
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Their characteristic polynomials, however, all equal
AG) = (=2 (= A2)

We see that the minimal polynomial is a factor of the characteristic polynomial and has a degree
less than or equal to the degree of the characteristic polynomial. Clearly, if all eigenvalues of
A are distinct, then the minimal polynomial equals the characteristic polynomial.

Using the nilpotent property in (3.40), we can show that

v(A) =0

and that no polynomial of lesser degree meets the condition. Thus ¥ (1) as defined is the
minimal polynomial.

Theorem 3.4 (Cayley-Hamilton theorem)
Let

AR =detAI —A) = A"+ A" - da, A Fay,
be the characteristic polynomial of A. Then

AA) =A"+o A"+t At a,I=0 (3:43)

In words, a matrix satisfies its own characteristic polynomial. Because n; > n;, the
characteristic polynomial contains the minimal polynomial as a factor or A(A) = ¥ (A)h(A)
for some polynomial z(A). Because ¥ (A) = 0, we have A(A) = ¥ (A)h(A) =0-h(A) = 0.
This establishes the theorem. The Cayley—Hamilton theorem implies that A” can be written as
a linear combination of {I, A, ..., A""!}. Multiplying (3.43) by A yields

A L A"+ o AP+ e, A=0-A=0

which implies that A"*! can be written as a linear combination of {A, AZ, ..., A"}, which,
in turn, can be written as a linear combination of {I, A, ..., A" !}. Proceeding forward, we
conclude that, for any polynomial f(A), no matter how large its degree is, f(A) can always
be expressed as

F(A) =Bl + BIA+ -+ B A" (3.44)

for some ;. In other words, every polynomial of an n x n matrix A can be expressed as a linear
combination of {I, A, ..., A*'}. If the minimal polynomial of A with degree 7 is available,
then every polynomial of A can be expressed as a linear combination of {I, A, ..., A"~!}. This
is a better result. However, because n may not be available, we discuss in the following only
(3.44) with the understanding that all discussion applies to 7.

One way to compute (3.44) is to use long division to express f()) as

FQ)=qM)AR) +h() (3.45)
where g (1) is the quotient and /() is the remainder with degree less than n. Then we have

F(A) =q(A)AA) + h(A) = g(A)0 + h(A) = h(A)
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Long division is not convenient to carry out if the degree of f () is much larger than the degree
of A(A). In this case, we may solve h(A) directly from (3.45). Let

h(A) = Bo+ Pir+ -+ Pui A"

where the n unknowns f; are to be solved. If all n eigenvalues of A are distinct, these §; can
be solved from the n equations

F i) =qAi)AR) +h(h) = h(ki)

fori =1, 2, ..., n.If A has repeated eigenvalues, then (3.45) must be differentiated to yield
additional equations. This is stated as a theorem.

Theorem 3.5

We are given f(A) and an n X n matrix A with characteristic polynomial
m
AG =TT =)
i=1

wheren = ) 7" n;. Define
h()‘) = :80 + ,Bl)\- + -+ /311—1)‘-n_1

It is a polynomial of degree n — 1 with n unknown coefficients. These n unknowns are to be solved
from the following set of n equations:

fO0) =hP0) forl=0,1,....,n—1 and i=1,2, ..., m
where
d fon
00 = L
dr |pzx,

and hO (X)) is similarly defined. Then we have
F(A) = h(A)

and /(1) is said to equal f()) on the spectrum of A.

=152

In other words, given f(1) = A!%, compute f(A). The characteristic polynomial of A is
AR =22 +20+1= G+ D2 Leth(h) = Bo + BiA. On the spectrum of A, we have

f=D=hn=: (=D'=pg—p
fl(=h=r(=l: 100 -(-D” =B
Thus we have 8; = —100, By = 1 + 81 = —99, h(L) = —99 — 1002, and

ExampLE 3.7 Compute A'® with
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A0 = BT+ BA = —99I — 100A
1 1 - -1
_ o9 0 100 0 _[-99 00
0 1 -1 -2 100 101

Clearly A'% can also be obtained by multiplying A 100 times. However, it is simpler to use
Theorem 3.5.

Functions of a square matrix Let f(A) be any function, not necessarily a polynomial. One
way to define f(A) is to use Theorem 3.5. Let 4 (X) be a polynomial of degree n — 1, where n
is the order of A. We solve the coefficients of (1) by equating f(A) = h()\) on the spectrum
of A. Then f(A) is defined as h(A).

ExXAMPLE 3.8 Let

00 -2
Aj=10 1 0
1 0 3

Compute ¢, Or, equivalently, if f(L) = ¢, whatis f(A;)?
The characteristic polynomial of A; is (A — D2(A —2). Let h(A) = Bo + Bir + ﬂzk2.
Then
f)y=nh(): e =po+ B+ 2
FO=K)y: 1 =B +28,
f@Q=h@: & =p+2p+4B
Note that, in the second equation, the differentiation is with respect to A, not 7. Solving these
equations yields By = —2te’ + %, By = 3te' +2¢' —2¢%,and By = e* — e' — te'. Thus we
have
A= h(A)) = (=2te' + )+ (Bre' + 2¢' —2¢7)A
2e' —e¥ 0 2 —2e%
+ (¥ —e' —te)A? = 0 e’ 0
eZz — e 0 ze2t — et

EXAMPLE 3.9 Let

0o 2 =2
A=|0 1 0
1 -1 3
Compute eA2' . The characteristic polynomial of A, is (A — 1)2(x — 2), which is the same as

for A;. Hence we have the same % (A) as in Example 3.8. Consequently, we have
2e' — e 2te!  2e' — 2%
A =h(A,) = 0 e 0

X —el —tet 22 — ¢!
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ExAMPLE 3.10 Consider the Jordan block of order 4:

Ap 10 0

N 0 A 1 0

A= ! (3.46)
0 0 A 1
0O 0 0 XN

Its characteristic polynomial is (A —A; ), Although we can select 2 ()) as Bo+ B A+ B2 A+ 53A3,
it is computationally simpler to select 4 (1) as

h(A) = Bo+ Bi(h — A1) + (b — A)? + B3(h — Ap)?

This selection is permitted because /()1) has degree (n — 1) = 3 and n = 4 independent
unknowns. The condition f(A) = h(A) on the spectrum of A yields immediately
1) By — FO0)

21 BT T3

Bo=f(r), Bi=f(), Bp=
Thus we have

I+ (A D2+ A — 1, I)°

R (A R // (3)
FA) = fi'l) B f f (1)

Using the special forms of (A — AD* as discussed in (3.40), we can readily obtain

fa) fen/1t fran/2t fO0n/3!
0 FO  fGn/A fGa)/2!

A) = , (3.47)
f 0 0 f) fGp/1!
0 0 0 f)
If f(A) = e, then
et geht f2eMi 1 p3ehit /3]
A 0 et teMt 2eMt )|
A
S I (3.48)
0 0 0 et

Because functions of A are defined through polynomials of A, Equations (3.41) and (3.42)
are applicable to functions.

ExaMPLE 3.11 Consider

A 10 0 0
0O » 1 0 O
A={0 0 2 0 O
0 0 0 A 1
0 0 0 0 A
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It is block diagonal and contains two Jordan blocks. If f(X) = e, then (3.41) and (3.48)
imply

Mt geMt f2eMi21 0 0
0 M tet! 0 0
AM=10 0 ! 0 0
0 0 0 et ret!
0 0 0 0 M
Iffro)=(¢-— A)~!, then (3.41) and (3.47) imply
r 1 1 1 .
2 3 0 0
(s—ApD) (s—ApD* (s—Ap
1 1
3 0 0
(s—2) (—2p)
1
I-A)! = 0 0 0 3.49
(s1—A) o (3.49)
1 1
0 0 0 3
(s —22) (s—A2)
1
0 0 0 0
- (s —22) -

Using power series The function of A was defined using a polynomial of finite degree. We
now give an alternative definition by using an infinite power series. Suppose f(A) can be
expressed as the power series

fo) =Y g
i=0

with the radius of convergence p. If all eigenvalues of A have magnitudes less than p, then
f(A) can be defined as

fA) =) BA (3.50)
i =0

Instead of proving the equivalence of this definition and the definition based on Theorem 3.5,
we use (3.50) to derive (3.47).

EXAMPLE 3.12 Consider the Jordan-form matrix A in (3.46). Let

f" ()

TRV

fR)=fO)+ fADG—i) +

then

Ao,

(n—1)! A —uD"" -

FA) = FODI+ FO)A =D + -+
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Because (A — MmDX = 0 for k > n = 4 as discussed in (3.40), the infinite series reduces
immediately to (3.47). Thus the two definitions lead to the same function of a matrix.

The most important function of A is the exponential function ¢A’. Because the Taylor
series

y 2t2 )\,ntn
el=14+M+—+ -+ + -
2! n!
converges for all finite A and ¢, we have
A o 1 pa
[— — e —
M=T+rA+ AT+ —Zk!t A (3.51)
k=0

This series involves only multiplications and additions and may converge rapidly; there-
fore it is suitable for computer computation. We list in the following the program in MATLAB
that computes (3.51) for ¢t = 1:

Function E=expm2 (A7)
E=zeros (size(A));
F=eye(size(A));

k=1;

while norm(E+F-E,1)>0
E=E+F;
F=A%xF/k;
k=k+1;

end

In the program, E denotes the partial sum and F is the next term to be added to E. The first line
defines the function. The next two lines initialize E and F. Let ¢; denote the kth term of (3.51)
with t = 1. Then we have ¢y = (A/k)c, fork = 1,2, .... Thus we have F = A x F/k. The
computation stops if the 1-norm of E 4+ F — E, denoted by norm(E 4+ F — E, 1), is rounded
to 0 in computers. Because the algorithm compares F and E, not F and 0, the algorithm uses
norm(E + F — E, 1) instead of norm(F,1). Note that norm(a,1) is the 1-norm discussed in
Section 3.2 and will be discussed again in Section 3.9. We see that the series can indeed be
programmed easily. To improve the computed result, the techniques of scaling and squaring can
be used. In MATLAB, the function expm?2 uses (3.51). The function expmor expml, however,
uses the so-called Padé approximation. It yields comparable results as expm?2 but requires only
about half the computing time. Thus expm is preferred to expm2. The function expm3 uses
Jordan form, but it will yield an incorrect solution if a matrix is not diagonalizable. If a closed-
form solution of ¢A’ is needed, we must use Theorem 3.5 or Jordan form to compute Al

We derive some important properties of ¢4’ to conclude this section. Using (3.51), we
can readily verify the next two equalities

ATD) _ AN An (3.53)

[N =™ (3.54)
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To show (3.54), we set t, = —t;. Then (3.53) and (3.52) imply

eAtle—At] — eA-O — 60 — I

which implies (3.54). Thus the inverse of ¢A’ can be obtained by simply changing the sign of
t. Differentiating term by term of (3.51) yields

nd 1

d At k—1 Ak
Loar 1A
PT ; k —1)!

=A (i %tkAk> = (i %tkAk> A

k=0

Thus we have
—eM = Ae = MA (3.55)
This is an important equation. We mention that
eATBI L A B (3.56)

The equality holds only if A and B commute or AB = BA. This can be verified by direct
substitution of (3.51).
The Laplace transform of a function f(¢) is defined as

£s) = LLF ()] = /0 Fe=std

It can be shown that

ik
r [_} — (D
k!

Taking the Laplace transform of (3.51) yields

o0 o0
£[eAt] — ZS_(k+l)Ak — S_l Z(S—IA)](
k=0 k=0
Because the infinite series
o0
DT =TT = A=)

k=0
converges for [s~'A| < 1, we have
o0
57! Z A = s T+ s?A+ 5342+
k=0
=5 ' A—s"A) " =[sA—s'A)] " = (T—A)"' (3.57)

and
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LA = (sT—A)~! (3.58)

Although in the derivation of (3.57) we require s to be sufficiently large so that all eigenvalues
of s~!'A have magnitudes less than 1, Equation (3.58) actually holds for all s except at the
eigenvalues of A. Equation (3.58) can also be established from (3.55). Because L[df (¢)/dt] =
sLIf(t)] — f(0), applying the Laplace transform to (3.55) yields

sL[eM] — € = ALl
or

GI—A)L[AM =€ =1
which implies (3.58).

3.7 Lygpunov Eyuution

Consider the equation
AM+MB =C (3.59)

where A and B are, respectively, n x n and m x m constant matrices. In order for the equation
to be meaningful, the matrices M and C must be of order n x m. The equation is called the
Lyapunov equation.

The equation can be written as a set of standard linear algebraic equations. To see this,
we assume n = 3 and m = 2 and write (3.59) explicitly as

apn diz a3 mi mi2 mip mi2

by by
a ap axn my my |+ | my map
by by
az; ax a3 ms;  ms ms;  ms
i1 C12
=|ca 2
[T Y)

Multiplying them out and then equating the corresponding entries on both sides of the equality,

we obtain
[an + by ap ais by 0 0 7
a an + by an 0 b 0
as as as3 + by 0 0 by
bis 0 0 an + by an as
0 b1» 0 az| an + bxn an
L O 0 bi» azy as asz + by |
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mi 11
nmai 21
w | T = | (3.60)
nip C12
myp €22
Lm3 | [ C32 |

This is indeed a standard linear algebraic equation. The matrix on the preceding page is a
square matrix of ordern x m =3 x 2 = 6.

Let us define A(M) := AM + MB. Then the Lyapunov equation can be written as
AM) = C. It maps an nm-dimensional linear space into itself. A scalar 1 is called an
eigenvalue of A if there exists a nonzero M such that

AM) = M

Because A can be considered as a square matrix of order nm, it has nm eigenvalues 1y, for
k=1, 2, ..., nm. It turns out

Nk = Ai + 1 fori=1,2,...,n, j=1,2,...,m

where A;,i =1, 2, ..., n,and u;, j =1, 2, ..., m, are, respectively, the eigenvalues of
A and B. In other words, the eigenvalues of A are all possible sums of the eigenvalues of A
and B.

We show intuitively why this is the case. Letu be an n x 1 right eigenvector of A associated
with A;; that is, Au = A;u. Let v be a 1 x m left eigenvector of B associated with p;; that is,
vB = vu;. Applying A to the n x m matrix uv yields

A(uv) = Auv +uvB = Luv +uvy; = (&; + pj)uv

Because both u and v are nonzero, so is the matrix uv. Thus (A; + ;) is an eigenvalue of A.

The determinant of a square matrix is the product of all its eigenvalues. Thus a matrix
is nonsingular if and only if it has no zero eigenvalue. If there are no i and j such that
Ai + u; = 0, then the square matrix in (3.60) is nonsingular and, for every C, there exists a
unique M satisfying the equation. In this case, the Lyapunov equation is said to be nonsingular.
If A; + pu; = 0 for some i and j, then for a given C, solutions may or may not exist. If C lies
in the range space of A, then solutions exist and are not unique. See Problem 3.32.

The MATLAB function m=1yap (a, b, -c) computes the solution of the Lyapunov
equation in (3.59).

3.8 Some Useful Formulus

This section discusses some formulas that will be needed later. Let A and B be m x n and
n x p constant matrices. Then we have

p(AB) < min(p(A), p(B)) (3.61)

where p denotes the rank. This can be argued as follows. Let p(B) = «. Then B has «
linearly independent rows. In AB, A operates on the rows of B. Thus the rows of AB are
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linear combinations of the rows of B. Thus AB has at most « linearly independent rows. In
AB, B operates on the columns of A. Thus if A has 8 linearly independent columns, then
AB has at most 8 linearly independent columns. This establishes (3.61). Consequently, if
A = B;B;,B; - - -, then the rank of A is equal to or smaller than the smallest rank of B;.

Let A be m x n and let C and D be any n x n and m x m nonsingular matrices. Then we
have

pP(AC) = p(A) = p(DA) (3.62)
In words, the rank of a matrix will not change after pre- or postmultiplying by a nonsingular
matrix. To show (3.62), we define

P:=AC (3.63)
Because p(A) < min(m, n) and p(C) = n, we have p(A) < p(C). Thus (3.61) implies

p(P) = min(p(A), p(C)) < p(A)

Next we write (3.63) as A = PC~!. Using the same argument, we have p(A) < p(P). Thus we
conclude p(P) = p(A). A consequence of (3.62) is that the rank of a matrix will not change
by elementary operations. Elementary operations are (1) multiplying a row or a column by a
nonzero number, (2) interchanging two rows or two columns, and (3) adding the product of
one row (column) and a number to another row (column). These operations are the same as
multiplying nonsingular matrices. See Reference [6, p. 542].

Let Abem x n and B be n x m. Then we have

det(L, + AB) = det(I, + BA) (3.64)

where I, is the unit matrix of order m. To show (3.64), let us define
I, A L, 0 I, —-A
= = P =
b P IS O I S

I, +AB 0
B I,

We compute
NP = [

and

L, —A

QP =

0 I,+BA
Because N and Q are block triangular, their determinants equal the products of the determinant
of their block-diagonal matrices or

detN =detl,, -detl, =1 =detQ
Likewise, we have
det(NP) = det(I,, + AB) det(QP) = det(I,, + BA)

Because
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det(NP) = det Ndet P = det P
and
det(QP) = detQdet P = det P

we conclude det(I,, + AB) = det(I,, + BA).
InN, Q, and P, if I, I, and B are replaced, respectively, by /s, +/sL,, and —B, then
we can readily obtain

s" det(sI,, — AB) = 5" det(sI,, — BA) (3.65)
which implies, for n = m or for n x n square matrices A and B,
det(sI, — AB) = det(sI, — BA) (3.66)

They are useful formulas.

3.9 Quudrutic Form and Positive Definiteness

An n x n real matrix M is said to be symmetric if its transpose equals itself. The scalar function
x'Mx, where x is an n x 1 real vector and M’ = M, is called a quadratic form. We show that
all eigenvalues of symmetric M are real.

The eigenvalues and eigenvectors of real matrices can be complex as shown in Example
3.6. Therefore we must allow X to assume complex numbers for the time being and consider the
scalar function x*Mx, where x* is the complex conjugate transpose of x. Taking the complex
conjugate transpose of x*Mx yields

x*Mx)* = x*M*x = x*M'x = x*Mx

where we have used the fact that the complex conjugate transpose of a real M reduces to
simply the transpose. Thus x*Mx is real for any complex x. This assertion is not true if M
is not symmetric. Let A be an eigenvalue of M and v be its eigenvector; that is, Mv = Av.
Because

VMv = v*Av = A(V*V)

and because both vMv and v*v are real, the eigenvalue A must be real. This shows that all
eigenvalues of symmetric M are real. After establishing this fact, we can return our study to
exclusively real vector x.

We claim that every symmetric matrix can be diagonalized using a similarity transfor-
mation even it has repeated eigenvalue A. To show this, we show that there is no generalized
eigenvector of grade 2 or higher. Suppose x is a generalized eigenvector of grade 2 or

M= AD*’x =0 (3.67)
(M —2ADx # 0 (3.68)

Consider
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[(M —ADX]'M — ADx = x' (M’ — AI(M — ADx = x'(M — AI)’x

which is nonzero according to (3.68) but is zero according to (3.67). This is a contradiction.
Therefore the Jordan form of M has no Jordan block of order 2. Similarly, we can show that
the Jordan form of M has no Jordan block of order 3 or higher. Thus we conclude that there
exists a Q that consists of all linearly independent eigenvectors of M such that

M = QDQ! (3.69)

where D is a diagonal matrix with real eigenvalues of M on the diagonal.

Next we show that Q in (3.69) can be selected as an orthogonal matrix, that is, to have
the property Q! = Q'. We first show that eigenvectors associated with different eigenvalues
are orthogonal. Indeed, let Mq; = A;q; and Mq, = X,q,. Then we have

Mq; = 1195q1  q;Mq = 12q1q2

Because [qyMq;]’ = q;Mq; and [q5q;]" = q}q., subtracting the preceding two equations
yields (A1 —X2)q|q2 = 0.If &} # X,, then q|q, = 0; thus q; and q, are orthogonal. Using the
Schmidt orthonormalization procedure, we can orthonormalize all eigenvectors in Q. Thus we
have Q'Q = I which implies Q! = Q'. This is stated as a theorem.

Theorem 3.6
For every real symmetric matrix M, there exists an orthogonal matrix Q such that
M=QDQ o D=QMQ

where D is a diagonal matrix with the eigenvalues of M, which are all real, on the diagonal.

A symmetric matrix M is said to be positive definite, denoted by M > 0, if xMx > 0 for
every nonzero X. It is positive semidefinite, denoted by M > 0, if x’'Mx > 0 for every nonzero
x. If M > 0, then x'Mx = 0 if and only if x = 0. If M > 0 but not M > 0, then there exists a
nonzero x such that xX’'Mx = 0. This property will be used repeatedly later.

Theorem 3.7

A symmetric n X n matrix M is positive definite (positive semidefinite) if and only if any one of the
following conditions holds.

1. Every eigenvalue of M is positive (zero or positive).
2. All the leading principal minors of M are positive (all the principal minors of M are zero or positive).

3. There exists an 7 X n nonsingular matrix N (an 7 X n singular matrix N or an m X n matrix N with
m < n) such that M = N'N.

Condition (1) can readily be proved by using Theorem 3.6. Next we consider Conditon (3). If
M = N'N, then

x'Mx = x'N'Nx = (Nx)'(Nx) = ||[Nx||3 > 0
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for any X. If N is nonsingular, the only X to make Nx = 0 is X = 0. Thus M is positive definite. If N
is singular, there exists a nonzero X to make Nx = 0. Thus M is positive semidefinite. For a proof of
Condition (2), see Reference [10].
We use an example to illustrate the principal minors and leading principal minors. Consider
mip mip M3
M= | my my my
ms3p msy M3z

Its principal minors are m 1y, moy, Mm33,

m m m m m m
det |: 11 121| 7 det |: 11 13:| ’ det |: 22 23:|
mar Moy ms3p  ms3 ms3p  ms3
and det M. Thus the principal minors are the determinants of all submatrices of M whose diagonals
coincide with the diagonal of M. The leading principal minors of M are

mip mipz

miy, det|: :|, and detM

mapp M

Thus the leading principal minors of M are the determinants of the submatrices of M obtained by deleting
the last & columns and last k rows fork = 2, 1, 0.

Theorem 3.8

1. Anm x n matrix H, with m > n, has rank n, if and only if the n X n matrix H'H has rank n or

det(H'H) # 0.

2. Anm x n matrix H, with m < n, has rank m, if and only if the m x m matrix HH’ has rank m or

det(HH') # 0.

The symmetric matrix H'H is always positive semidefinite. It becomes positive definite if H'H is
nonsingular. We give a proof of this theorem. The argument in the proof will be used to establish the
main results in Chapter 6; therefore the proof is spelled out in detail.

Proof: Necessity: The condition p(HH) = n implies p(H) = n. We show this by
contradiction. Suppose po(HH) = n but p(H) < n. Then there exists a nonzero vector
v such that Hv = 0, which implies HHv = 0. This contradicts p(H'H) = n. Thus
p(H'H) = n implies p(H) = n.

Sufficiency: The condition p(H) = n implies p(H'H) = n. Suppose not, or
p(H'H) < n; then there exists a nonzero vector v such that HHv = 0, which implies
vHHv = 0 or

0 = VHHv = (Hv)' (Hv) = |[Hv||;

Thus we have Hv = 0. This contradicts the hypotheses that v = 0 and p(H) = n. Thus
p(H) = implies p(H'H) = n. This establishes the first part of Theorem 3.8. The second
part can be established similarly. Q.E.D.

We discuss the relationship between the eigenvalues of H'H and those of HH'. Because both HH
and HH' are symmetric and positive semidefinite, their eigenvalues are real and nonnegative (zero or
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positive). If His m x n, then H'H has n eigenvalues and HH' has m eigenvalues. Let A = H and
B = H'. Then (3.65) becomes

det(sL,, — HH') = s" " det(sI, — HH) (3.70)

This implies that the characteristic polynomials of HH' and H'H differ only by s”". Thus we
conclude that HH' and H'H have the same nonzero eigenvalues but may have different numbers of
zero eigenvalues. Furthermore, they have at most 7 := min(m, n) number of nonzero eigenvalues.

3.10 Singular-Value Decomposition

Let Hbe an m X n real matrix. Define M := H'H. Clearly M is n X n, symmetric, and semidefinite.
Thus all eigenvalues of M are real and nonnegative (zero or positive). Let 1 be the number of its positive
eigenvalues. Then the eigenvalues of M = H'H can be arranged as

MM > A >0=Ry == Ay
Let n := min(m, n). Then the set
MZr>d >0=hy1 ==

is called the singular values of H. The singular values are usually arranged in descending order in
magnitude.

ExAMPLE 3.13 Consider the 2 x 3 matrix

—4 -1 2
H =
5 o ]

We compute
20 5 —10
M=HH= 5 1.25 =25
—-10 =25 5

and compute its characteristic polynomial as
det(AI — M) = 2% — 26.250% = A% (A — 26.25)

Thus the eigenvalues of H'H are 26.25, 0, and 0, and the singular values of H are +/26.25 =
5.1235 and 0. Note that the number of singular values equals min (n, m).

In view of (3.70), we can also compute the singular values of H from the eigenvalues of
HH'. Indeed, we have

_ 21 —10.
M::HH’:[ 05:|

-10.5 525
and
det(AI — M) = A% — 26.251 = A (L — 26.25)

Thus the eigenvalues of HH' are 26.25 and O and the singular values of H' are 5.1235 and
0. We see that the eigenvalues of H'H differ from those of HH’ only in the number of zero
eigenvalues and the singular values of H equal the singular values of H'.
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For M = H'H, there exists, following Theorem 3.6, an orthogonal matrix Q such that
QHHQ=D=:S'S 3.71)

where D is an n x n diagonal matrix with A7 on the diagonal. The matrix S is m x n with the
singular values A; on the diagonal. Manipulation on (3.71) will lead eventially to the theorem
that follows.

Theorem 3.9 (Singular-value decomposition)
Every m x n matrix H can be transformed into the form
H = RSQ’

withRR=RR' =1,,,Q’Q = QQ’' =1, and S being m x n with the singular values of H on the
diagonal.

The columns of Q are orthonormalized eigenvectors of H'H and the columns of R
are orthonormalized eigenvectors of HH'. Once R, S, and Q are computed, the rank of H
equals the number of nonzero singular values. If the rank of H is r, the first  columns of
R are an orthonormal basis of the range space of H. The last (n — r) columns of Q are an
orthonormal basis of the null space of H. Although computing singular-value decomposition is
time consuming, itis very reliable and gives a quantitative measure of the rank. Thus itis used in
MATLAB to compute the rank, range space, and null space. In MATLAB, the singular values
of H can be obtained by typing s=svd (H). Typing [R, S, Q]=svd (H) yields the three
matrices in the theorem. Typing orth (H) and null (H) yields, respectively, orthonormal
bases of the range space and null space of H. The function null will be used repeatedly in
Chapter 7.

ExAmPLE 3.14 Consider the matrix in (3.11). We type

a=[0 1 1 2;1 2 3 4;2 0 2 0];
[r,s,ql=svd(a)

which yield
0.3782 —0.3084 0.8729 6.1568 0 00
r=1|0.8877 —0.1468 —0.4364 s = 0 24686 0 0
L 0.2627 0.9399 0.2182 L O 0 00
r0.2295 0.7020 0.3434 —0.58027
| 0.3498  —0.2439 0.8384 0.3395
4= 0.5793 0.4581 —0.3434 0.5802
L0.6996 —0.4877 —0.2475 —0.4598 ]

Thus the singular values of the matrix A in (3.11) are 6.1568, 2.4686, and 0. The matrix has
two nonzero singular values, thus its rank is 2 and, consequently, its nullity is 4 — p(A) = 2.
The first two columns of r are the orthonormal basis in (3.13) and the last two columns of ¢
are the orthonormal basis in (3.14).
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3.11 Norms of Muftrices

PROBLEMS

The concept of norms for vectors can be extended to matrices. This concept is needed in
Chapter 5. Let A be an m x n matrix. The norm of A can be defined as

_ [|AX||
[|A[| = sup —— = sup ||Ax]]| (3.72)
x20 |[X]] IIx|=1

where sup stands for supremum or the least upper bound. This norm is defined through the
norm of x and is therefore called an induced norm. For different ||x||, we have different ||A||.
For example, if the 1-norm ||x]|; is used, then

m
AT = mjax (Z |aij|> = largest column absolute sum

i=1

where a;; is the i jth element of A. If the Euclidean norm [|x]|, is used, then

[|A]], = largest singular value of A

= (largest eigenvalue of A’A)!/?

If the infinite-norm ||X|| 1s used, then

n
[|A]lcc = max Z la;j| | = largest row absolute sum
1
j=1

These norms are all different for the same A. For example, if

3 2
A =
-1 0
then [|A]l; =34+ | —1] = 4, ||All, = 3.7, and ||A|lcc = 3 + 2 = 5, as shown in Fig.
3.3. The MATLAB functions norm(a, 1), norm(a,2)=norm(a),andnorm(a, inf)

compute the three norms.
The norm of matrices has the following properties:

|[IAX|| < [IA][Ix]]
[IA + B[ < [|A[l + |[B]]
[IAB[| < [|A]l|/B]]

The reader should try first to solve all problems involving numerical numbers by hand and
then verify the results using MATLAB or any software.

3.1 Consider Fig. 3.1. What is the representation of the vector x with respect to the basis
{q1,12}? What is the representation of q; with respect to {i», qz}?

3.2  What are the 1-norm, 2-norm, and infinite-norm of the vectors
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X2 X2

This magnitude gives
The sum of these two the norm of A.
magnitudes gives the
norm of A.

() (b)

X2

2L

This magnitude gives
the norm of A.

()

Figure 3.3 Different norms of A.

2 1
X = -3 Xy = 1
1 1

3.3 Find two orthonormal vectors that span the same space as the two vectors in Problem
3.2.

3.4 Consider an n x m matrix A with n > m. If all columns of A are orthonormal, then
A’A =1,,. What can you say about AA’?

3.5 Find the ranks and nullities of the following matrices:
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3.6
3.7

3.8

3.9
3.10
311

3.12

3.13

010 4 1 —1 1 2 3 4
Al=|0 0 0 Ar=|3 2 0 As=|0 -1 —2 2
00 1 11 0 0 0 0 1

Find bases of the range spaces and null spaces of the matrices in Problem 3.5.
Consider the linear algebraic equation
2 -1 1
-3 3 ([x=]0|=y
-1 2 1

It has three equations and two unknowns. Does a solution x exist in the equation? Is the
solution unique? Does a solution existif y = [1 1 1]'?

Find the general solution of

1 2 3 4 3
0 -1 -2 2|x=|2
0 0 0 1 1

How many parameters do you have?
Find the solution in Example 3.3 that has the smallest Euclidean norm.
Find the solution in Problem 3.8 that has the smallest Euclidean norm.
Consider the equation
x[n] = A"x[0] + A" 'bu[0] + A" *bu[1] + - - - + Abu[n — 2] 4+ bu[n — 1]

where A is an n x n matrix and b is an n x 1 column vector. Under what conditions on
A and b will there exist u[0], u[1], ..., u[n — 1] to meet the equation for any x[n] and
x[0]? [Hint: Write the equation in the form

uln — 1]

uln — 2]
x[n] —A"x[0] =[b Ab --- A" 'b] ] ]

ul0]

Given

2 1 0 0 0 1
A— 0 2 1 0 b— 0 b— 2
0 0 2 0 1 3

0 0 0 1 1 1

what are the representations of A with respect to the basis {b, Ab, A’b, A’b} and the
basis {b, Ab, A’b, A®b}, respectively? (Note that the representations are the same!)

Find Jordan-form representations of the following matrices:
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3.15

3.16
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1 4 10 0 1 0
Al=(0 2 0 Ay = 0 o 1
L0 0 3 L2 —4 -3
1 0 -1 0 4 3
A;=1(0 1 0 Ay, =0 20 16
0 0 2 L0 =25 =20

Note that all except A4 can be diagonalized.

Consider the companion-form matrix
— —0y —03 —04y
1 0 0 0
0 1 0 0
0 0 1 0

Show that its characteristic polynomial is given by

A =

A =2+ +aor? +ash + oy

Show also that if }; is an eigenvalue of A or a solution of A(A) = 0, then [A? )»,2 A 1T
is an eigenvector of A associated with A;.

Show that the Vandermonde determinant
3 93 43 .3
AMOA Ay A
2 42 42 42
AMOA A3 A
Mo A A3 Mg

1 1 1 1

equals [ ], j<a(Aj — A;). Thus we conclude that the matrix is nonsingular or, equiva-
lently, the eigenvectors are linearly independent if all eigenvalues are distinct.

Show that the companion-form matrix in Problem 3.14 is nonsingular if and only if
a4 # 0. Under this assumption, show that its inverse equals
0 1 0 0
Al 0 0 1 0
0 0 0 1
—1/ay —ay/ay —arfoy —az/oy
Consider
A AT AT?)2
A=]0 A AT
0 O A

with A # O and T > 0. Show that [0 0 1]’ is a generalized eigenvector of grade 3 and
the three columns of
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T2 AT? 07
Q= 0 AT 0
0 0 1]
constitute a chain of generalized eigenvectors of length 3. Verify
A1 07
Q'AQ=]0 x 1
0 0 X

3.18 Find the characteristic polynomials and the minimal polynomials of the following

matrices:

M Aq 1 0 07 M Aq 1 0 0 7
0O x»x 1 0 0O x» 1 0
0O 0 A O 0 0 A O

L0 0 0 X LO O 0 X

M Aq 1 0 07 A O 0 07
0O x»x 0 O 0O x»x 0 O
0O 0 A O 0 0 A O

L0 0 0 X L0 0 0 X

3.19 Show that if X is an eigenvalue of A with eigenvector x, then f () is an eigenvalue of
f(A) with the same eigenvector X.

3.20 Show that an n x n matrix has the property A¥ = 0 for k > m if and only if A has
eigenvalues 0 with multiplicity n and index m or less. Such a matrix is called a nilpotent

matrix.
3.21 Given
1 1 0
A=]|0 0 1
0 0 1

find A0, A9 and A,

3.22 Use two different methods to compute eA’ for A; and A4 in Problem 3.13.

3.23 Show that functions of the same matrix commute; that is,

F(A)gA) =g(A) f(A)
Consequently we have AeA’ = eATA.
3.24 Let
A0 0
C=(0 x O
0 0 A3
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3.26

3.27
3.28
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Find a matrix B such that ¢® = C. Show that if A; = 0 for some i, then B does not exist.
Let

A 10
C=|0 2 0
0 0 A

Find a B such that ¢® = C. Is it true that, for any nonsingular C, there exists a matrix B
such that ¢® = C?

Let

1
— 71 _— —,—— 1 —
sI-A)" = A(s)AdJ (sI—A)

and let m(s) be the monic greatest common divisor of all entries of Adj (sI — A). Verify
for the matrix Az in Problem 3.13 that the minimal polynominal of A equals A(s)/m(s).

Define

1
(1= 47" i= 2 [Ros"" + Ris"? + - + Ryas + Ry

where
A(s) :=det(sI —A) :=s" +a15" " +os" 2+ +a,

and R; are constant matrices. This definition is valid because the degree in s of the adjoint
of (sI — A) is at most n — 1. Verify

tr(AR
o) = _Q Ry =1
AR
azz——tr(z 1) R1=AR0+O£11=A+(XII
AR
oy = S 2 Ry = AR, + ool = A2 + /A + ol
AR, _
Up—1 = _M R,-1 =AR, , +a, I = Ay O{lAn_z
P
+ e + ansz + an711
tr(AR,_
o, = _raR.) 0=AR, | +a,l
n

where tr stands for the trace of a matrix and is defined as the sum of all its diagonal
entries. This process of computing «; and R; is called the Leverrier algorithm.

Use Problem 3.26 to prove the Cayley—Hamilton theorem.
Use Problem 3.26 to show

1
I—A)"' = O [A" 4+ (s + DA + (5* + a5 + ap)A"
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3.29

3.30

331

3.32

3.33

3.34

3.35

4t (S"*l +as"r+ "‘+05n—1)1]

Let all eigenvalues of A be distinct and let q; be a right eigenvector of A associated with
A;; thatis, Aq; = A;q;. Define Q = [q; q» --- q.] and define

P1
P2
P=Q =

Pn

where p; is the ith row of P. Show that p; is a left eigenvector of A associated with A;;
that is, plA = AiPi-

Show that if all eigenvalues of A are distinct, then (sI — A)~! can be expressed as
1
I-A -1 = —q;Pi
GI-A)" =3 — 4P
where q; and p; are right and left eigenvectors of A associated with A;.
Find the M to meet the Lyapunov equation in (3.59) with

e[ s el

What are the eigenvalues of the Lyapunov equation? Is the Lyapunov equation singular?
Is the solution unique?

Repeat Problem 3.31 for

=[] e e[l e[ ]

with two different C.

Check to see if the following matrices are positive definite or semidefinite:

2 3 2 0 0 -1 ajay aya; apas
310 00 0 ardy  ad; aaj
2 0 2 -1 0 2 azay asax dzas

Compute the singular values of the following matrices:
-1 0 1 -1 2
2 -1 0 2 4

If A is symmetric, what is the relationship between its eigenvalues and singular values?
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3.36 Show
a

a) n
det In + . [bl b2 T bn] =1 + Zambm
: m=1
Ay
3.37 Show (3.65).

3.38 Consider Ax =y, where A is m x n and has rank m. Is (A’A)~'A’y a solution? If not,
under what condition will it be a solution? Is A’(AA’)"'y a solution?



Chapter

State-Spuce Solutions
und Reulizations

4.1 Infroduction

86

We showed in Chapter 2 that linear systems can be described by convolutions and, if lumped,
by state-space equations. This chapter discusses how to find their solutions. First we discuss
briefly how to compute solutions of the input-output description. There is no simple analytical
way of computing the convolution

y(l)Z/_ g, Du(r)dr

The easiest way is to compute it numerically on a digital computer. Before doing so, the
equation must be discretized. One way is to discretize it as

k
YkA) =) gkA, mA)u(mA)A 4.1)

m=kg

where A is called the integration step size. This is basically the discrete convolution discussed
in (2.34). This discretization is the easiest but yields the least accurate result for the same
integration step size. For other integration methods, see, for example, Reference [17].

For the linear time-invariant (LTI) case, we can also use y(s) = g(s)u(s) to compute
the solution. If a system is distributed, g(s) will not be a rational function of s. Except for
some special cases, it is simpler to compute the solution directly in the time domain as in
(4.1). If the system is lumped, g(s) will be a rational function of s. In this case, if the Laplace
transform of u(¢) is also a rational function of s, then the solution can be obtained by taking the
inverse Laplace transform of g(s)#(s). This method requires computing poles, carrying out
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partial fraction expansion, and then using a Laplace transform table. These can be carried out
using the MATLAB functions roots and residue. However, when there are repeated poles,
the computation may become very sensitive to small changes in the data, including roundoff
errors; therefore computing solutions using the Laplace transform is not a viable method on
digital computers. A better method is to transform transfer functions into state-space equations
and then compute the solutions. This chapter discusses solutions of state equations, how to
transform transfer functions into state equations, and other related topics. We discuss first the
time-invariant case and then the time-varying case.

4.2 Solution of LTI Stute Egquations
Consider the linear time-invariant (LTI) state-space equation
X(1) = Ax(1) 4 Bu(r) (4.2)
y(#) = Cx(?) + Du(?) (4.3)

where A, B, C, and D are, respectively, n x n, n X p, g X n, and ¢ X p constant matrices.
The problem is to find the solution excited by the initial state x(0) and the input u(z). The
solution hinges on the exponential function of A studied in Section 3.6. In particular, we need
the property in (3.55) or

ieAt — AeM = AA
dt

to develop the solution. Premultiplying e’ on both sides of (4.2) yields
e M%(t) — e MAX(t) = e M Bu(r)

which implies

% (e Mx(1)) = e *"Bu(r)

Its integration from O to ¢ yields
t
x|, = f e ABu(r) dt
0
Thus we have

e Ax(1) — e"x(0) = f e A Bu(r) dt (4.4)
0

Because the inverse of e is A’ and ¢ = I as discussed in (3.54) and (3.52), (4.4) implies
t

x(1) = eMx(0) + [ AU"DBu(r) dt 4.5)
0

This is the solution of (4.2).

It is instructive to verify that (4.5) is the solution of (4.2). To verify this, we must show
that (4.5) satisfies (4.2) and the initial condition x(#) = x(0) at r = 0. Indeed, at t = 0, (4.5)
reduces to
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x(0) = 2 %%(0) = ¢"x(0) = Ix(0) = x(0)

Thus (4.5) satisfies the initial condition. We need the equation

a [ )
E/to f@, v)dr =/t0 <§f(t, r)) dt + f(t, 1)~ 4.6)

to show that (4.5) satisfies (4.2). Differentiating (4.5) and using (4.6), we obtain
d 1
X(t) = o [eAfx(O) + f ADBu(r) dr]

0

t
= AeMx(0) + f AAIBu(r) dt + A VBu(r)|__
0

t
=A <eA’x(0) + / eADBu(r) dr) + eABu(r)
0

which becomes, after substituting (4.5),
x(t) = Ax(t) + Bu(z)
Thus (4.5) meets (4.2) and the initial condition x(0) and is the solution of (4.2).
Substituting (4.5) into (4.3) yields the solution of (4.3) as
t
y(1) = Ce*x(0) + C f eA"IBu(t) dt + Du(r) 4.7)
0

This solution and (4.5) are computed directly in the time domain. We can also compute the
solutions by using the Laplace transform. Applying the Laplace transform to (4.2) and (4.3)
yields, as derived in (2.14) and (2.15),

%(s) = (sI — A)~'[x(0) + Bu(s)]
J(s) = C(sT— A)~'[x(0) + Bii(s)] + Dix(s)

Once x(s) and y(s) are computed algebraically, their inverse Laplace transforms yield the
time-domain solutions.

We now give some remarks concerning the computation of eA’. We discussed in Section
3.6 three methods of computing functions of a matrix. They can all be used to compute ¢*':

1. Using Theorem 3.5: First, compute the eigenvalues of A; next, find a polynomial A (}) of
degree n — 1 that equals ™ on the spectrum of A; then eA = h(A).

2. Using Jordan form of A: Let A = QAQ’I; then eA’ = QeA’Q’l, where A is in Jordan

form and €A’ can readily be obtained by using (3.48).

3. Using the infinite power series in (3.51): Although the series will not, in general, yield a
closed-form solution, it is suitable for computer computation, as discussed following (3.51).

In addition, we can use (3.58) to compute eA, that is,

A= LT = A)7! (4.8)
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The inverse of (sI —A) is a function of A; therefore, again, we have many methods to compute
it:

. Taking the inverse of (sI — A).

. Using Theorem 3.5.

. Using sI— A)~! = Q(sI — A)~'Q ! and (3.49).
. Using the infinite power series in (3.57).

N oA W N

. Using the Leverrier algorithm discussed in Problem 3.26.

ExamPLE 4.1 We use Methods 1 and 2 to compute (sI — A)~!, where

0 -1
A=
1 -2
Method 1: We use (3.20) to compute

I 1 2 -1
I—A)'=]"° S
-1 s4+2 s24+2s +1 1 S

_ |:(s +2)/(s+1D?* —1/(s + 1)2}
B 1/(s +1)2 s/(s +1)?

Method 2: The eigenvalues of A are —1, —1. Let k(X)) = By + Bi1A. If (1) equals f(A) =
(s — A)~! on the spectrum of A, then

f=D=h(=D): (s+D7"=p—p
FED=RED: D=4
Thus we have
R =[s+D"+ 6+ DI+ + D72
and

GI—A)'=h@A) =[6+D "+ G+ DM+ G+ DA
_[(s+2)/(s+1)2 —1/(s—|—1)21|
L es+)? s/(s +1)°

ExAMPLE 4.2 Consider the equation

0 -1 0
xm:[] _2}x<r>+[l]um

t
x(1) = eMx(0) + / ACTIBu(t) dt
0

Its solution is

The matrix function e?’ is the inverse Laplace transform of (sI — A)~!, which was computed
in the preceding example. Thus we have
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s4+2 -1
At g s+ D2 (s+1)? (I +0e™ —te™!
e = .E =
1 s te”! (1—1te!

(s+D2  (s+)?
and

(I+ne™  —te! }x(0)+[ — ot —De " Du(r)dr }

X0 = [ te” (1—pe Joll = = Dle™u(x) de

We discuss a general property of the zero-input response eA’x(0). Consider the second
matrix in (3.39). Then we have

eMt et ZeMtD 0 0

0 M tet! 0 0
AM=Q| 0 0 e 0 o0 Q!

0 0 0 et 0

0 0 0 0 M

Every entry of ¢A” and, consequently, of the zero-input response is a linear combination of terms
{eM!, te*?, t2eM!, e*'}. These terms are dictated by the eigenvalues and their indices. In
general, if A has eigenvalue A; with index 71, then every entry of e is a linear combination of

eA]z te)‘” lfl]—le)nlt
Every such term is analytic in the sense that it is infinitely differentiable and can be expanded
in a Taylor series at every ¢. This is a nice property and will be used in Chapter 6.

If every eigenvalue, simple or repeated, of A has a negative real part, then every zero-
input response will approach zero as t — oo. If A has an eigenvalue, simple or repeated, with
a positive real part, then most zero-input responses will grow unbounded as t — co. If A has
some eigenvalues with zero real part and all with index 1 and the remaining eigenvalues all
have negative real parts, then no zero-input response will grow unbounded. However, if the
index is 2 or higher, then some zero-input response may become unbounded. For example, if
A has eigenvalue 0 with index 2, then ¢’ contains the terms {1, t}. If a zero-input response
contains the term ¢, then it will grow unbounded.

4.2.1 Discretization

Consider the continuous-time state equation
x(t) = Ax(t) + Bu(z) (4.9)
y(1) = Cx(7) + Du() (4.10)

If the set of equations is to be computed on a digital computer, it must be discretized. Because

x(t+T)—x(1)

(1) = i
x(® TIE%J T
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we can approximate (4.9) as

x(t+T)=x(t) +Ax(t)T +Bu(®)T 4.11)

If we compute x(¢) and y(¢) only at = kT fork =0, 1, ..., then (4.11) and (4.10) become

x((k+1)T)=JA+ TAXKT) + TBu(kT)
y(kT) = Cx(kT) + Du(kT)

This is a discrete-time state-space equation and can easily be computed on a digital computer.
This discretization is the easiest to carry out but yields the least accurate results for the same
T. We discuss next a different discretization.

If an input u(¢) is generated by a digital computer followed by a digital-to-analog
converter, then u(z) will be piecewise constant. This situation often arises in computer control
of control systems. Let

u(t) =u(kT) =: ulk] forkT <t < (k+1)T (4.12)

fork =0, 1, 2, ....This input changes values only at discrete-time instants. For this input,
the solution of (4.9) still equals (4.5). Computing (4.5) att = kT and ¢t = (k + 1)T yields

kT

x[k] := x(kT) = **Tx(0) + / AT OBu(r) dt (4.13)
0

and

*k+1DT
x[k + 1] := x((k + DT) = A& DTx(0) + / AEDT=OBy (1) dr  (4.14)
0

Equation (4.14) can be written as

kT
x[k + 1] = AT [eA"Tx(O) + / eA(kT_”Bu(r)dtj|
0

(k+DT
+ / eA(kT+T7‘L')Bu(_L_)dT
kT

which becomes, after substituting (4.12) and (4.13) and introducing the new variable o :=
kT +T — T,

T
x[k + 1] = AT x[k] + ( / eAadoz) Bulk]
0

Thus, if an input changes value only at discrete-time instants k7" and if we compute only the
responses at ¢t = kT, then (4.9) and (4.10) become

X[k + 1] = Ayx[k] + Byu[k] (4.15)
ylk] = Cyx[k] + Dgulk] (4.16)



92

STATE-SPACE SOLUTIONS AND REALIZATIONS

with
T
A, =T B, = (/ eAfdr) B C,=C D,=D 4.17)
0

This is a discrete-time state-space equation. Note that there is no approximation involved in
this derivation and (4.15) yields the exact solution of (4.9) at t = kT if the input is piecewise
constant.

We discuss the computation of B;. Using (3.51), we have

T ‘L’2
/ <I+At+A2—+m> dt
0 2!

T2 T3 ) T4 3
:TI—l—EA—i-yA +4—!A + -
This power series can be computed recursively as in computing (3.51). If A is nonsingular,
then the series can be written as, using (3.51),

T3

Al (TA T2A2
REETRRREEY

A3+.--+1—1>=A—1(e”—1)

Thus we have
B,=A"'A;, - DB (>if A is nonsingular) (4.18)

Using this formula, we can avoid computing an infinite series.
The MATLAB function [ad,bd]=c2d(a, b, T) transforms the continuous-time state
equation in (4.9) into the discrete-time state equation in (4.15).

4.2.2 Solution of Discrete-Time Eguutions

Consider the discrete-time state-space equation

x[k + 1] = Ax[k] + Bu[k]
(4.19)
ylk] = Cx[k] + Du[k]

where the subscript d has been dropped. It is understood that if the equation is obtained from
a continuous-time equation, then the four matrices must be computed from (4.17). The two
equations in (4.19) are algebraic equations. Once x[0] and u[k], £k =0, 1, ..., are given, the
response can be computed recursively from the equations.

The MATLAB function ds t ep computes unit-step responses of discrete-time state-space
equations. It also computes unit-step responses of discrete transfer functions; internally, it first
transforms the transfer function into a discrete-time state-space equation by calling t £2ss,
which will be discussed later, and then uses dstep. The function d1sim, an acronym for
discrete linear simulation, computes responses excited by any input. The function step
computes unit-step responses of continuous-time state-space equations. Internally, it first uses
the function c2d to transform a continuous-time state equation into a discrete-time equation
and then carries out the computation. If the function step is applied to a continuous-time
transfer function, then it first uses t £2ss to transform the transfer function into a continuous-
time state equation and then discretizes it by using c2d and then uses dstep to compute the
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response. Similar remarks apply to 1sim, which computes responses of continuous-time state
equations or transfer functions excited by any input.
In order to discuss the general behavior of discrete-time state equations, we will develop
a general form of solutions. We compute
x[1] = Ax[0] + Bu[O0]
x[2] = Ax[1] 4+ Bu[1] = A’x[0] + ABu[0] + Bu[1]
Proceeding forward, we can readily obtain, for k > 0,

k—1

x[k] = A*x[0] + Z A" Bulm] (4.20)
m=0
k—1
ylk] = CA*x[0] + >  CA*"'~"Bu[m] + Dulk] (4.21)
m=0

They are the discrete counterparts of (4.5) and (4.7). Their derivations are considerably simpler
than the continuous-time case.

We discuss a general property of the zero-input response A*x[0]. Suppose A has eigen-
value A; with multiplicity 4 and eigenvalue A, with multiplicity 1 and suppose its Jordan form
is as shown in the second matrix in (3.39). In other words, A; has index 3 and A, has index 1.
Then we have

MoOkMTN k(k—DATR2 000

0 A ka! 0 0
Ak=Q|l o0 o Ak 0 0 |Q"

0 0 0 A0

0 0 0 0 Ak

which implies that every entry of the zero-input response is a linear combination of {AX, kk’f -1
kzklf -2, )»’5}. These terms are dictated by the eigenvalues and their indices.

If every eigenvalue, simple or repeated, of A has magnitude less than 1, then every zero-
input response will approach zero as k — oo. If A has an eigenvalue, simple or repeated, with
magnitude larger than 1, then most zero-input responses will grow unbounded as k — oo. If A
has some eigenvalues with magnitude 1 and all with index 1 and the remaining eigenvalues all
have magnitudes less than 1, then no zero-input response will grow unbounded. However, if
the index is 2 or higher, then some zero-state response may become unbounded. For example,
if A has eigenvalue 1 with index 2, then A¥ contains the terms {1, k}. If a zero-input response
contains the term k, then it will grow unbounded as k — oo.

4.3 Eyuivulent Stute Eyuutions
The example that follows provides a motivation for studying equivalent state equations.

ExAmPLE 4.3 Consider the network shown in Fig. 4.1. It consists of one capacitor, one
inductor, one resistor, and one voltage source. First we select the inductor current x; and
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capacitor voltage x, as state variables as shown. The voltage across the inductor is X; and
the current through the capacitor is X;,. The voltage across the resistor is x;; thus its current is
x2/1 = x,. Clearly we have x; = x; + X, and x| + x, — u = 0. Thus the network is described
by the following state equation:

).61 0 -1 X1 + 1
= u
);72 1 -1 X2 0
y=1[0 1]x (4.22)
If, instead, the loop currents x; and X, are chosen as state variables as shown, then the voltage

across the inductor is )Lc] and the voltage across the resistor is (x| — X,) - 1. From the left-hand-
side loop, we have

U=X]+X]—X» Oor X;=—-X1+x2+u

The voltage across the capacitor is the same as the one across the resistor, which is x; — xp.
Thus the current through the capacitor is x; — X, which equals X, or

Xo=X1 —Xp=—X1+u

Thus the network is also described by the state equation

HE RN MEHE
)LCZ - -1 0 X 1 (423)
y=1 -1

The state equations in (4.22) and (4.23) describe the same network; therefore they must be
closely related. In fact, they are equivalent as will be established shortly.

Consider the n-dimensional state equation

x(t) = Ax(t) + Bu(z)
(4.24)
y(t) = Cx(¢) + Du(z)

where A is an n X n constant matrix mapping an n-dimensional real space R" into itself. The
state x is a vector in R" for all ¢; thus the real space is also called the state space. The state
equation in (4.24) can be considered to be associated with the orthonormal basis in (3.8). Now
we study the effect on the equation by choosing a different basis.

£ i = Figure 4.1 Network with two different
I sets of state variables.

+

1H
1F| +
@ /E]Q /E;< Lo

Xy
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Definition 4.1 Let P be an n x n real nonsingular matrix and let X = Px. Then the state
equation,

X(1) = AX(¢) + Bu(r)
) ) (4.25)
y(t) = Cx(t) + Du(z)

where
A = PAP! B =PB C = Cp™! D=D (4.26)

is said to be (algebraically) equivalent to (4.24) and x = PX is called an equivalence
transformation.

Equation (4.26) is obtained from (4.24) by substituting x(t) = P~'X(t) and x(t) =
P~'X(¢). In this substitution, we have changed, as in Equation (3.7), the basis vectors of the
state space from the orthonormal basis to the columns of P~! =: Q. Clearly A and A are similar
and A is simply a different representation of A. To be precise,letQ =P~ =[q; q» -+ q,].
Then the ith column of A is, as discussed in Section 3.4, the representation of Aq; with respect
to the basis {q;, q2, ---, q}. From the equation]_} =PBorB=P 'B= [qiqo --- qn]f},
we see that the ith column of B is the representation of the ith column of B with respect to the
basis {qi, q2, - -+, q,}. The matrix Cistobe computed from CP~'. The matrix D, called the
direct transmission part between the input and output, has nothing to do with the state space
and is not affected by the equivalence transformation.

We show that (4.24) and (4.25) have the same set of eigenvalues and the same transfer
matrix. Indeed, we have, using det(P) det(P~!) = 1,

A(L) = det(AI — A) = detAPP~! — PAP™!) = det[P(ALI — A)P™']
= det(P) det(\I — A) det(P™!) = det(\I — A) = A(R)
and
G(s) = CsT— A)"'B+D = CP'[P(s] — A)P~']"'PB+ D
=CP 'PGI-A)"'P'PB+D=CGI—A) 'B+D=G(s)

Thus equivalent state equations have the same characteristic polynomial and, consequently, the
same set of eigenvalues and same transfer matrix. In fact, all properties of (4.24) are preserved
or invariant under any equivalence transformation.

Consider again the network shown in Fig. 4.1, which can be described by (4.22) and (4.23).
We show that the two equations are equivalent. From Fig. 4.1, we have x; = x;. Because the
voltage across the resistor is x», its current is x, /1 and equals X; — Xx;. Thus we have

[2]:[1 —01]_1[2}:[1 —01}[2] 4-27)

or
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Note that, for this P, its inverse happens to equal itself. It is straightforward to verify that (4.22)
and (4.23) are related by the equivalence transformation in (4.26).

The MATLAB function [ab, bb, cb,dbl=ss2ss (a,b,c,d,p) carries out equiv-
alence transformations.

Two state equations are said to be zero-state equivalent if they have the same transfer
matrix or

D+CGI—A) 'B=D+CGI—A)"'B
This becomes, after substituting (3.57),
D+ CBs' +CABs 2+ CA’Bs >+ ... =D+ CBs™' + CABs 2 + CA

Thus we have the theorem that follows.

Theorem 4.1

Two linear time-invariant state equations {A, B, C, D} and {A, B, (_3, ]_)} are zero-state equivalent
or have the same transfer matrix if and only if D = D and

CA"B=CA"B m=0,1,2, ...

It is clear that (algebraic) equivalence implies zero-state equivalence. In order for two
state equations to be equivalent, they must have the same dimension. This is, however, not the
case for zero-state equivalence, as the next example shows.

ExaMPLE 4.4 Consider the two networks shown in Fig. 4.2. The capacitor is assumed to have
capacitance —1 F. Such a negative capacitance can be realized using an op-amp circuit. For the
circuit in Fig. 4.2(a), we have y(¢t) = 0.5 - u(¢) or y(s) = 0.5#(s). Thus its transfer function is
0.5. To compute the transfer function of the network in Fig. 4.2(b), we may assume the initial
voltage across the capacitor to be zero. Because of the symmetry of the four resistors, half of
the current will go through each resistor or i () = 0.5u(¢), where i (¢) denotes the right upper
resistor’s current. Consequently, y(¢) = i(¢) -1 = 0.5u(¢) and the transfer function also equals
0.5. Thus the two networks, or more precisely their state equations, are zero-state equivalent.
This fact can also be verified by using Theorem 4.1. The network in Fig. 4.2(a) is described
by the zero-dimensional state equation y(¢) = 0.5u(t) or A =B = C =0and D = 0.5. To

Figure 4.2 Two zero-state
+ equivalent networks.

0.5Q Y 19

0.5 1Q

(a) (b)
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develop a state equation for the network in Fig. 4.2(b), we assign the capacitor voltage as state
variable x with polarity shown. Its current is X flowing from the negative to positive polarity
because of the negative capacitance. If we assign the right upper resistor’s current as i (¢), then
the right lower resistor’s current is i — x, the left upper resistor’s current is u — i, and the left
lower resistor’s current is u — i + x. The total voltage around the upper right-hand loop is 0:

i—x—(w—i)=0 or i=05kx+4u)

which implies
y=1-i=i=05x+u)
The total voltage around the lower right-hand loop is 0:
x+@@—-xX)—w—i+x)=0

which implies

2X=2i+x—u=x4+u+x—u=2x
Thus the network in Fig. 4.2(b) is described by the one-dimensional state equation

x(t) = x(1)
y() = 0.5x() + 0.5u(z)

withA =1, B =0, C = 0.5 and D = 0.5. We see that D = D = 0.5 and CA"B =
B 1, .... Thus the two equations are zero-state equivalent.

4.3.1 Cunonicul Forms

MATLAB contains the function [ab,bb, cb,db,P]=canon(a,b,c,d, 'type’).If
type=companion, the function will generate an equivalent state equation with A in the
companion form in (3.24). This function works only if Q := [b; Ab; --- A" b ] is
nonsingular, where b is the first column of B. This condition is the same as {A, by} controllable,
as we will discuss in Chapter 6. The P that the function canon generates equals Q~'. See the
discussion in Section 3.4.

We discuss a different canonical form. Suppose A has two real eigenvalues and two
complex eigenvalues. Because A has only real coefficients, the two complex eigenvalues must
be complex conjugate. Let A1, Ay, @ + jB, and o — jB be the eigenvalues and q, q2, q3, and
q4 be the corresponding eigenvectors, where A1, Az, «, B, q1, and q, are all real and q4 equals
the complex conjugate of qs. Define Q = [q; q2 q3 qa]. Then we have

A O 0 0
g=| 0 2 0 0 _grag
0 0 a+jp 0
0 0 0 a—jB
Note that Q and J can be obtained from [qg, j]1=eig(a) in MATLAB as shown in Examples
3.5 and 3.6. This form is useless in practice but can be transformed into a real matrix by the
following similarity transformation
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1 00 O A0 0 0
4170 i 01 0 0 0 X 0 0

00 1 1 0 0 a+jB 0

00 j —j 0 0 0 a—jB
1 0 0 0 M 0 0 07
01 0 0 0 % 0 0 _A
0 005 —05j| |0 0 o B| °
0 0 05 0.5j 0 0 -8 «al

We see that this transformation transforms the complex eigenvalues on the diagonal into
a block with the real part of the eigenvalues on the diagonal and the imaginary part on
the off-diagonal. This new A-matrix is said to be in modal form. The MATLAB function
[ab,bb,cb,db, P]l=canon(a,b,c,d, 'modal’) or canon(a,b,c,d) with no
type specified will yield an equivalent state equation with A in modal form. Note that there is
no need to transform A into a diagonal form and then to a modal form. The two transformations
can be combined into one as

10 0 0
- 01 0 0
P! = =
=l @ 6wl , ;s 05
0 0 05 05j

= [q1 q2 Re(q3) Im(q3)]

where Re and Im stand, respectively, for the real part and imaginary part and we have used in
the last equality the fact that qq is the complex conjugate of 3. We give one more example. The
modal form of a matrix with real eigenvalue A; and two pairs of distinct complex conjugate
eigenvalues «; & jB;, fori = 1,2, is

Mo 0 0 0 0

0 o B O 0

0 —B1 o O 0 (4.28)
0 0 0 (0% ,32

0 0 0 — ,32 (0%

It is block diagonal and can be obtained by the similarity transformation

P! =[q; Re(q2) Im(q) Re(qs) Im(qs)]

where q, q2, and qq are, respectively, eigenvectors associated with A1, oy + jB1, and az + jBs.
This form is useful in state-space design.

gl
|

4.3.2 Mugnitude Sculing in Op-Amp Circuits

As discussed in Section 2.3.1, every LTI state equation can be implemented using an op-amp
circuit.! In actual op-amp circuits, all signals are limited by power supplies. If we use £15-volt

1. This subsection may be skipped without loss of continuity.
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power supplies, then all signals are roughly limited to =13 volts. If any signal goes outside
the range, the circuit will saturate and will not behave as the state equation dictates. Therefore
saturation is an important issue in actual op-amp circuit implementation.

Consider an LTI state equation and suppose all signals must be limited to =M. For linear
systems, if the input magnitude increases by «, so do the magnitudes of all state variables
and the output. Thus there must be a limit on input magnitude. Clearly it is desirable to have
the admissible input magnitude as large as possible. One way to achieve this is to use an
equivalence transformation so that

i) < [y =M

for all i and for all . The equivalence transformation, however, will not alter the relationship
between the input and output; therefore we can use the original state equation to find the input
range to achieve |y(¢)| < M. In addition, we can use the same transformation to amplify some
state variables to increase visibility or accuracy. This is illustrated in the next example.

ExamPLE 4.5 Consider the state equation

_[or 27 [0
Lo 1] |or]"
y=1[02 —1]x

Suppose the input is a step function of various magnitude and the equation is to be implemented
using an op-amp circuit in which all signals must be limited to £10. First we use MATLAB
to find its unit-step response. We type

a=[-0.1 2;0 -11;b=[10;0.11;c=[0.2 -11;d=0;
[y, x,tl=step(a,b,c,d);
plot(t,y,t,x)

which yields the plot in Fig. 4.3(a). We see that |xi|us = 100 > |y|nex = 20 and
|x2] << |Y|max. The state variable x, is hardly visible and its largest magnitude is found
to be 0.1 by plotting it separately (not shown). From the plot, we see that if |u(z)| < 0.5, then
the output will not saturate but x; (z) will.

Let us introduce new state variables as
_ 20 _ 20
X1 = mxl = 0.2)61 Xy = m)&?z = 200)62

With this transformation, the maximum magnitudes of x; (¢) and x,(¢) will equal |y|,4,. Thus
if y(z) does not saturate, neither will all the state variables x;. The transformation can be
expressed as X = Px with

p_[02 0 pi_[5 0
0 200 0 0.005

Then its equivalent state equation can readily be computed from (4.26) as

- —0.1 0.002 ] _ 2
X = X + u
0 —1 20

y=[1 —0.005]%
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100 |
X1

80 .
60 | .
40 t §

20 |+

I I A‘z I I
0 10 20 30 40
(a) (b)

Figure 4.3 Time responses.

Its step responses due to u(#) = 0.5 are plotted in Fig. 4.3(b). We see that all signals lie inside
the range £10 and occupy the full scale. Thus the equivalence state equation is better for
op-amp circuit implementation or simulation.

The magnitude scaling is important in using op-amp circuits to implement or simulate
continuous-time systems. Although we discuss only step inputs, the idea is applicable to any
input. We mention that analog computers are essentially op-amp circuits. Before the advent of
digital computers, magnitude scaling in analog computer simulation was carried out by trial
and error. With the help of digital computer simulation, the magnitude scaling can now be
carried out easily.

4.4 Reudlizations

Every linear time-invariant (LTI) system can be described by the input—output description

§(5) = G()i(s)
and, if the system is lumped as well, by the state-space equation description

x(t) = Ax(t) + Bu(r)
y(@) = Cx(t) +Du(z)

(4.29)

If the state equation is known, the transfer matrix can be computed as G(s) = C(sI-A)"'B+D.
The computed transfer matrix is unique. Now we study the converse problem, that is, to find a
state-space equation from a given transfer matrix. This is called the realization problem. This
terminology is justified by the fact that, by using the state equation, we can build an op-amp
circuit for the transfer matrix.

A transfer matrix G(s) is said to be realizable if there exists a finite-dimensional state
equation (4.29) or, simply, {A, B, C, D} such that

G(s)=CGI—A) 'B+D
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and {A, B, C, D} is called a realization of é(s). An LTI distributed system can be described
by a transfer matrix, but not by a finite-dimensional state equation. Thus not every G(s) is
realizable. If G(s) is realizable, then it has infinitely many realizations, not necessarily of
the same dimension. Thus the realization problem is fairly complex. We study here only the
realizability condition. The other issues will be studied in later chapters.

Theorem 4.2

A transfer matrix G(s) is realizable if and only if G(s) is a proper rational matrix.

We use (3.19) to write

a . N 1 . _
G,p(s) :=CGI—-A)" B = —det(sl — A)C[Ad] (sI—A)]B (4.30)

If Aisn x n, then det (sI — A) has degree n. Every entry of Adj (sI — A) is the determinant
of an (n — 1) x (n — 1) submatrix of (sI — A); thus it has at most degree (n — 1). Their linear
combinations again have at most degree (n — 1). Thus we conclude that C(sI — A" 'Bisa
strictly proper rational matrix. If D is a nonzero matrix, then C(sI — A)~!'B + D is proper. This
shows that if f}(s) is realizable, then it is a proper rational matrix. Note that we have

G(oo) =D

Next we show the converse; that is, if é(s) is a g x p proper rational matrix, then there
exists a realization. First we decompose G(s) as

G(s) = G(00) + Gy, (s) (4.31)

where Gsp is the strictly proper part of é(s). Let
dis)=s"+a1s" '+ +a, 15 +a, (4.32)
be the least common denominator of all entries of Gsp (s). Here we require d(s) to be monic;

that is, its leading coefficient is 1. Then ésp (s) can be expressed as

. | I ,_ .
G,p(s) = m[N(S)] = ) [Nis P Nps™™ 24 4+ N5 + N ] (4.33)

where N; are ¢ x p constant matrices. Now we claim that the set of equations

—Olllp —Olzlp s —Olr,llp —Ol,.Ip Ip
I, 0 - 0 0 0
X = 0 L, e 0 0 x+| 0 |u
. (4.34)
0 0 e I, 0 0

y=[Ni No N,y N,]x+ G(co)u
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is arealization of G(s). The matrix I, is the p X p unit matrix and every 0isa p x p zero matrix.
The A-matrix is said to be in block companion form; it consists of » rows and r columns of
p X p matrices; thus the A-matrix has order 7p x rp. The B-matrix has order rp x p. Because
the C-matrix consists of » number of N;, each of order g x p, the C-matrix has order g x rp.
The realization has dimension rp and is said to be in controllable canonical form.

We show that (4.34) is a realization of G(s) in (4.31) and (4.33). Let us define

Z,

/3
Z:=| | =6I-A)"'B (4.35)

z
where Z; is p x p and Z is rp x p. Then the transfer matrix of (4.34) equals
CI—A) "B+ G(c0) =N1Z; + NoZy + -+ - + N, Z, + G(00) (4.36)
We write (4.35) as (s — A)Z =B or
sZ=AZ+B (4.37)

Using the shifting property of the companion form of A, from the second to the last block of
equations in (4.37), we can readily obtain

slo =72,, sly=12, ---, s =1,

which implies

1

Sr—l

1 1
L, =-1L,, Is=52,, -, L, = Z,
s s

Substituting these into the first block of equations in (4.37) yields
sy = -2y —o0ly — - —a,Z, +1,

o
)Zi+1,

p
sr—l

o

or, using (4.32),

o o, d(s
(s—l—ot1+—2+~-+ : )Z1= (_)lelp
s s

Thus we have
sr—l Sr—2 1
:—I, Z:—I’ cee, Zr:_I
dis)” T A ”? d(s) ?

Substituting these into (4.36) yields

Z,

N 1 N
CGI—A)"'B+G(c0) = %[N”H +Nos" 2 +--- + N, 1+ G(00)

This equals G(s) in (4.31) and (4.33). This shows that (4.34) is a realization of G(s).
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ExAMPLE 4.6 Consider the proper rational matrix

r 4s — 10 3
A 2 1 2
G(s) = T S
LQ2s+1D(s+2) (s+2)2
12 3 (4.38)
_[2 0 2s +1 s+2
1o 0 1 s+ 1

2s+ D(s+2) (s+2)02

where we have decomposed f}(s) into the sum of a constant matrix and a strictly proper rational
matrix Gy (s). The monic least common denominator of Gy, (s) is d(s) = (s +0.5)(s + 2)? =
s34 4.55% 4 65 + 2. Thus we have

1 —6(s +2)% 3(s+2)(s +0.5)
s34+45524+65+2) 05(+2) (s+1(s+0.5)

_L([—6 3} 2+[_24 7.5} +[—z4 3})
“dso\|o 1/° 05 15]|° 105

and a realization of (4.38) is

ésp (s) =

(45 0 ¢ 6 0 1 -2 0]
. . -1 0 -
0 —4.5 : 0 -6 : 0 -2 0 1
) 1 0 S0 0 : 0 o0 0 0 |:u1i|
0 1 0 0 0 0 U2
. . 0 0
0 0 1 0 Y 0 0 Lo 0
) 0 0 1 0 0|
[ 6 3 —24 75 1 —24 3 20
y = . _ ]x+[0 0} [”‘} (4.39)
Lo 1 ¢ 05 15 1 05 2

This is a six-dimensional realization.

We discuss a special case of (4.31) and (4.34) in which p = 1. To save space, we assume
r = 4 and g = 2. However, the discussion applies to any positive integers r and g. Consider
the 2 x 1 proper rational matrix

o 1
Goy=|" |+
) |:d2] st 4 o183+ aps? 4+ azs + oy

_ [51133 + Bras® + Bizs + ,314}

(4.40
Bais® + Bras? + Bas + Bo )
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Then its realization can be obtained directly from (4.34) as

F—oa; —ay —o3 —0g] 1
1 0 0 X+ 0
0 1 0 ol"”
Lo o 0 _ 0 (4.41)
[ B Bz Bis ,314i| [ di i|
X + u
LBt B2 Bz P | d»

é(:l (s)

This controllable-canonical-form realization can be read out from the coefficients of é(s) in
(4.40).

There are many ways to realize a proper transfer matrix. For example, Problem 4.9
gives a different realization of (4.33) with dimension rq. Let Gci (s) be the ith column of
é(s) and let u; be the ith component of the input vector u. Then y(s) = é(s)ﬁ(s) can be
expressed as

§(5) = Ger ()11 (5) + Gea(s)iia(s) 4 - - - =2 Fer (5) + Feals) + - - -

as shown in Fig. 4.4(a). Thus we can realize each column of G(s) and then combine them to
yield a realization of G(s). Let G,;(s) be the ith row of G(s) and let y; be the ith component
of the output vector y. Then ¥(s) = G(s)li(s) can be expressed as

Gi(s)a(s)

as shown in Fig. 4.4(b). Thus we can realize each row of é(s) and then combine them to obtain
a realization of f}(s). Clearly we can also realize each entry of f}(s) and then combine them
to obtain a realization of f}(s). See Reference [6, pp. 158-160].

The MATLAB function [a,b, c,d]=t£f2ss (num, den) generates the controllable-
canonical-form realization shown in (4.41) for any smgle -input multiple-output transfer matrix
G(s) In its employment, there is no need to decompose G(s) asin (4.31). But we must compute
its least common denominator, not necessarily monic. The next example will apply t£2ss to
each column of é(s) in (4.38) and then combine them to form a realization of é(s).

yi(s) =

Gols)

érl (s)

Y1
.

G ()

Y2

(b)

Figure 4.4 Realizations of C}(s) by

columns and by rows.
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ExAmPLE 4.7 Consider the proper rational matrix in (4.38). Its first column is

4s — 10 4s —10)(s + 2) 452 — 25 — 20

- 25 + 1 25+ (s 12 2
Gui(s) = s1+ _| @s+ i(s—i— ) || 2s —|—15s+2
Rs+1D(s+2) 252 455 +2 252 455 +2

Typing

nl=[4 -2 -20;0 0 1];d1=[2 5 2]; [a,b,c,d]l=tf2ss(nl,dl)

yields the following realization for the first column of G(s):

. -2.5 -1 1
x1=A1x1+b1u1=|: ]X1+[ ]Ml

1 0 0
(4.42)
-6 —12 2
y€1=C1X1+d1u1:[ 0 0.5i|X1+|:0:|u1
Similarly, the function t £2ss can generate the following realization for the second column
of G(s):
%, = Axx, + b I e
Xy = X = X
2 2X2 U2 | 0 2 0 75)
(4.43)
3 6 0
yc2=C2X2+d2uz=[1 1]X2+[0}M2
These two realizations can be combined as
X . A 0 X i b, 0 uj
X; 1o A, Xo 0 b us
Y=Y +Y2 =[Ci Glx+[d; dr]u
or
r—25 -1 0 0 1 0
< — 1 0 0 0 X+ 0 0 u
10 0 —4 —4 0 1
Lo 0 1 0 00 (4.44)

_[-6 -12 3 6] 2 0],
Y=lo o5 11 0 0

This is a different realization of the G(s) in (4.38). This realization has dimension 4, two less
than the one in (4.39).

The two state equations in (4.39) and (4.44) are zero-state equivalent because they have
the same transfer matrix. They are, however, not algebraically equivalent. More will be said
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in Chapter 7 regarding realizations. We mention that all discussion in this section, including
tf2ss, applies without any modification to the discrete-time case

4.5 Solution of Linear Time-Varying (LTV) Eyudtions

Consider the linear time-varying (LTV) state equation

X(t) = A@t)x(t) + B(t)u(r) (4.45)

y(@) = C@)x(t) + D@®)u(r) (4.46)
It is assumed that, for every initial state x(#y) and any input u(z), the state equation has a
unique solution. A sufficient condition for such an assumption is that every entry of A(¢) is a
continuous function of ¢. Before considering the general case, we first discuss the solutions of
x(t) = A(#)x(¢) and the reasons why the approach taken in the time-invariant case cannot be
used here.

The solution of the time-invariant equation X = Ax can be extended from the scalar
equation X = ax. The solution of x = ax is x(t) = e¢*x(0) with d(e”")/dt = ae™ = e"a.
Similarly, the solution of X = Ax is x(¢) = ¢A'x(0) with

d

_eAz :AeAt — eArA
dt

where the commutative property is crucial. Note that, in general, we have AB # BA and
eA+B) # AT B

The solution of the scalar time-varying equation x = a(#)x due to x(0) is
x(0) = e P 0)
with

d t t t
_tefo a(ydr _ a(t)efo a(dr _ efo a(r)dra(t)

Extending this to the matrix case becomes

:A(r)dr

X(t) = ef( x(0) (4.47)

with, using (3.51),

ehoA@dT _ +f A(r)dt + 1 </ A(r)dr) (/ A(s)ds> 4
0 2 0 0

This extension, however, is not valid because

iefO'A(r)dr =A@l + lA(t) </ A(s)ds) + l (/ A(r)dr) Alt)+---
dt 2 0 2 \Jo

£ A@)el A0 (4.48)

Thus, in general, (4.47) is not a solution of X = A(¢)x. In conclusion, we cannot extend the
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solution of scalar time-varying equations to the matrix case and must use a different approach
to develop the solution.
Consider

X = A(H)x (4.49)

where A is n x n with continuous functions of ¢ as its entries. Then for every initial state x; (),
there exists a unique solution x; (¢), fori = 1, 2, ..., n. We can arrange these n solutions as
X =[xy x, --- X,], asquare matrix of order n. Because every x; satisfies (4.49), we have

X)) = AD)X(1) (4.50)

If X(#y) is nonsingular or the n initial states are linearly independent, then X(¢) is called a
Sfundamental matrix of (4.49). Because the initial states can arbitrarily be chosen, as long as
they are linearly independent, the fundamental matrix is not unique.

ExampLE 4.8 Consider the homogeneous equation

(1) = [? g] x(1) (4.51)
or
X)) =0 x2(t) = tx1(2)

The solution of x;(¢) = 0 for fy = 0 is x1 () = x1(0); the solution of x,(t) = tx;(t) = tx1(0)
is

x2(1) =f tx1(0)dT + x2(0) = 0.5¢%x1(0) + x2(0)
0
BEIOYE T
x(©0) = |:x2(0):| = [0] = x() = [o.sﬂ]

REIORE T
xO) = |:x2(0)] = [2} = X0 = [0.5:2 +2]

The two initial states are linearly independent; thus

Thus we have

and

1 1
X0 = [o.sﬂ 0.5 + 2} (4.52)

is a fundamental matrix.

A very important property of the fundamental matrix is that X(#) is nonsingular for all 7.
For example, X(¢) in (4.52) has determinant 0.5¢> + 2 — 0.5¢> = 2; thus it is nonsingular for
all r. We argue intuitively why this is the case. If X(¢) is singular at some ¢, then there exists
a nonzero vector v such that x(¢;) := X(#;)v = 0, which, in turn, implies x(¢) := X(#)v =0
for all ¢, in particular, at = fy. This is a contradiction. Thus X(#) is nonsingular for all z.
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Definition 4.2 Let X(t) be any fundamental matrix of X = A(t)x. Then
(1, 1) == X)X (1)

is called the state transition matrix of X = A(t)X. The state transition matrix is also the
unique solution of

%q)(t, to) = A@)P@(¢, tp) (4.53)

with the initial condition ®(ty, tp) = L

Because X(¢) is nonsingular for all #, its inverse is well defined. Equation (4.53) follows
directly from (4.50). From the definition, we have the following important properties of the
state transition matrix:

o, 1) =1 (4.54)
@ (1, 10) = [XOX (1)1 = X(t)X (1) = (10, 1) (4.55)
&, to) = ®(t, 1) ®(11, 1) (4.56)

for every t, ty, and 1.

ExampLE 4.9 Consider the homogeneous equation in Example 4.8. Its fundamental matrix
was computed as

1 1
X(1) =
® [0.5z2 0.5t2+2]

Its inverse is, using (3.20),

025t +1 -0.5
—0.25¢> 0.5

X ') = [

Thus the state transition matrix is given by

St 1) 1 0.255+1 —0.5
T los? 052 42] —0252 05

B 1 0
B [0.5(;2 —12) 1}

It is straightforward to verify that this transition matrix satisfies (4.53) and has the three
properties listed in (4.54) through (4.56).

Now we claim that the solution of (4.45) excited by the initial state x(fy) = X, and the
input u(t) is given by

x(t) = ®(t, t0)Xo + / ®(t, 1)B(t)u(r) dr (4.57)

fo

= (1, 1) |:xo+/ (1, r)B(t)u(t)dt] (4.58)

fo
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where ®(z, 7) is the state transition matrix of x = A(¢)x. Equation (4.58) follows from (4.57)
by using ®(¢, 7) = ®(, o) P (29, 7). We show that (4.57) satisfies the initial condition and the
state equation. At r = f(, we have

X(ty) = P (19, t9)Xo + / ’ ®(t, t)B(t)u(r)dt =Ixg + 0 =X

fo

Thus (4.57) satisfies the initial condition. Using (4.53) and (4.6), we have

d 0 a (!
Zx(t) = &d)(t, t0)Xo + E/zo ®(¢, 1)B(t)u(r)dr

=A@)P(t, 10)Xo + / (%<D(t, T)B(‘L')) dt + ®(¢t, t)B(H)u(r)

fo

=A@)P(t, th)xg + f A)®(, T)B(t)u(r)dt + B(t)u(t)

fo

= A®t) [qm, 10)Xo +/ o, z)B(r)u(r)dr} +B@)u(t)

= A()x(1) + B()u(?)
Thus (4.57) is the solution. Substituting (4.57) into (4.46) yields

y(t) = C()D(, to)xo + C(t)/ ®(t, 1)B(t)u(r) dr + D(t)u(r) (4.59)

If the input is identically zero, then Equation (4.57) reduces to
x(1) = @(z, 1H)Xo

This is the zero-input response. Thus the state transition matrix governs the unforced propa-
gation of the state vector. If the initial state is zero, then (4.59) reduces to

y@) = C(t)/ ®(t, v)B(v)u(r) dr + D()u(?)

t
=/ [CH)®(t, 7)B(r) + D3t — v)]u(r)dt (4.60)
fo
This is the zero-state response. As discussed in (2.5), the zero-state response can be described by

y@) = / G, u(r)dr (4.61)

fo

where G(z, 7) is the impulse response matrix and is the output at time ¢ excited by an impulse
input applied at time 7. Comparing (4.60) and (4.61) yields

G(t,7) = C()®(t, 1)B(r) + D1)S(t — 1)
= COHX(OX (1)B(r) + D®)s(t — 1) (4.62)

This relates the input—output and state-space descriptions.



110

STATE-SPACE SOLUTIONS AND REALIZATIONS

The solutions in (4.57) and (4.59) hinge on solving (4.49) or (4.53). If A(¢) is triangular

such as
|:)51(l)1| _ |:a11(t) 0 ] |:x1(l‘)i|
X2(2) a1 (1) axn(t) | | x @)
we can solve the scalar equation X1 (¢) = a;;(¢)x;(¢) and then substitute it into

X2(1) = an(H)x2(t) + ax (H)x1(t)

Because x;(¢) has been solved, the preceding scalar equation can be solved for x,(¢). This is
what we did in Example 4.8. If A(¢), such as A(¢) diagonal or constant, has the commutative

property
AQ®) (/ZA(r)dt) = (/ZA(r)dt> At)

for all ¢y and ¢, then the solution of (4.53) can be shown to be
t o0 k
A(t)dt 1 !
B(1. 1) = eho 2P = Y= ([ awar (4.63)
k=0 ke N

For A(¢) constant, (4.63) reduces to
(i, 71)=AD =®(r — 1)

and X () = ¢A’. Other than the preceding special cases, computing state transition matrices is
generally difficult.

4.5.1 Discrete-Time Cuse

Consider the discrete-time state equation
x[k + 1] = A[k]x[k] + B[k]u[k] (4.64)
ylk] = Clk]x[k] + D[k]u[k] (4.65)

The set consists of algebraic equations and their solutions can be computed recursively once
the initial state x[ko] and the input u[k], for & > k¢, are given. The situation here is much
simpler than the continuous-time case.

As in the continuous-time case, we can define the discrete state transition matrix as the
solution of

®[k + 1, ko] = A[k]®[k, ko]  with ®[ko, ko] = I

for k = ko, ko + 1, ... . This is the discrete counterpart of (4.53) and its solution can be
obtained directly as

D[k, ko]l = Alk — 1]A[k — 2] - - - Alko] (4.66)

for k > ko and @[k, ko] = I. We discuss a significant difference between the continuous- and
discrete-time cases. Because the fundamental matrix in the continuous-time case is nonsingular
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for all ¢, the state transition matrix ®(z, fy) is defined for t > 1y and ¢ < #; and can govern the
propagation of the state vector in the positive-time and negative-time directions. In the discrete-
time case, the A-matrix can be singular; thus the inverse of ®[k, ko] may not be defined. Thus
Pk, ko] is defined only for k > k¢ and governs the propagation of the state vector in only the
positive-time direction. Therefore the discrete counterpart of (4.56) or

@k, kol = @[k, k1| ®[k1, kol

holds only for k > k| > k.
Using the discrete state transition matrix, we can express the solutions of (4.64) and (4.65)
as, for k > ko,
k—1
x[k] = ®[k. kolxo + Y ®[k.m + 1]B[m]ulm]

m=ko
4.67)
k—1
ylk] = CIk]®@[k, kolxo + C[k] Z @[k, m + 1]B[m]u[m] + D[k]u[k]
m=ko
Their derivations are similar to those of (4.20) and (4.21) and will not be repeated.
If the initial state is zero, Equation (4.67) reduces to
k—1
ylk] = Clk] Z Ok, m + 11B[m]u[m] + D[k]u[k] (4.68)
m=kq

for k > ko. This describes the zero-state response of (4.65). If we define ®[k, m] = 0 for
k < m, then (4.68) can be written as

k
ylk] = Z (Clk]®[k, m + 11B[m] + D[m]é[k — m]) u[m]

m=ko
where the impulse sequence §[k — m] equals 1 if k = m and O if k 7 m. Comparing this with
the multivariable version of (2.34), we have

Glk, m] = Clk]®[k, m + 1]B[m] + D[m]é[k — m]

for k > m. This relates the impulse response sequence and the state equation and is the discrete
counterpart of (4.62).

4.6 Eqguivdlent Time-Varying Eguations

This section extends the equivalent state equations discussed in Section 4.3 to the time-varying
case. Consider the n-dimensional linear time-varying state equation

X = A(x +B(H)u

(4.69)
y=C@®)x+D@)u
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|

Let P(¢) be an n x n matrix. It is assumed that P(¢) is nonsingular and both P(¢) and P(¢) are
continuous for all ¢. Let X = P(#)x. Then the state equation

X =A®)X +B(H)u
) ) (4.70)
y = C(HX +D(H)u

where

A@) = [POA@) +POIP' (1)
B(r) = P(H)B(t)

C() = C(HP~ (1)

D(r) = D(1)

is said to be (algebraically) equivalent to (4.69) and P(¢) is called an (algebraic) equivalence
transformation.

Equation (4.70) is obtained from (4.69) by substituting X = P(¢)x and x = P(t)x+P(1)x.
Let X be a fundamental matrix of (4.69). Then we claim that

X(t) :=P()X(t) 4.71)

is a fundamental matrix of (4.70). By definition, X() = A@®)X(¢) and X(7) is nonsingular for
all . Because the rank of a matrix will not change by multiplying a nonsingular matrix, the
matrix P(¢)X(7) is also nonsingular for all #. Now we show that P(¢)X(¢) satisfies the equation
X = A(7)X. Indeed, we have

%[P(I)X(t)] =P()X (1) + P()X(1) = P(1)X (1) + P()A(1)X(1)
= [P(t) + P()AD)IP~ ()P(1)1X (1) = A(1)[P(1)X(1)]

Thus P(7)X(7) is a fundamental matrix of X(r)= A (£)X(7).

Theorem 4.3
Let A, be an arbitrary constant matrix. Then there exists an equivalence transformation that transforms
(4.69) into (4.70) with A(t) = A,.

Proof: Let X(¢) be a fundamental matrix of X = A(¢)x. The differentiation of X~ (r)

X(¢) = Iyields

X 'OX(0) +X'X(1) =0
which implies
X ') = = XTOAOXOX 1) = —X"'()A®Q) (4.72)

Aot

Because A(r) = A, is a constant matrix, X(f) = e®’ is a fundamental matrix of

X = A(1)X = A,X. Following (4.71), we define

P(t) :=X(OX ') = 2 X7 (1) 4.73)
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and compute
A@) = [POA®) +POIP (1)
= [M' X (DA®D) + A X (1) + AKX (D)X (e A
which becomes, after substituting (4.72),
A@) = A, X ()X (e ™ = A,
This establishes the theorem. Q.E.D.

If A, is chosen as a zero matrix, then P(r) = X~!(¢) and (4.70) reduces to
AH=0 BoO=X"'0BGt) Cu)=CHOX@) D@ =D (474

The block diagrams of (4.69) with A(¢) # 0 and A(#) = 0 are plotted in Fig. 4.5. The block
diagram with A(#) = 0 has no feedback and is considerably simpler. Every time-varying state
equation can be transformed into such a block diagram. However, in order to do so, we must
know its fundamental matrix.

The impulse response matrix of (4.69) is given in (4.62). The impulse response matrix of
(4.70) is, using (4.71) and (4.72),

G, 1) = CHXOX '(0)B(x) + D)5t — 1)

X M
N B | BE=—) ¢
A K
@
A
A D
4
u X X + 7
AN AN -
N B N | =) ¢
J’_
®)

Figure 4.5 Block daigrams with feedback and without feedback.
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= COHOP'OPHOXOX ()P ' (0)P(x)B(r) + D(1)8(t — 7)
= COHOXNOX ' ()BE) +D®)s(r — ) = G(1, 1)

Thus the impulse response matrix is invariant under any equivalence transformation. The
property of the A-matrix, however, may not be preserved in equivalence transformations. For
example, every A-matrix can be transformed, as shown in Theorem 4.3, into a constant or a
zero matrix. Clearly the zero matrix does not have any property of A(¢). In the time-invariant
case, equivalence transformations will preserve all properties of the original state equation.
Thus the equivalence transformation in the time-invariant case is not a special case of the
time-varying case.

Definition 4.3 A matrix P(t) is called a Lyapunov transformation if P(¢) is nonsingular,
P(t) and P(t) are continuous, and P(t) and P~ (t) are bounded for all t. Equations (4.69)
and (4.70) are said to be Lyapunov equivalent if P(¢) is a Lyapunov transformation.

It is clear that if P(#) = P is a constant matrix, then it is a Lyapunov transformation. Thus
the (algebraic) transformation in the time-invariant case is a special case of the Lyapunov
transformation. If P(¢) is required to be a Lyapunov transformation, then Theorem 4.3 does
not hold in general. In other words, not every time-varying state equation can be Lyapunov
equivalent to a state equation with a constant A-matrix. However, this is true if A(¢) is periodic.

Periodic state equations Consider the linear time-varying state equation in (4.69). It is
assumed that

At +T)=A@)

for all ¢ and for some positive constant‘T. That is, A(¢) is periodic with period 7. Let X(¢) be
a fundamental matrix of x = A(7)x or X(¢) = A(¢)X(¢) with X(0) nonsingular. Then we have

Xt+T)=At+ D)Xt +T)=A0X( +T)
Thus X(# 4+ T) is also a fundamental matrix. Furthermore, it can be expressed as
Xt +T)=X0OX10)X(T) 4.75)

This can be verified by direct substitution. Let us define Q = X! (0)X(T). It is a constant

nonsingular matrix. For this Q there exists a constant matrix A such that eA” = Q (Problem
3.24). Thus (4.75) can be written as

X(t +T) = X(1)eAT (4.76)
Define
P(t) == MX1 (1) 4.77)
We show that P(¢) is periodic with period T':
Pt +T) = AUDX (1 4 T) = M AT [ ATX 1 (1)]
=MX (1) = P(r)
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Theorem 4.4

Consider (4.69) with A(t) = A(t 4+ T) for all t and some T > 0. Let X(¢) be a fundamental matrix

of X = A(1)X. Let A be the constant matrix computed from AT = X! (0)X(T). Then (4.69) is
Lyapunov equivalent to

x(t) = AX(t) + P(t)B(1)u(r)
y(t) = C(OP (O)X(1) + D(H)u(t)
where P(t) = A X1 (1).

The matrix P(¢) in (4.77) satisfies all conditions in Definition 4.3; thus it is a Lyapunov
transformation. The rest of the theorem follows directly from Theorem 4.3. The homogeneous
part of Theorem 4.4 is the theory of Floquet. It states that if x = A(f)x and if A(r + T) = A()
for all ¢, then its fundamental matrix is of the form P~!(¢)e?’, where P~!(¢) is a periodic
function. Furthermore, X = A (¢)x is Lyapunov equivalent to X = AX.

4.7 Time-Varying Reudlizations

We studied in Section 4.4 the realization problem for linear time-invariant systems. In this

section, we study the corresponding problem for linear time-varying systems. The Laplace

transform cannot be used here; therefore we study the problem directly in the time domain.
Every linear time-varying system can be described by the input—output description

)’(t)=/ G(t, Du(r) dt

and, if the system is lumped as well, by the state equation

X(1) = AOx(1) + B()u(r)

(4.78)
y(@) = C()x(t) + D()u(r)
If the state equation is available, the impulse response matrix can be computed from
G(t,7) = COOXOX '(1)B(1) + D(1)8(t — 1) fort >t (4.79)

where X(z) is a fundamental matrix of X = A(¢z)x. The converse problem is to find a state
equation from a given impulse response matrix. An impulse response matrix G(, ) is said to
be realizable if there exists {A(z), B(z), C(z), D(¢)} to meet (4.79).

Theorem 4.5
A g X p impulse response matrix G(#, T) is realizable if and only if G(#, T) can be decomposed as
G(t,t) = M(@)N(7) + D(@)é(t — 1) (4.80)

for all # > t, where M, N, and D are, respectively, ¢ X n, n X p, and ¢ X p matrices for some
integer n.
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Proof: If G(z, t) is realizable, there exists a realization that meets (4.79). Identifying
M(t) = C(t)X(¢) and N(t) = X! (t)B(7) establishes the necessary part of the theorem.
If G(z, T) can be decomposed as in (4.80), then the n-dimensional state equation

X(t) = N(H)u(r)
y(®) = M(0)x(r) + D(1)u(r)

is a realization. Indeed, a fundamental matrix of x = 0 - x is X(¢#) = I. Thus the impulse
response matrix of (4.81) is

4.81)

M®I-T"'N(z) + D)8t — 1)
which equals G(¢, 7). This shows the sufficiency of the theorem. Q.E.D.

Although Theorem 4.5 can also be applied to time-invariant systems, the result is not
useful in practical implementation, as the next example illustrates.

ExXAMPLE 4.10 Consider g(t) = te*' or

gt, 1) =gt —1) =@t — 1)

It is straightforward to verify
—AT
N | —Te
gt —1)=1[e" te t]|: T ]

Thus the two-dimensional time-varying state equation

00 —te M
5;(1):[ ]x+[ iy :|u(t)

0 0 e (4.82)
y(@) = [ 1" Ix(1)

is a realization of the impulse response g(¢) = teM,
The Laplace transform of the impulse response is

1 1
o = 1: )\,t = =
§@) =Ll = s = A e

Using (4.41), we can readily obtain

) 2% —A? 1
x(1) =[ j|X(f)+ [O]M(t)

L0 (4.83)

y(@) = [0 1]x(r)

This LTI state equation is a different realization of the same impulse response.This realization
is clearly more desirable because it can readily be implemented using an op-amp circuit. The
implementation of (4.82) is much more difficult in practice.
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4.1

4.2

4.3
44

4.5

4.6

4.7

Problems 117

An oscillation can be generated by
. 0 1
X = X
-1 0

cost sint

Show that its solution is

x(t) = |: ]X(O)

—sint cost
Use two different methods to find the unit-step response of
. 0 1 n 1
X = X u
-2 =2 1
y=1[2 3x

Discretize the state equation in Problem 4.2 for T =land T = &.

Find the companion-form and modal-form equivalent equations of

-2 0 0 1
x=|1 0 1 |x+]|0]u

0 -2 -2 1
y=[1 —10]x

Find an equivalent state equation of the equation in Problem 4.4 so that all state variables
have their largest magnitudes roughly equal to the largest magnitude of the output. If
all signals are required to lie inside 410 volts and if the input is a step function with
magnitude a, what is the permissible largest a?

X—A0x+ bi = c1]x
~lo % 2 A

Consider

where the overbar denotes complex conjugate. Verify that the equation can be trans-
formed into

X

]l

with
A 0 1 - T0 _
A = - - b = C — _2R )\.b 2R b
[_)\.)\. )L+)L:| |:1i| c=| e(Abicy) e(bicy)]
by using the transformation x = Qx with

[—iby by
Q_[—u}l 1;1]

Verify that the Jordan-form equation
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A 1 0 0 0 07 " by ]
0 » 1000 b,

. 00 A 000 bs

X = - X+ | - |u
000 A 10 b
00 0 0 x 1 b,
L0 0 0 0 0 Al | b3 |

y=lc1 2 c3 ¢1 2 3]X

can be transformed into

AL 0 b
Xx=[0 A L |[x+|b|u y=[¢ & &IX
0 0 A b

where A, b, and ¢; are defined in Problem 4.6 and I, is the unit matrix of order 2. [Hint:
Change the order of the state variables from [x; x, x3 x4 X5 xg]' to [x; x4 X2 X5
x3 X¢] and then apply the equivalence transformation x = Qx with Q = diag(Q,

Q2. Q3) ]
4.8 Are the two sets of state equations
2 1 2 1
x=[0 2 2 x4+ |1 |u y=[1-10]x
0 0 1 0
and
2 1 1 1
x=|[(0 2 1{x+|1|u y=[1-10]x
0 0 —1 0

equivalent? Are they zero-state equivalent?

4.9 Verity that the transfer matrix in (4.33) has the following realization:

—al, I, 0 -~ 0 f
—awl, 0 I, - 0 N,
X = . . . . X + . u
—Olr_llq 0 0 s Iq Nr_1
—od, 0 0 - 0 N,

y=[1, 00 --- 0]x

This is called the observable canonical form realization and has dimension rq. It is dual
to (4.34).

4.10 Consider the 1 x 2 proper rational matrix

1

GGs)=[d, d
(s) =[d; 2]+S4+a1s3+a2s2+a3s+(¥4




4.11

4.12

4.13

4.14

4.15

4.16

Problems 119

x [Bus® + Bars® + Bais + P Pras” + Poas® + Baas + Barl

Show that its observable canonical form realization can be deduced from Problem 4.9 as

—a; 1 0 0 B Bz

. —a, 0 1 0 B2 B

X = X + u
—a3 0 0 1 Ba1 B
—as 0 0 O Bar Baw

y=1[100 0]x+[d dz2]u

Find a realization for the proper rational matrix
2 2s =3
G(s): s+1 (G+DEs+2)
s—2 s
s+ 1 s+2

Find a realization for each column of é(s) in Problem 4.11 and then connect them,
as shown in Fig. 4.4(a), to obtain a realization of G(s). What is the dimension of this
realization? Compare this dimension with the one in Problem 4.11.

Find a realization for each row of (}(s) inA Problem 4.11 and then connect them, as shown
in Fig. 4.4(b), to obtain a realization of G(s). What is the dimension of this realization?
Compare this dimension with the ones in Problems 4.11 and 4.12.

Find a realization for

G = [—(12s +6) 225+ 23]

3s+34 3s+34
Consider the n-dimensional state equation
X = Ax + bu y =¢x

Let g(s) be its transfer function. Show that g(s) has m zeros or, equivalently, the
numerator of g(s) has degree m if and only if

cA'b=0 fori=0,1,2,....,.n—m —2

and cA"™"~'b £ 0. Or, equivalently, the difference between the degrees of the denom-
inator and numerator of g(s) is « = n — m if and only if

cA"'b£0 and cA'b=0
fori =0,1,2,..., a0 —2.

Find fundamental matrices and state transition matrices for

) [0 1}
X = X
0 ¢
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and

4.17 Show 0®(ty, 1)/t = —D(ty, 1)A(2).

4.18 Given
A() = [an(f) alz(l)]
ax (1) axnl(t)
show
det ® (¢, ty) = exp |:/ (ai(t) + axn(r)) dri|
4.19 Let

d)(t,to) = |:<I’11(t’t0) q)12(t7t0):|

Do (1,10) Po2(2, 1)
be the state transition matrix of

o [An@)  An@)
x(t)—|: 0 Agz(t)]x(t)

Show that ®,(¢, ty) = 0 for all ¢ and ¢y and that (9/0t)®;; (¢, tp) = A;; ®;; (¢, ty), for
i=1,2.

4.20 Find the state transition matrix of

. —sint 0
X = X
0 —cost

4.21 Verify that X(¢) = eACe®’ is the solution of
X=AX+XB X(0)=C

4.22 Show thatif A(r) = A|A(t) — A(t)A|, then
A@r) = eMTA0)e ™™
Show also that the eigenvalues of A(¢) are independent of ¢.
4.23 Find an equivalent time-invariant state equation of the equation in Problem 4.20.

4.24 Transform a time-invariant (A, B, C) into (0, B(z), (_I(t)) by a time-varying equivalence
transformation.
4.25 Find a time-varying realization and a time-invariant realization of the impulse response
At
g(t) = 2,

4.26 Find a realization of g(¢, ) = sint(e~“~") cos 7. Is it possible to find a time-invariant
state equation realization?



5.1

Chapter

Staubility

Introduction

Systems are designed to perform some tasks or to process signals. If a system is not stable, the
system may burn out, disintegrate, or saturate when a signal, no matter how small, is applied.
Therefore an unstable system is useless in practice and stability is a basic requirement for all
systems. In addition to stability, systems must meet other requirements, such as to track desired
signals and to suppress noise, to be really useful in practice.

The response of linear systems can always be decomposed as the zero-state response
and the zero-input response. It is customary to study the stabilities of these two responses
separately. We will introduce the BIBO (bounded-input bounded-output) stability for the zero-
state response and marginal and asymptotic stabilities for the zero-input response. We study
first the time-invariant case and then the time-varying case.

5.2 Input-Output Stability of LTI Systems

Consider a SISO linear time-invariant (LTI) system described by

t

y(t) = / gt —Du(r)dr = / g(u(t —t)dr 5.1
0 0

where g () is the impulse response or the output excited by an impulse input applied at ¢ = 0.
Recall that in order to be describable by (5.1), the system must be linear, time-invariant, and
causal. In addition, the system must be initially relaxed at = 0.

121
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|
|

An input u(t) is said to be bounded if u(t) does not grow to positive or negative infinity

or, equivalently, there exists a constant u,, such that

lu(®)| <u, < oo forallt >0

A system is said to be BIBO stable (bounded-input bounded-output stable) if every bounded
input excites a bounded output. This stability is defined for the zero-state response and is
applicable only if the system is initially relaxed.

Theorem 5.1

A SISO system described by (5.1) is BIBO stable if and only if g (¢) is absolutely integrable in [0, 00), or

oo
/ lg@)ldt <M < o0
0

for some constant M.

Proof: Firstwe show thatif g () is absolutely integrable, then every bounded input excites
a bounded output. Let u () be an arbitrary input with |u(¢)| < u,, < ocoforallt > 0. Then

ly@®] = ‘/0 g@u(t —t)dr

5A|g@nma—rndr

o0
sum/"|gundr5umM
0

Thus the output is bounded. Next we show that if g(¢) is not absolutely integrable, then
the system is not BIBO stable. If g(¢) is not absolutely integrable, then for any arbitrarily
large N, there exists a t; such that

n
/ lg(x)ldt = N
0

Let us choose
1 ifg(r) =0

ulth =) = { 1 ifg(r) <0

Clearly u is bounded. The output excited by this input equals

y(t) =/ g@u(t —1)dr =/ lg(r)ldt = N
0 0

Because y(#1) can be arbitrarily large, we conclude that a similar bounded input can excite
an unbounded output. This completes the proof of Theorem 5.1. Q.E.D.

A function that is absolutely integrable may not be bounded or may not approach zero as

t — o0. Indeed, consider the function defined by

n+(t—n)n* forn—l/n3§t§n
n—@¢—nn* forn<t<n+1/n

f@—n)z{

forn =2, 3, ...and plotted in Fig. 5.1. The area under each triangle is 1/n2. Thus the absolute
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Figure 5.1 Function.

}

n
o 2 |
3

=

integration of the function equals Y >~ ,(1/n*) < oo. This function is absolutely integrable
but is not bounded and does not approach zero as t — 0.

Theorem 5.2
If a system with impulse response g(¢) is BIBO stable, then, as t — 00:

1. The output excited by u(¢t) = a, for ¢ > 0, approaches g(0) - a.
2. The output excited by u(t) = sin w,t, fort > 0, approaches

18 (j@o)| sin(wot+ ¥&(j o))

where g(s) is the Laplace transform of g(#) or
[e¢]
g(s) = / g(r)e~* T dt (5.2)
0

% Proof: If u(t) = a forall t > 0, then (5.1) becomes

t

y(@®) =/ g@u( —1)dr =a/ g(r)dr
0 0
which implies
y(t) = a fw g(t)dt = ag(0) ast — oo
0

where we have used (5.2) with s = 0. This establishes the first part of Theorem 5.2. If
u(t) = sin w,t, then (5.1) becomes

t
y(t) = / g()sinw,(t —t)drt
0
t
= / g(7) [sin w,t cos w,T — cos w,t sinw,T] dt
0

t t
= sin w,t / g(t)cosw,t dt — cos w,t / g(t)sinw,tdrt
0 0
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Thus we have, as t — 00,
o0 o0
y(t) = sinw,t / g(t) cosw,T dt — cOS w,t / g(r)sinw,tdrt 5.3)
0 0
If g(¢) is absolutely integrable, we can replace s by jw in (5.2) to yield
o0
g(jw) = / g()[coswt — jsinwt]dt
0
The impulse response g(¢) is assumed implicitly to be real; thus we have
oo
Re[g(jw)] = / g(t)coswt dt
0
and
oo
Im[g(jw)] = —/ g(t)sinwtdt
0

where Re and Im denote, respectively, the real part and imaginary part. Substituting these
into (5.3) yields
y(t) = sinw,t (Re[(jw,)]) + cos w,t (Im[g(jwo,)])
= |g(jwo)| sin(wot+ ¥&(j@,))
This completes the proof of Theorem 5.2. Q.E.D.

Theorem 5.2 is a basic result; filtering of signals is based essentially on this theorem.
Next we state the BIBO stability condition in terms of proper rational transfer functions.

Theorem 5.3
A SISO system with proper rational transfer function g(s) is BIBO stable if and only if every pole of

£(s) has a negative real part or, equivalently, lies inside the left-half s-plane.

If g(s) has pole p; with multiplicity m;, then its partial fraction expansion contains the
factors

1 1 1
s—pi’ (s=pd)? T (s—p)m

Thus the inverse Laplace transform of g(s) or the impulse response contains the factors

ePif7 lepif, - tmi—lePiT

It is straightforward to verify that every such term is absolutely integrable if and only if p; has
a negative real part. Using this fact, we can establish Theorem 5.3.

ExampLE 5.1 Consider the positive feedback system shown in Fig. 2.5(a). Its impulse response
was computed in (2.9) as
o0

gty =Yy a's(t —i)

i=1
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where the gain a can be positive or negative. The impulse is defined as the limit of the pulse
in Fig. 2.3 and can be considered to be positive. Thus we have

g = lal's(t — i)

i=1

and

/oo| Oldt i| |i {00 if la] > 1
= al' = )
0 ,-:1 jal/(1 = lal) < 0o ifja] <1

Thus we conclude that the positive feedback system in Fig. 2.5(a) is BIBO stable if and only
if the gain @ has a magnitude less than 1.
The transfer function of the system was computed in (2.12) as

ae™’

g(s) = 1—ae—
—ae

It is an irrational function of s and Theorem 5.3 is not applicable. In this case, it is simpler to
use Theorem 5.1 to check its stability.

For multivariable systems, we have the following results.

Theorem 5.M1

A multivariable system with impulse response matrix G(#) = [g;;(¢)] is BIBO stable if and only if
every g;;(t) is absolutely integrable in [0, 00).

Theorem 5.M3

A multivariable system with proper rational transfer matrix G(s) = [&;;(s)]is BIBO stable if and only
if every pole of every g;;(s) has a negative real part.

We now discuss the BIBO stability of state equations. Consider

x(t) = Ax(t) + Bu(?)
(5.4)
y(¢) = Cx(t) + Du(z)

Its transfer matrix is
Gs)=CGI—A)"'B+D

Thus Equation (5.4) or, to be more precise, the zero-state response of (5.4) is BIBO stable if
and only if every pole of C(s) has a negative real part. Recall that every pole of every entry
of (}(s) is called a pole of G(s).

We discuss the relationship between the poles of f}(s) and the eigenvalues of A. Because
of

A 1 .
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every pole of f}(s) is an eigenvalue of A. Thus if every eigenvalue of A has a negative real
part, then every pole has a negative real part and (5.4) is BIBO stable. On the other hand,
because of possible cancellation in (5.5), not every eigenvalue is a pole. Thus, even if A has
some eigenvalues with zero or positive real part, (5.4) may still be BIBO stable, as the next
example shows.

ExAMPLE 5.2 Consider the network shown in Fig. 4.2(b). Its state equation was derived in
Example 4.4 as

$@) =x()+0-u)  y@) =0.5x() + 0.5u(t) (5.6)

The A-matrix is 1 and its eigenvalue is 1. It has a positive real part. The transfer function of
the equation is

8(s)=056—-1D""-0+05=05

The transfer function equals 0.5. It has no pole and no condition to meet. Thus (5.6) is BIBO
stable even though it has an eigenvalue with a positive real part. We mention that BIBO stability
does not say anything about the zero-input response, which will be discussed later.

5.2.1 Discrete-Time Cuse

Consider a discrete-time SISO system described by

k k
Ykl =" glk —mlulm] =Y glmlulk —m] (5.7)
m=0

m=0

where g[k] is the impulse response sequence or the output sequence excited by an impulse
sequence applied at k = 0. Recall that in order to be describable by (5.7), the discrete-time
system must be linear, time-invariant, and causal. In addition, the system must be initially
relaxed at k = 0.

An input sequence u[k] is said to be bounded if u[k] does not grow to positive or negative
infinity or there exists a constant u,, such that

lulk]] < u,, < oo fork=0,1,2,...

A system is said to be BIBO stable (bounded-input bounded-output stable) if every bounded-
input sequence excites a bounded-output sequence. This stability is defined for the zero-state
response and is applicable only if the system is initially relaxed.

Theorem 5.D1

A discrete-time SISO system described by (5.7) is BIBO stable if and only if g [k] is absolutely summable
in [0, 00) or

> 1glkll = M < o0
k=0

for some constant M.
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Its proof is similar to the proof of Theorem 5.1 and will not be repeated. We give a discrete
counterpart of Theorem 5.2 in the following.

Theorem 5.D2

If a discrete-time system with impulse response sequence g[k] is BIBO stable, then, as k — oo:

1.
2.

The output excited by u[k] = a, for k > 0, approaches g(1) - a.
The output excited by u[k] = sin w,k, for k > 0, approaches
|2(e”) | sin(wok+ ¥&(e’"))

where g(z) is the z-transform of g[k] or

2 =) glmlz™
m=0

Proof: If ulk] = a for all k > 0, then (5.7) becomes
k

k
YKl =) glmlulk —m]=a)_ glm]

0 k=0

which implies

ylkl — a Zg[m] =ag(l) as k — 00

m=0

(5.8)

where we have used (5.8) with z = 1. This establishes the first part of Theorem 5.D2. If

ulk] = sin w,k, then (5.7) becomes

k
Y= glm]sinw, [k — m]

m=0
k
= Z g[m](sin w,k cos w,m — cos w,k sin w,m)
m=0
k k
= sin w,k Z glm]cos w,m — cos w,k Z glm]sin w,m
m=0 m=0

Thus we have, as k — oo,

o0 o0
y[lk] — sinw,k Z glm]cos w,m — cos w,k Z glm]sin w,m
m=0 m=0
If g[k] is absolutely summable, we can replace z by e/ in (5.8) to yield

o0

g(e’®) = Zg[m]e’j“”" = Zg[m][cos wm — j sin wm]

m=0 m=0

(5.9)
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Thus (5.9) becomes
Ykl — sin wok(Re[§(e/™)]) + cos wok(Im[g(e’*)])
= |§(e/™)| sin(@ok+ ¥§(e’))
This completes the proof of Theorem 5.D2. Q.E.D.

Theorem 5.D2 is a basic result in digital signal processing. Next we state the BIBO
stability in terms of discrete proper rational transfer functions.

Theorem 5.D3
A discrete-time SISO system with proper rational transfer function g(z) is BIBO stable if and only if

every pole of (z) has a magnitude less than 1 or, equivalently, lies inside the unit circle on the z-plane.

If g(z) has pole p; with multiplicity m;, then its partial fraction expansion contains the
factors

1 1 1
z—pi @—p)? 7 (= p)m

Thus the inverse z-transform of g(z) or the impulse response sequence contains the factors

plk’ kp,k, , kmi—]pl{c
It is straightforward to verify that every such term is absolutely summable if and only if p; has
a magnitude less than 1. Using this fact, we can establish Theorem 5.D3.

In the continuous-time case, an absolutely integrable function f(¢), as shown in Fig. 5.1,
may not be bounded and may not approach zero as t — oco. In the discrete-time case, if g[k]
is absolutely summable, then it must be bounded and approach zero as k — oo. However, the
converse is not true as the next example shows.

ExAMPLE 5.3 Consider a discrete-time LTI system with impulse response sequence g[k] =
1/k,fork =1,2,..., and g[0] = 0. We compute
- 1

- 1 11
S::Zlg[kﬂ=ZE=1+§+§+Z+~-

—1+1+1+1+1+ +1+1+ +1 +
2 7 \3 4 5 8 9 16

There are two terms, each is }1 or larger, in the first pair of parentheses; therefore their sum
is larger than % There are four terms, each is % or larger, in the second pair of parentheses;
therefore their sum is larger than % Proceeding forward we conclude

S>1+ ! + ! + ! +
> — — — e =00
2 2 2
This impulse response sequence is bounded and approaches 0 as k — oo but is not absolutely
summable. Thus the discrete-time system is not BIBO stable according to Theorem 5.D1. The

transfer function of the system can be shown to equal
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@) =—-In(l+z7")

It is not a rational function of z and Theorem 5.D3 is not applicable.

For multivariable discrete-time systems, we have the following results.

Theorem 5.MD1

A MIMO discrete-time system with impulse response sequence matrix G[k] = [gi 5 [k]] is BIBO stable
if and only if every g;;[k] is absolutely summable.

Theorem 5.MD3

A MIMO discrete-time system with discrete proper rational transfer matrix é(z) = [g, i (z)] is BIBO
stable if and only if every pole of every §;;(z) has a magnitude less than 1.
We now discuss the BIBO stability of discrete-time state equations. Consider
x[k + 1] = Ax[k] + Bu[k]
(5.10)
ylk] = Cx[k] + Du[k]
Its discrete transfer matrix is

Gz =CEI-A)'B+D

Thus Equation (5.10) or, to be more precise, the zero-state response of (5.10) is BIBO stable
if and only if every pole of G(z) has a magnitude less than 1.

We discuss the relationship between the poles of C(Z) and the eigenvalues of A. Because
of

A 1 '
G(z) = mC[Adj ZI-A)B+D

every pole of f}(z) is an eigenvalue of A. Thus if every eigenvalue of A has a magnitude less
than 1, then (5.10) is BIBO stable. On the other hand, even if A has some eigenvalues with
magnitude 1 or larger, (5.10) may, as in the continuous-time case, still be BIBO stable.

5.3 Internaul Stubility

The BIBO stability is defined for the zero-state response. Now we study the stability of the
zero-input response or the response of

x(1) = Ax(1) (5.11)
excited by nonzero initial state x,,. Clearly, the solution of (5.11) is

x(1) = eMx, (5.12)
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Definition 5.1 The zero-input response of (5.4) or the equation x = AX is marginally
stable or stable in the sense of Lyapunov if every finite initial state X,, excites a bounded
response. It is asymptotically stable if every finite initial state excites a bounded response,
which, in addition, approaches 0 as t — oo.

We mention that this definition is applicable only to linear systems. The definition that
is applicable to both linear and nonlinear systems must be defined using the concept of
equivalence states and can be found, for example, in Reference [6, pp. 401-403]. This text
studies only linear systems; therefore we use the simplified Definition 5.1.

Theorem 5.4

1. The equation X = AX is marginally stable if and only if all eigenvalues of A have zero or negative
real parts and those with zero real parts are simple roots of the minimal polynomial of A.

2. The equation X = AX is asymptotically stable if and only if all eigenvalues of A have negative real
parts.

We first mention that any (algebraic) equivalence transformation will not alter the stability
of a state equation. Consider X = Px, where P is a nonsingular matrix. Then x = Ax is
equivalent to X = AX = PAP~'X. Because P is nonsingular, if x is bounded, so is X; if x
approaches 0 as 1 — o0, so does X. Thus we may study the stability of A by using A. Note
that the eigenvalues of A and of A are the same as discussed in Section 4.3.

The response of X = AX excited by X(0) equals X(t) = eA'x(0). It is clear that the
response is bounded if and only if every entry of ¢*’ is bounded for all # > 0. If A is in Jordan
form, then e’ is of the form shown in (3.48). Using (3.48), we can show that if an eigenvalue
has a negative real part, then every entry of (3.48) is bounded and approaches 0 as t — oo.
If an eigenvalue has zero real part and has no Jordan block of order 2 or higher, then the
corresponding entry in (3.48) is a constant or is sinusoidal for all # and is, therefore, bounded.
This establishes the sufficiency of the first part of Theorem 5.4. If A has an eigenvalue with a
positive real part, then every entry in (3.48) will grow without bound. If A has an eigenvalue
with zero real part and its Jordan block has order 2 or higher, then (3.48) has at least one entry
that grows unbounded. This completes the proof of the first part. To be asymptotically stable,
every entry of (3.48) must approach zero as ¢t — o0o. Thus no eigenvalue with zero real part is
permitted. This establishes the second part of the theroem.

EXAMPLE 5.4 Consider

00 O
x=|0 0 0 [x
0 0 -1

Its characteristic polynomial is A(A) = 22(x + 1) and its mimimal polynomial is ¥ (1) =
A(A 4+ 1). The matrix has eigenvalues 0, 0, and —1. The eigenvalue 0 is a simple root of the
minimal polynomial. Thus the equation is marginally stable. The equation
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01 0
x=[0 0 0 |x
0 0 -1

is not marginally stable, however, because its minimal polynomial is A>(A 4 1) and A = 0 is
not a simple root of the minimal polynomial.

As discussed earlier, every pole of the transfer matrix
Gs)=CGI—A)"'B+D

is an eigenvalue of A. Thus asymptotic stability implies BIBO stability. Note that asymptotic
stability is defined for the zero-input response, whereas BIBO stability is defined for the
zero-state response. The system in Example 5.2 has eigenvalue 1 and is not asymptoti-
cally stable; however, it is BIBO stable. Thus BIBO stability, in general, does not im-
ply asymptotic stability. We mention that marginal stability is useful only in the design
of oscillators. Other than oscillators, every physical system is designed to be asymptoti-
cally stable or BIBO stable with some additional conditions, as we will discuss in Chap-
ter 7.

5.3.1 Discrete-Time Cuse

This subsection studies the internal stability of discrete-time systems or the stability of
x[k + 1] = Ax[k] (5.13)
excited by nonzero initial state x,,. The solution of (5.13) is, as derived in (4.20),
x[k] = Afx, (5.14)

Equation (5.13) is said to be marginally stable or stable in the sense of Lyapunov if every
finite initial state x, excites a bounded response. It is asymptotically stable if every finite
initial state excites a bounded response, which, in addition, approaches 0 as k — oo. These
definitions are identical to the continuous-time case.

Theorem 5.D4

1. The equation X[k + 1] = AX[k] is marginally stable if and only if all eigenvalues of A have
magnitudes less than or equal to 1 and those equal to 1 are simple roots of the minimal polynomial of

A.

2. The equation X[k + 1] = Ax[k] is asymptotically stable if and only if all eigenvalues of A have
magnitudes less than 1.

As in the continuous-time case, any (algebraic) equivalence transformation will not alter
the stability of a state equation. Thus we can use Jordan form to establish the theorem. The
proof is similar to the continuous-time case and will not be repeated. Asymptotic stability
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implies BIBO stability but not the converse. We mention that marginal stability is useful only
in the design of discrete-time oscillators. Other than oscillators, every discrete-time physical
system is designed to be asymptotically stable or BIBO stable with some additional conditions,
as we will discuss in Chapter 7.

5.4 Lydpunov Theorem

NP

This section introduces a different method of checking asymptotic stability of x = Ax. For
convenience, we call A stable if every eigenvalue of A has a negative real part.

Theorem 5.5

All eigenvalues of A have negative real parts if and only if for any given positive definite symmetric
matrix N, the Lyapunov equation

A'M +MA = —-N (5.15)

has a unique symmetric solution M and M is positive definite.

Corollary 5.5

All eigenvalues of an 12 X n matrix A have negative real parts if and only if for any given m X n matrix
N with m < n and with the property

N

NA
rank O := rank . =n (full column rank) (5.16)

NA"-!
where O is an nm X n matrix, the Lyapunov equation
A'M+MA = -NN =: -N (5.17)

has a unique symmetric solution M and M is positive definite.

For any N, the matrix N in (5.17) is positive semidefinite (Theorem 3.7). Theorem 5.5
and its corollary are valid for any given N; therefore we shall use the simplest possible N.
Even so, using them to check stability of A is not simple. It is much simpler to compute,
using MATLAB, the eigenvalues of A and then check their real parts. Thus the importance
of Theorem 5.5 and its corollary is not in checking the stability of A but rather in studying
the stability of nonlinear systems. They are essential in using the so-called second method of
Lyapunov. We mention that Corollary 5.5 can be used to prove the Routh—-Hurwitz test. See
Reference [6, pp. 417—419].

Proof of Theorem 5.5 Necessity: Equation (5.15) is a special case of (3.59) with A = A’
and B = A. Because A and A’ have the same set of eigenvalues, if A is stable, A has no
two eigenvalues such that A; + A; = 0. Thus the Lyapunov equation is nonsingular and
has a unique solution M for any N. We claim that the solution can be expressed as
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o0
M = / ANeM dt (5.18)
0
Indeed, substituting (5.18) into (5.15) yields

o0 o0
A'M + MA = / AN NeA dt + / A'NeMA dt

0 0
o0 d ’ ! o0
— / - (eA tNeAt> dt = eA ZNeAt
0 dt t=0
=0-N=-N (5.19)

where we have used the fact eA’ = 0 at t = oo for stable A. This shows that the M in
(5.18) is the solution. It is clear that if N is symmetric, so is M. Let us decompose N as
N = N'N, where N is nonsingular (Theorem 3.7) and consider

o0 o0
xMx = / X' A" N'NeAx dt = / [[NeA'x| |3 dt (5.20)
0 0

Because both N and ¢’ are nonsingular, for any nonzero x, the integrand of (5.20) is
positive for every ¢. Thus X’'MXx is positive for any x # 0. This shows the positive
definiteness of M.

Sufficiency: We show that if N and M are positive definite, then A is stable. Let A be an
eigenvalue of A and v # 0 be a corresponding eigenvector; that is, Av = Av. Even though
A is areal matrix, its eigenvalue and eigenvector can be complex, as shown in Example 3.6.
Taking the complex-conjugate transpose of Av = Av yields v¥A* = v¥A’ = A*v*, where
the asterisk denotes complex-conjugate transpose. Premultiplying v* and postmultiplying
v to (5.15) yields

—v*Nv = v*'A'Mv + v*MAv
= (A" + A)V*Mv = 2Re(L)v*Myv (5.21)

Because v*Mv and v*Nv are, as discussed in Section 3.9, both real and positive, (5.21)
implies Re(X) < 0. This shows that every eigenvalue of A has a negative real part.
Q.E.D.

The proof of Corollary 5.5 follows the proof of Theorem 5.5 with some modification. We
discuss only where the proof of Theorem 5.5 is not applicable. Consider (5.20). Now Nis m x n
withm < n and N = N'N is positive semidefinite. Even so, M in (5.18) can still be positive
definite if the integrand of (5.20) is not identically zero for all z. Suppose the integrand of (5.20)
is identically zero or NeA’x = 0. Then its derivative with respect to ¢ yields NAeA'x = 0.
Proceeding forward, we can obtain

Alx =0 (5.22)
NA”71

This equation implies that, because of (5.16) and the nonsingularity of eA’, the only x meeting
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(5.22) is 0. Thus the integrand of (5.20) cannot be identically zero for any x 7% 0. Thus M is
positive definite under the condition in (5.16). This shows the necessity of Corollary 5.5. Next
we consider (5.21) with N = N'N or!

2Re(A)V*Mv = —v*N'Nv = —||Nv||3 (5.23)

We show that Nv is nonzero under (5.16). Because of Av = Av, we have A’v = AAv = Ay,
.., A"y = 3~y Consider

N Nv Nv
NA NAv ANV
. V= . = .
NA"~! NA"ly A"~ INv

If Nv = 0, the rightmost matrix is zero; the leftmost matrix, however, is nonzero under the
conditions of (5.16) and v # 0. This is a contradiction. Thus Nv is nonzero and (5.23) implies
Re(A)< 0. This completes the proof of Corollary 5.5.

In the proof of Theorem of 5.5, we have established the following result. For easy
reference, we state it as a theorem.

Theorem 5.6
If all eigenvalues of A have negative real parts, then the Lyapunov equation
A'M+MA = —N

has a unique solution for every N, and the solution can be expressed as

o0
M = / A NeA dt (5.24)
0

Because of the importance of this theorem, we give a different proof of the uniqueness
of the solution. Suppose there are two solutions M; and M;. Then we have
A'(M; — M) + (M; — M)A =0

which implies

! d ’

A/ (M) — Mp) + (M — Mo)Aje™ = —-[e*! (M — My)et'] = 0
Its integration from O to oo yields
, 00
[ (M) — Mp)e]| ~ =0

or, using eA’ — 0 as t — o0,

0—-M —M;)=0

1. Note that if x is a complex vector, then the Euclidean norm defined in Section 3.2 must be modified as ||x| |§ = x*x,
where x* is the complex conjugate transpose of x.
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This shows the uniqueness of M. Although the solution can be expressed as in (5.24), the
integration is not used in computing the solution. It is simpler to arrange the Lyapunov equation,
after some transformations, into a standard linear algebraic equation as in (3.60) and then solve
the equation. Note that even if A is not stable, a unique solution still exists if A has no two
eigenvalues such that A; + A; = 0. The solution, however, cannot be expressed as in (5.24);
the integration will diverge and is meaningless. If A is singular or, equivalently, has at least
one zero eigenvalue, then the Lyapunov equation is always singular and solutions may or may
not exist depending on whether or not N lies in the range space of the equation.

5.4.1 Discrete-Time Cuse

Before discussing the discrete counterpart of Theorems 5.5 and 5.6, we discuss the discrete
counterpart of the Lyapunov equation in (3.59). Consider

M — AMB = C (5.25)

where A and B are, respectively, n x n and m x m matrices, and M and C are n x m matrices.
As (3.60), Equation (5.25) can be expressed as Ym = ¢, where Y is an nm x nm matrix; m and
care nm X 1 column vectors with the m columns of M and C stacked in order. Thus (5.25) is
essentially a set of linear algebraic equations. Let 1, be an eigenvalue of Y or of (5.25). Then
we have

ne=1—Au; fori=1,2,...,n;j=1,2,...,m

where A; and 1 are, respectively, the eigenvalues of A and B. This can be established intuitively
as follows. Let us define A(M) := M — AMB. Then (5.25) can be written as A(M) = C. A
scalar 7 is an eigenvalue of A if there exists a nonzero M such that A(M) = nM. Let u be
an n x 1 right eigenvector of A associated with A;; that is, Au = A;u. Let vbe a 1 x m left
eigenvector of B associated with p;; that is, vB = vu;. Applying A to the n x m nonzero
matrix uv yields

A(uv) =uv — AuvB = (1 — A;u;)uv

Thus the eigenvalues of (5.25) are 1 — A;u;, for all i and j. If there are no i and j such that
Aiw; = 1, then (5.25) is nonsingular and, for any C, a unique solution M exists in (5.25). If
Aip; = 1 for some i and j, then (5.25) is singular and, for a given C, solutions may or may
not exist. The situation here is similar to what was discussed in Section 3.7.

Theorem 5.D5

All eigenvalues of an 7 X n matrix A have magnitudes less than 1 if and only if for any given positive
definite symmetric matrix N or for N = NN, where N is any given m X n matrix with m < n and
with the property in (5.16), the discrete Lyapunov equation

M—-AMA =N (5.26)

has a unique symmetric solution M and M is positive definite.
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We sketch briefly its proof for N > 0. If all eigenvalues of A and, consequently, of A’
have magnitudes less than 1, then we have |A;A;| < 1 for all i and j. Thus A;A; # 1 and
(5.26) is nonsingular. Therefore, for any N, a unique solution exists in (5.26). We claim that
the solution can be expressed as

M = Z(A’)’”NA”’ (5.27)
m=0

Because |A;| < 1 for all 7, this infinite series converges and is well defined. Substituting (5.27)
into (5.26) yields

Z(A/)mNAm —A <Z(A/)mNAm> A

m=0 m=0

oo [o.¢]
=N+ ) (A)"NA" — ) "(A)"NA" =N
m=1 m=1
Thus (5.27) is the solution. If N is symmetric, so is M. If N is positive definite, so is M. This
establishes the necessity. To show sufficiency, let A be an eigenvalue of A and v # 0 be a
corresponding eigenvector; that is, Av = Av. Then we have

v*Nv = v*Myv — v A’'MAv
= V*Mv — A*v*"Mva = (1 — [A]})V* My

Because both v*Nv and v*My are real and positive, we conclude (1 — |A|?) > O or |A|*> < 1.
This establishes the theorem for N > 0. The case N > 0 can similarly be established.

Theorem 5.D6
If all eigenvalues of A have magnitudes less than 1, then the discrete Lyapunov equation
M-A'MA =N

has a unique solution for every N, and the solution can be expressed as

oo
M= Z(A’)’”NA’”
m=0

It is important to mention that even if A has one or more eigenvalues with magnitudes
larger than 1, a unique solution still exists in the discrete Lyapunov equation if A;A; # 1 for all
i and j. In this case, the solution cannot be expressed as in (5.27) but can be computed from
a set of linear algebraic equations.

Let us discuss the relationships between the continuous-time and discrete-time Lyapunov
equations. The stability condition for continuous-time systems is that all eigenvalues lie
inside the open left-half s-plane. The stability condition for discrete-time systems is that all
eigenvalues lie inside the unit circle on the z-plane. These conditions can be related by the
bilinear transformation
z—1 1+

z+1 T

S =

(5.28)
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which maps the left-half s-plane into the interior of the unit circle on the z-plane and vice
versa. To differentiate the continuous-time and discrete-time cases, we write

A'M+MA = —-N (5.29)
and
M, — AMyA; =N, (5.30)
Following (5.28), these two equations can be related by
A=As+D7'A =D Ay=T+A)I-A)"

Substituting the right-hand-side equation into (5.30) and performing a simple manipulation,
we find

AM; +MA = —-050 - AN, I - A)
Comparing this with (5.29) yields
A=A;+D A =D M =M, N=0.51I-A)N;(I-A) (5.31)

These relate (5.29) and (5.30).

The MATLAB function 1yap computes the Lyapunov equation in (5.29) and dlyap
computes the discrete Lyapunov equation in (5.30). The function dlyap transforms (5.30)
into (5.29) by using (5.31) and then calls 1yap. The result yields M = M.

5.5 Stdbility of LTV Systems

Consider a SISO linear time-varying (LTV) system described by

y(t)=/ g(t, Du(r)dr (5.32)

fo

The system is said to be BIBO stable if every bounded input excites a bounded output. The
condition for (5.32) to be BIBO stable is that there exists a finite constant M such that

t
f lgt, D)ldt <M < o0 (5.33)
0]

for all ¢ and #, with ¢ > #,. The proof in the time-invariant case applies here with only minor
modification.
For the multivariable case, (5.32) becomes

¥() = / G, Du(r) dr (5.34)

The condition for (5.34) to be BIBO stable is that every entry of G(¢, t) meets the condition
in (5.33). For multivariable systems, we can also express the condition in terms of norms. Any
norm discussed in Section 3.11 can be used. However, the infinite-norm

[lu]|eo = max |u;| ||G|leo = largest row absolute sum
1
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is probably the most convenient to use in stability study. For convenience, no subscript will
be attached to any norm. The necessary and sufficient condition for (5.34) to be BIBO stable
is that there exists a finite constant M such that

t
/ IG(t, D)||dt <M < 0
fo

for all ¢ and ¢y with ¢ > 1.
The impulse response matrix of

x=A@)x +B()u
(5.35)
y=C@®)x+D@)u
is
G, 1) =C@t)®(, )B(t) + D(#)d(t — 1)

and the zero-state response is

y(t):/ C()®(t, 1)B(t)u(r) dtr + D(t)u(r)

fo

Thus (5.35) or, more precisely, the zero-state response of (5.35) is BIBO stable if and only if
there exist constants M; and M, such that

DO =M, < o0

and
t
/ G, Dlldt < My < 00
fo

for all ¢ and ¢y with ¢ > 1.

Next we study the stability of the zero-input response of (5.35). As in the time-invariant
case, we define the zero-input response of (5.35) or the equation X = A(#)x to be marginally
stable if every finite initial state excites a bounded response. Because the response is governed
by

X(1) = ®(t, 10)X(%0) (5.36)

we conclude that the response is marginally stable if and only if there exists a finite constant
M such that

[1®(@, 1) =M < 00 (5.37)

for all ¢y and for all + > fy. The equation x = A(¢)x is asymptotically stable if the response
excited by every finite initial state is bounded and approaches zero as t — oo. The asymptotic
stability conditions are the boundedness condition in (5.37) and

[|®(z, t0)|| — O ast — 00 (5.38)

A great deal can be said regarding these definitions and conditions. Does the constant M in
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(5.37) depend on ,? What is the rate for the state transition matrix to approach 0 in (5.38)?
The interested reader is referred to References [4, 15].

A time-invariant equation X = AX is asymptotically stable if all eigenvalues of A have
negative real parts. Is this also true for the time-varying case? The answer is negative as the
next example shows.

ExAmPLE 5.5 Consider the linear time-varying equation

—1 e
X = A(Dx [ 0 } x (5.39)
The characteristic polynomial of A(r) is
A+l —e )
det(AI — A(#)) = det =A+1
et( (1)) =de [ 0 A+1} *+1

Thus A(¢) has eigenvalues —1 and —1 for all 7. It can be verified directly that

T 0.5(e — e’):|

®(t,0) = [eo -

meets (4.53) and is therefore the state transition matrix of (5.39). See also Problem 4.16.
Because the (1,2)th entry of @ grows without bound, the equation is neither asymptotically
stable nor marginally stable. This example shows that even though the eigenvalues can be
defined for A(?) at every ¢, the concept of eigenvalues is not useful in the time-varying case.

All stability properties in the time-invariant case are invariant under any equivalence
transformation. In the time-varying case, this is so only for BIBO stability, because the
impulse response matrix is preserved. An equivalence transformation can transform, as shown
in Theorem 4.3, any x = A(¢)x into X = A, X, where A, is any constant matrix; therefore, in the
time-varying case, marginal and asymptotic stabilities are not invariant under any equivalence
transformation.

Theorem 5.7

Marginal and asymptotic stabilities of X = A(#)X are invariant under any Lyapunov transformation.

As discussed in Section 4.6, if P(¢) and P(z) are continuous, and P(¢) is nonsingular
for all ¢, then X = P(¢)x is an algebraic transformation. If, in addition, P(¢) and P~!(¢) are
bounded for all 7, then X = P(¢)x is a Lyapunov transformation. The fundamental matrix X(z)
of X = A(t)x and the fundamental matrix X(¢) of X = A(1)X are related by, as derived in
4.71),

X(1) = P(1)X(7)
which implies
&, 1) = X)X (1) = POXOX ()P~ (1)
=P1)®(t, )P (1) (5.40)



140 STABILITY

PROBLEMS

Because both P(r) and P~'(r) are bounded, if ||®(¢, T)|| is bounded, so is ||®(z, 7)||; if
[|®(r, 7)|| = O as s — 00, sois ||®(¢, T)||. This establishes Theorem 5.7.

In the time-invariant case, asymptotic stability of zero-input responses always implies
BIBO stability of zero-state responses. This is not necessarily so in the time-varying case. A
time-varying equation is asymptotically stable if

[|®(z, t0)|| — O ast — 00 (5.41)

for all ¢, ty with t > ;. It is BIBO stable if
t
/ [IC(t)®(t, T)B(1)||dT < 00 (5.42)
]

for all ¢, fy with t > #. A function that approaches 0, as t — oo, may not be absolutely
integrable. Thus asymptotic stability may not imply BIBO stability in the time-varying case.
However, if ||®(z, 7)|| decreases to zero rapidly, in particular, exponentially, and if C(#) and
B(#) are bounded for all ¢, then asymptotic stability does imply BIBO stability. See References
[4,6, 15].

5.1 Is the network shown in Fig. 5.2 BIBO stable? If not, find a bounded input that will
excite an unbounded output.

T Figure 5.2

T

o
\

/1

-

5.2 Consider a system with an irrational transfer function g(s). Show that a necessary
condition for the system to be BIBO stable is that |g(s)| is finite for all Re s > 0.

5.3 Isasystem with impulse response g(r) = 1/(z+1) BIBO stable? How about g(¢) = re™"
fort > 0?

5.4 Is asystem with transfer function g(s) = e % /(s + 1) BIBO stable?

5.5 Show that the negative-feedback system shown in Fig. 2.5(b) is BIBO stable if and only
if the gain a has a magnitude less than 1. For a = 1, find a bounded input r(¢) that will
excite an unbounded output.

5.6 Consider a system with transfer function g(s) = (s—2)/(s+1). What are the steady-state
responses excited by u(¢) = 3, for r > 0, and by u(¢) = sin2¢, for r > 0?

5.7 Consider
% -1 10 X+ -2
pr— u
0 1 0

y=[-2 3]x—2u
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Is it BIBO stable?

5.8 Consider a discrete-time system with impulse response sequence
glk]l = k(0.8)  fork >0
Is the system BIBO stable?

5.9 Is the state equation in Problem 5.7 marginally stable? Asymptotically stable?

5.10 Is the homogeneous state equation

-1 0 1
X = 0 0 0]x
0 00

marginally stable? Asymptotically stable?

5.11 Is the homogeneous state equation

-1 0 1
X = 0 0 1]x
0 00

marginally stable? Asymptotically stable?

5.12 Is the discrete-time homogeneous state equation

09 0 1
x[k+1] = 0 1 0 |x[k]
0 0 1

marginally stable? Asymptotically stable?

5.13 Is the discrete-time homogeneous state equation

09 0 1
xk+11=1| 0 1 1 |x[k]
0 0 1

marginally stable? Asymptotically stable?

5.14 Use Theorem 5.5 to show that all eigenvalues of

A 0 1
-05 -1

5.15 Use Theorem 5.D5 to show that all eigenvalues of the A in Problem 5.14 have magnitudes
less than 1.

have negative real parts.

5.16 For any distinct negative real A; and any nonzero real a;, show that the matrix
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517

5.18

5.19

5.20

5.21

5.22

5.23

2

aj apap a,as
20 A+ _)»1+)&3

M = _ aza _a_% _ azas
A+ A 22 Ao+ A3

asag asdy Cl32

st AM+A 24

is positive definite. [Hint: Use Corollary 5.5 and A=diag(A;, Az, A3).]

A real matrix M (not necessarily symmetric) is defined to be positive definite if X Mx > 0
for any nonzero x. Is it true that the matrix M is positive definite if all eigenvalues of
M are real and positive or if all its leading principal minors are positive? If not, how do
you check its positive definiteness? [Hint: Try

0 1 2 1 |

-2 3 19 1
Show that all eigenvalues of A have real parts less than —u < 0 if and only if, for any
given positive definite symmetric matrix N, the equation

A'M +MA +2uM = —N

has a unique symmetric solution M and M is positive definite.

Show that all eigenvalues of A have magnitudes less than p if and only if, for any given
positive definite symmetric matrix N, the equation

0’M — A'MA = p>N
has a unique symmetric solution M and M is positive definite.

Is a system with impulse response g(t, ) = e~ 2=l for + > 7, BIBO stable? How
about g(¢, ) = sint(e" ") cos t?

Consider the time-varying equation
x=2tx+u y=e"x
Is the equation BIBO stable? Marginally stable? Asymptotically stable?

Show that the equation in Problem 5.21 can be transformed by using x = P (¢)x, with
P(t) = e, into

¥x=0-%F+e " u y==x

Is the equation BIBO stable? Marginally stable? Asymptotically stable? Is the transfor-
mation a Lyapunov transformation?

Is the homogeneous equation

X = -1 0 X
Tl =0

for 7y > 0, marginally stable? Asymptotically stable?
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Chapter

Conftrollability
und Observability

Intfroduction

This chapter introduces the concepts of controllability and observability. Controllability
deals with whether or not the state of a state-space equation can be controlled from the input,
and observability deals with whether or not the initial state can be observed from the output.
These concepts can be illustrated using the network shown in Fig. 6.1. The network has two
state variables. Let x; be the voltage across the capacitor with capacitance C;, fori = 1, 2.
The input u is a current source and the output y is the voltage shown. From the network, we
see that, because of the open circuit across y, the input has no effect on x, or cannot control
x;. The current passing through the 2-$2 resistor always equals the current source u; therefore
the response excited by the initial state x; will not appear in y. Thus the initial state x; cannot
be observed from the output. Thus the equation describing the network cannot be controllable
and observable.

These concepts are essential in discussing the internal structure of linear systems. They
are also needed in studying control and filtering problems. We study first continuous-time

Figure 6.1 Network. 12 1Q
) X1 X2 q
+ | = + 1 - T +
u C|I\ IF 2Q CZI\ 1F y
(current _
source) ‘
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linear time-invariant (LTT) state equations and then discrete-time LTI state equations. Finally,
we study the time-varying case.

6.2 Controllubility
Consider the n-dimensional p-input state equation
X = Ax + Bu 6.1)

where A and B are, respectively, n x n and n x p real constant matrices. Because the output
does not play any role in controllability, we will disregard the output equation in this study.

Definition 6.1 The state equation (6.1) or the pair (A, B) is said to be controllable if for
any initial state x(0) = Xo and any final state X, there exists an input that transfers X
to X1 in a finite time. Otherwise (6.1) or (A, B) is said to be uncontrollable.

This definition requires only that the input be capable of moving any state in the state
space to any other state in a finite time; what trajectory the state should take is not specified.
Furthermore, there is no constraint imposed on the input; its magnitude can be as large as
desired. We give an example to illustrate the concept.

ExamMpLE 6.1 Consider the network shown in Fig. 6.2(a). Its state variable x is the voltage
across the capacitor. If x(0) = 0, then x () = O for all # > 0 no matter what input is applied.
This is due to the symmetry of the network, and the input has no effect on the voltage across
the capacitor. Thus the system or, more precisely, the state equation that describes the system
is not controllable.

Next we consider the network shown in Fig. 6.2(b). It has two state variables x; and
x» as shown. The input can transfer x; or x, to any value; but it cannot transfer x; and x,
to any values. For example, if x;(0) = x,(0) = 0, then no matter what input is applied,
x1(¢) always equals x,(¢) for all # > 0. Thus the equation that describes the network is not
controllable.

>

1Q § 1Q g y _L+11
’ m) +

> >
IQ% 19%

(a) (b)

u

L\t
[
\®+
0
|
|

12

Figure 6.2 Uncontrollable networks.
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Theorem 6.1

The following statements are equivalent.

1. The n-dimensional pair (A, B) is controllable.
2. The n X n matrix
t t
W.(t) = / ABB AT dr = / ATTOBB AT gt (6.2)
0 0
is nonsingular for any ¢ > 0.

3. The n X np controllability matrix
C=[BABA’B --- A" 'B] 6.3)
has rank 7 (full row rank).

4. The n X (n + p) matrix [A — AI B] has full row rank at every eigenvalue, A, of A.!

5. If, in addition, all eigenvalues of A have negative real parts, then the unique solution of
AW, + W_.A' = —BB’ (6.4)

is positive definite. The solution is called the controllability Gramian and can be expressed as

o0
W, = / A"BB A dr (6.5)
0

Proof: (1) < (2): First we show the equivalence of the two forms in (6.2). Define
T :=t — 7. Then we have

, 0
/ eA(rJ>BB’eA/<’*f)dr=[ e"BBeNT (—d1)

=0 =t
r — —-
= / ATBB AT dT
7=0

It becomes the first form of (6.2) after replacing T by t. Because of the form of the
integrand, W, (?) is always positive semidefinite; it is positive definite if and only if it is
nonsingular. See Section 3.9.

First we show that if W, (¢) is nonsingular, then (6.1) is controllable. The response
of (6.1) at time #; was derived in (4.5) as

n
x(r) = e2x(0) + / AUDBu(r) dr (6.6)
0

We claim that for any x(0) = X and any x(#;) = X;, the input
u(r) = —B'eXTTIOWI (1) [eAx) — x1] 6.7)

will transfer X, to x; at time ¢#,. Indeed, substituting (6.7) into (6.6) yields

1. If A is complex, then we must use complex numbers as scalars in checking the rank. See the discussion regarding
(3.37).
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1
x(f) = eAxy — ( / ANTOBR A (’lf)dz) W) e xg — xi]
0

= %o = W)W (1)[e'x0 — x1] = X,

This shows that if W, is nonsingular, then the pair (A, B) is controllable. We show the
converse by contradiction. Suppose the pair is controllable but W,(#;) is not positive
definite for some ¢;. Then there exists an n x 1 nonzero vector v such that

n
V/WC(II)V = / V/eA(f]—‘r)BB/eA m_f)vd-[
0

h , 2
:/ [IB'eA @~ y||"dt =0
0

which implies
BeA -0y =0 or vVeAU-DB =0 (6.8)

forall r in [0, #]. If (6.1) is controllable, there exists an input that transfers the initial state
x(0) = e Ay to x(7;) = 0 and (6.6) becomes

51
0=v+ / AT Bu(r) dr
0
Its premultiplication by v’ yields
n
0=vv+ / VA =DBu(t)dr = ||v|]> + 0
0

which contradicts v # 0. This establishes the equivalence of (1) and (2).

(2) <> (3): Because every entry of eA'B is, as discussed at the end of Section 4.2, an
analytical function of ¢, if W, (¢) is nonsingular for some ¢, then it is nonsingular for all ¢
in (—o0, 00). See Reference [6, p. 554]. Because of the equivalence of the two forms in
(6.2), (6.8) implies that W, () is nonsingular if and only if there exists no n x 1 nonzero
vector v such that

VeAB=0  forallt (6.9)

Now we show that if W_(¢) is nonsingular, then the controllability matrix C has full row
rank. Suppose C does not have full row rank, then there exists an n x 1 nonzero vector v
such that v'C = 0 or

VA*B=0 fork=0,1,2,...,n—1

Because ¢2'B can be expressed as a linear combination of {B, AB, .. ., A”’IB} (Theorem
3.5), we conclude v'eA’B = 0. This contradicts the nonsingularity assumption of W, (t).
Thus Condition (2) implies Condition (3). To show the converse, suppose C has full row
rank but W, (¢) is singular. Then there exists a nonzero v such that (6.9) holds. Setting
t = 0, we have v'B = 0. Differentiating (6.9) and then setting ¢ = 0, we have vVAB = 0.
Proceeding forward yields VA*B=0fork=0,1,2,.... They can be arranged as

VIB AB --- A" !'B]=v(C=0
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This contradicts the hypothesis that C has full row rank. This shows the equivalence of
(2) and (3).

(3) < (4): If C has full row rank, then the matrix [A — AI B] has full row rank at
every eigenvalue of A. If not, there exists an eigenvalue A; and a 1 x n vector q # 0 such
that

q[A—-1I Bl =0
which implies qA = A;q and qB = 0. Thus q is a left eigenvector of A. We compute
qA” = (qA)A = (LA = Alq
Proceeding forward, we have qA* = )Jf q. Thus we have
q[BAB --- A"'B]=[gB AiqB --- 1 'qB] =0

This contradicts the hypothesis that C has full row rank.

In order to show that p(C) < n implies p([A — AI B]) < n at some eigenvalue X,
of A, we need Theorems 6.2 and 6.6, which will be established later. Theorem 6.2 states
that controllability is invariant under any equivalence transformation. Therefore we may
show p([A — AI B]) < n at some eigenvalue of A, where (A, B) is equivalent to (A, B).
Theorem 6.6 states that if the rank of C is less than n or p(C) = n — m, for some integer
m > 1, then there exists a nonsingular matrix P such that

A=PAP ' = [AC A_”} B=PB= [B“}
0 A; 0

where Az is m x m. Let A, be an eigenvalue of A; and q; be a corresponding 1 x m
nonzero left eigenvector or q;A; = A;q;. Then we have q; (A; — A1) = 0. Now we form
the 1 x n vector q := [0 q;]. We compute

B} B} Ac—nI A B,
q[A—AIIB]=[0ql][ veoone ]=0

6.10
0 A:—nmI 0 (6.10)

which implies p([A — AI B]) < n and, consequently, p([A — AI B]) < n at some
eigenvalue of A. This establishes the equivalence of (3) and (4).

(2) <> (5): If A is stable, then the unique solution of (6.4) can be expressed as in (6.5)
(Theorem 5.6). The Gramian W, is always positive semidefinite. It is positive definite if
and only if W, is nonsingular. This establishes the equivalence of (2) and (5). Q.E.D.

EXAMPLE 6.2 Consider the inverted pendulum studied in Example 2.8. Its state equation was
developed in (2.27). Suppose for a given pendulum, the equation becomes

01 0 0 0

. 0 0 -1 0 1

X = X + u
00 01 0 6.11)
0 0 5 0 -2
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We compute

0 1 0 2

1 0 2 0

-2 0 —10

-2 0 —10 0
This matrix can be shown to have rank 4; thus the system is controllable. Therefore, if x3 = 6
deviates from zero slightly, we can find a control u to push it back to zero. In fact, a control

exists to bring x; = y, x3, and their derivatives back to zero. This is consistent with our
experience of balancing a broom on our palm.

C=[B AB A’B A’B] =

The MATLAB functions ctrb and gram will generate the controllability matrix and
controllability Gramian. Note that the controllability Gramian is not computed from (6.5); it is
obtained by solving a set of linear algebraic equations. Whether a state equation is controllable
can then be determined by computing the rank of the controllability matrix or Gramian by
using rank in MATLAB.

EXAMPLE 6.3 Consider the platform system shown in Fig. 6.3; it can be used to study
suspension systems of automobiles. The system consists of one platform; both ends of the
platform are supported on the ground by means of springs and dashpots, which provide
viscous friction. The mass of the platform is assumed to be zero; thus the movements of
the two spring systems are independent and half of the force is applied to each spring
system. The spring constants of both springs are assumed to be 1 and the viscous friction
coefficients are assumed to be 2 and 1 as shown. If the displacements of the two spring
systems from equilibrium are chosen as state variables x; and x,, then we have x| + 2xX; = u

and x, + Xp = u or
. -05 0 0.5
x_|: 0 _l]x+|:1i|u (6.12)

This state equation describes the system.

Now if the initial displacements are different from zero, and if no force is applied, the
platform will return to zero exponentially. In theory, it will take an infinite time for x; to equal
0 exactly. Now we pose the problem. If x;(0) = 10 and x,(0) = —1, can we apply a force
to bring the platform to equilibrium in 2 seconds? The answer does not seem to be obvious
because the same force is applied to the two spring systems.

l 2u Figure 6.3 Platform system.
X l L |l X2
Damping Spring Damping Spring

coefficient clonstant coefficient ionstant
2 1
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For Equation (6.12), we compute
p(B AB]) = p [Of _Ofﬂ =2
Thus the equation is controllable and, for any x(0), there exists an input that transfers x(0) to
0 in 2 seconds or in any finite time. We compute (6.2) and (6.7) for this system at #; = 2:

2 —0.57 —-0.57
v [([0 L[V ee [ 2]
0 0 e’ 1 0 e’

0.2162 0.3167
0.3167 0.4908

and

0 e (D 0 -1
= —58.82¢%" 4 27.96¢!

—0.502—1) 1
Uy (1) = —[0.5 1][6 0 }WCI(Z)[e ?2] [ 10}
e

for 7 in [0, 2]. This input force will transfer x(0) = [10 — 1]" to [0 0] in 2 seconds as shown
in Fig. 6.4(a) in which the input is also plotted. It is obtained by using the MATLAB function
1sim, an acronym for linear simulation. The largest magnitude of the input is about 45.

Figure 6.4(b) plots the input u, that transfers x(0) = [10 — 1]’ to 0 in 4 seconds. We see
that the smaller the time interval, the larger the input magnitude. If no restriction is imposed on
the input, we can transfer x(0) to zero in an arbitrarily small time interval; however, the input
magnitude may become very large. If some restriction is imposed on the input magnitude, then
we cannot achieve the transfer as fast as desired. For example, if we require |u(#)| < 9, for
all 7, in Example 6.3, then we cannot transfer x(0) to 0 in less than 4 seconds. We remark that
the input u(z) in (6.7) is called the minimal energy control in the sense that for any other input
u(z) that achieves the same transfer, we have

[lﬁ/(t)ﬁ(t)dt Z/]u’(t)u(t)dt

fo fo

60 T T T 10 T T T
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1
5L - - 2N [ T R
NG Lo
1 l 1
Y T
e
e, S S
1 1 1
1 1 1
1 1 1
—10 . . .
0 1 2 3 4

Figure 6.4 Transfer x(0) = [10 — 1] to [0 O]'.
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Its proof can be found in Reference [6, pp. 556-558].
EXAMPLE 6.4 Consider again the platform system shown in Fig. 6.3. We now assume that the

viscous friction coefficients and spring constants of both spring systems all equal 1. Then the
state equation that describes the system becomes

SR g

1 -1
p(C)=p[ ]=1

Clearly we have

I -1

and the state equation is not controllable. If x;(0) # x,(0), no input can transfer x(0) to zero
in a finite time.

6.2.1 Controllubility Indices

Let A and Bben x n and n x p constant matrices. We assume that B has rank p or full column
rank. If B does not have full column rank, there is a redundancy in inputs. For example, if
the second column of B equals the first column of B, then the effect of the second input
on the system can be generated from the first input. Thus the second input is redundant. In
conclusion, deleting linearly dependent columns of B and the corresponding inputs will not
affect the control of the system. Thus it is reasonable to assume that B has full column rank.

If (A, B) is controllable, its controllability matrix C has rank n and, consequently, n
linearly independent columns. Note that there are np columns in C; therefore it is possible to
find many sets of n linearly independent columns in C. We discuss in the following the most
important way of searching these columns; the search also happens to be most natural. Let b;
be the ith column of B. Then C can be written explicitly as

C=[b; --- by,;Ab; --- Ab,: --- :A""'b; --- A" 'b,] (6.13)

Let us search linearly independent columns of C from left to right. Because of the pattern of
C,if A’b,, depends on its left-hand-side (LHS) columns, then A’ +1p,, will also depend on its
LHS columns. It means that once a column associated with b,, becomes linearly dependent,
then all columns associated with b, thereafter are linearly dependent. Let u,, be the number
of the linearly independent columns associated with b, in C. That is, the columns

by, Ab,, ..., A" b,
are linearly independent in C and A#»*+'b,, are linearly dependent fori = 0, 1, ... . Itis clear
that if C has rank 7, then

ittty =n (6.14)

The set {u1, (o, ..., u,} is called the controllability indices and

w=max (i, (2, ..., Up)
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is called the controllability index of (A, B). Or, equivalently, if (A, B) is controllable, the
controllability index p is the least integer such that

p(C)=p(B AB --- A*"'Bl)=n (6.15)

Now we give arange of p. If 4y = o = -+ = up, thenn/p < p. If all w,, except
one, equal 1, then u = n — (p — 1); this is the largest possible w. Let 7 be the degree of the
minimal polynomial of A. Then, by definition, there exist «; such that

A" = A" ATt il
which implies that A”B can be written as a linear combination of {B, AB, ..., A"~ !'B}. Thus
we conclude

n/p<pu<mnn,n—p-+1) (6.16)

where p(B) = p. Because of (6.16), in checking controllability, it is unnecessary to check
the n x np matrix C. It is sufficient to check a matrix of lesser columns. Because the degree
of the minimal polynomial is generally not available—whereas the rank of B can readily be
computed—we can use the following corollary to check controllability. The second part of the
corollary follows Theorem 3.8.

Corollary 6.1

The n-dimensional pair (A, B) is controllable if and only if the matrix
Ci—p+1:=[B AB --- A" 'B] (6.17)

where p(B) = p, has rank n or the n X n matrix G,_ 41 C‘I{L*p+1 is nonsingular.

ExAMPLE 6.5 Consider the satellite system studied in Fig. 2.13. Its linearized state equation
was developed in (2.29). From the equation, we can see that the control of the first four state
variables by the first two inputs and the control of the last two state variables by the last input
are decoupled; therefore we can consider only the following subequation of (2.29):

0 1 0 0 00
13 0 0 2 10
X = X + u

0 0 0 1 00

L0 =2 0 0 0 1 (6.18)
[t oo0o
Y=lo o 1 0

where we have assumed, for simplicity, w, = m = r, = 1. The controllability matrix of (6.18)
is of order 4 x 8. If we use Corollary 6.1, then we can check its controllability by using the
following 4 x 6 matrix:

00 10 0 2
10 02 -1 0
B AB A’B] = 6.19
[ I 00 01 -2 0 .19
01 -2 0 0 -4
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It has rank 4. Thus (6.18) is controllable. From (6.19), we can readily verify that the control-
lability indices are 2 and 2, and the controllability index is 2.

Theorem 6.2

The controllability property is invariant under any equivalence transformation.

= Proof: Consider the pair (A, B) with controllability matrix

B
C=[B AB --- A" 'B]
and its equivalent pair (A, B) with A = PAP~! and B = PB, where P is a nonsingular
matrix. The controllability matrix of (A, B) is
C=[BAB --- A" 'B]

= [PB PAP"'PB --- PA"'P 'PB]

=[PB PAB --- PA"'B]

=P[B AB --- A" 'B]=PC (6.20)
Because P is nonsingular, we have p(C) = ,0(6 ) (see Equation (3.62)). This establishes
Theorem 6.2. Q.E.D.

Theorem 6.3

The set of the controllability indices of (A, B) is invariant under any equivalence transformation and
any reordering of the columns of B.

% Proof: Let us define

G, =[B AB .- A“'B] (6.21)
Then we have, following the proof of Theorem 6.2,
p(Co) = p(Gy)

for k = 0,1,2,... . Thus the set of controllability indices is invariant under any
equivalence transformation.
The rearrangement of the columns of B can be achieved by

B =BM
where M is a p x p nonsingular permutation matrix. It is straightforward to verify
Co:=[B AB --- A¥'B] = GudiagM, M, ..., M)

Because diag (M, M, ..., M) is nonsingular, we have p(ffk) =p(G) fork=0,1,....
Thus the set of controllability indices is invariant under any reordering of the columns of
B. Q.E.D.

Because the set of the controllability indices is invariant under any equivalence transfor-
mation and any rearrangement of the inputs, it is an intrinsic property of the system that the
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state equation describes. The physical significance of the controllability index is not transparent
here; but it becomes obvious in the discrete-time case. As we will discuss in later chapters, the
controllability index can also be computed from transfer matrices and dictates the minimum
degree required to achieve pole placement and model matching.

6.3 Observubility

The concept of observability is dual to that of controllability. Roughly speaking, controllability
studies the possibility of steering the state from the input; observability studies the possibility
of estimating the state from the output. These two concepts are defined under the assumption
that the state equation or, equivalently, all A, B, C, and D are known. Thus the problem of
observability is different from the problem of realization or identification, which is to determine
or estimate A, B, C, and D from the information collected at the input and output terminals.
Consider the n-dimensional p-input g-output state equation

x = Ax + Bu
(6.22)

y=Cx+Du

where A, B, C, and D are, respectively, n x n,n X p, g x n,and g x p constant matrices.

Definition 6.01 The state equation (6.22) is said to be observable if for any unknown
initial state x(0), there exists a finite t; > 0 such that the knowledge of the input u and
the output y over [0, t] suffices to determine uniquely the initial state x(0). Otherwise,
the equation is said to be unobservable.

EXAMPLE 6.6 Consider the network shown in Fig. 6.5. If the input is zero, no matter what the
initial voltage across the capacitor is, the output is identically zero because of the symmetry
of the four resistors. We know the input and output (both are identically zero), but we cannot
determine uniquely the initial state. Thus the network or, more precisely, the state equation
that describes the network is not observable.

ExAMPLE 6.7 Consider the network shown in Fig. 6.6(a). The network has two state variables:
the current x; through the inductor and the voltage x, across the capacitor. The input u is a

Figure 6.5 Unobservable network. T
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Figure 6.6 Unobservable network.

current source. If u = 0, the network reduces to the one shown in Fig. 6.6(b). If x;(0) = a # 0
and x, = 0, then the output is identically zero. Any x(0) = [a 0] and u(¢) = 0 yield the same
output y(t) = 0. Thus there is no way to determine the initial state [a 0] uniquely and the
equation that describes the network is not observable.

The response of (6.22) excited by the initial state x(0) and the input u(¢) was derived in
4.7) as

y(t) = Ce*'x(0) + C / eA"IBu(t) dt + Du(r) (6.23)
0

In the study of observability, the output y and the input u are assumed to be known; the inital
state x(0) is the only unknown. Thus we can write (6.23) as

Cer'x(0) = ¥(1) (6.24)

where

t
y@) :=y(@) — C / A"YBu(r) dv — Du(r)
0
is a known function. Thus the observability problem reduces to solving x(0) from (6.24). If
u = 0, then y(¢) reduces to the zero-input response CeA’x(0). Thus Definition 6.01 can be
modified as follows: Equation (6.22) is observable if and only if the initial state x(0) can be
determined uniquely from its zero-input response over a finite time interval.

Next we discuss how to solve x(0) from (6.24). For a fixed ¢, Ce?’ is a ¢ x n constant
matrix, and y(¢) is a ¢ x 1 constant vector. Thus (6.24) is a set of linear algebraic equations
with n unknowns. Because of the way it is developed, for every fixed 7, y(¢) is in the range
space of CeA’ and solutions always exist in (6.24). The only question is whether the solution
is unique. If ¢ < n, as is the case in general, the ¢ x n matrix CeA’ has rank at most ¢ and,
consequently, has nullity n — g or larger. Thus solutions are not unique (Theorem 3.2). In
conclusion, we cannot find a unique x(0) from (6.24) at an isolated 7. In order to determine
x(0) uniquely from (6.24), we must use the knowledge of u(z) and y(¢) over a nonzero time
interval as stated in the next theorem.
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Theorem 6.4

The state equation (6.22) is observable if and only if the 7 X 1 matrix
t !
W, () = / ATCCerdr (6.25)
0

is nonsingular for any ¢ > 0.

% Proof: We premultiply (6.24) by eA"C’ and then integrate it over [0, ,] to yield
I3l n
( / A ’C’CeA’dt) x(0) = / ACy(1)dt
0 0

If W, (#,) is nonsingular, then
1 ,
x(0) = W, (1)) / ACy () dt (6.26)
0

This yields a unique x(0). This shows that if W, (¢), for any # > 0, is nonsingular, then
(6.22) is observable. Next we show that if W, (#)) is singular or, equivalently, positive
semidefinite for all #;, then (6.22) is not observable. If W,(#;) is positive semidefinite,
there exists an n x 1 nonzero constant vector v such that

3|
V’Wo(tl)v=/ VerATC'Cervdr
0

3|
_ / ICeATv||dt = 0
0
which implies
Clr'v=0 (6.27)
forall ¢ in [0, #;]. If u = 0, then x;(0) = v # 0 and x,(0) = 0 both yield the same
y(1) = Ce*'x;(0) = 0

Two different initial states yield the same zero-input response; therefore we cannot
uniquely determine x(0). Thus (6.22) is not observable. This completes the proof of
Theorem 6.4. Q.E.D.

We see from this theorem that observability depends only on A and C. This can also be
deduced from Definition 6.01 by choosing u(¢) = 0. Thus observability is a property of the
pair (A, C) and is independent of B and D. As in the controllability part, if W, (¢) is nonsingular
for some ¢, then it is nonsingular for every ¢ and the initial state can be computed from (6.26)
by using any nonzero time interval.

Theorem 6.5 (Theorem of duality)

The pair (A, B) is controllable if and only if the pair (A’, B) is observable.
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% Proof: The pair (A, B) is controllable if and only if

t
W.(1) = / ATBB A dr
0

is nonsingular for any ¢. The pair (A’, B) is observable if and only if, by replacing A by
A’ and C by B’ in (6.25),

t
W, (1) = / A"BBeA " dt
0

is nonsingular for any f. The two conditions are identical and the theorem follows.
QED.

We list in the following the observability counterpart of Theorem 6.1. It can be proved
either directly or by applying the theorem of duality.

Theorem 6.01

The following statements are equivalent.

1. The n-dimensional pair (A, C) is observable.

2. The n X n matrix
t
W, (1) :/ ATCCeA dt (6.28)
0

is nonsingular for any ¢ > 0.

3. The ng X n observability matrix
C

CA
0= . (6.29)

CA'171

has rank n (full column rank). This matrix can be generated by calling obsv in MATLAB.

e

has full column rank at every eigenvalue, A, of A.

4. The (n + g) X n matrix

5. If, in addition, all eigenvalues of A have negative real parts, then the unique solution of
A'W,+W,A=-CC (6.30)

is positive definite. The solution is called the observability Gramian and can be expressed as

o0
W0=/ ATCCerdr (6.31)
0
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6.3.1 Observubility Indices

Let A and C be n x n and g x n constant matrices. We assume that C has rank ¢ (full row rank).
If C does not have full row rank, then the output at some output terminal can be expressed
as a linear combination of other outputs. Thus the output does not offer any new information
regarding the system and the terminal can be eliminated. By deleting the corresponding row,
the reduced C will then have full row rank.

If (A, C) is observable, its observability matrix O has rank n and, consequently, n linearly
independent rows. Let ¢; be the ith row of C. Let us search linearly independent rows of O in
order from top to bottom. Dual to the controllability part, if a row associated with ¢,, becomes
linearly dependent on its upper rows, then all rows associated with ¢, thereafter will also be
dependent. Let v,, be the number of the linearly independent rows associated with c,,. It is
clear that if O has rank »n, then

Vit vty =0 (6.32)
The set {v(, va, ..., v,}1is called the observability indices and
v =max(vi, Vo, ..., Vg) (6.33)

is called the observability index of (A, C). If (A, C) is observable, it is the least integer
such that

C
CA
p(0,):=| CA* | =n
CAU—I
Dual to the controllability part, we have
n/qg <v <min(n,n —q+1) (6.34)

where p(C) = g and 7 is the degree of the minimal polynomial of A.

Corolliary 6.01

The n-dimensional pair (A, C) is observable if and only if the matrix
C

CA
On—q—H = : (6.35)

CA"1

where p(C) = ¢, has rank n or the n X n matrix O/

— O,—4+1 is nonsingular.

Theorem 6.02

The observability property is invariant under any equivalence transformation.
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Theorem 6.03

The set of the observability indices of (A, C) is invariant under any equivalence transformation and any
reordering of the rows of C.

Before concluding this section, we discuss a different way of solving (6.24). Differenti-
ating (6.24) repeatedly and setting = 0, we can obtain

c 7(0)
CA y(©0)
o |x0 =
CAV*] y(vfl) (0)
or
0,x(0) = y(0) (6.36)

where y7(¢) is the ith derivative of y(¢), and §(0) := [¥'(0) ¥ (0) --- (F“~V)']. Equation
(6.36) is a set of linear algebraic equations. Because of the way it is developed, y(0) must lie
in the range space of O,. Thus a solution x(0) exists in (6.36). If (A, C) is observable, then
O, has full column rank and, following Theorem 3.2, the solution is unique. Premultiplying
(6.36) by O, and then using Theorem 3.8, we can obtain the solution as

x(0) = [0,0,]”" 0/§(0) (6.37)

We mention that in order to obtain §7(0), §(O), ..., we need knowledge of y(¢) in the neigh-
borhood of # = 0. This is consistent with the earlier assertion that we need knowledge of y(¢)
over a nonzero time interval in order to determine x(0) uniquely from (6.24). In conclusion,
the initial state can be computed using (6.26) or (6.37).

The output y(¢) measured in practice is often corrupted by high-frequency noise. Because

o differentiation will amplify high-frequency noise and

o integration will suppress or smooth high-frequency noise,

the result obtained from (6.36) or (6.37) may differ greatly from the actual initial state. Thus
(6.26) is preferable to (6.36) in computing initial states.

The physical significance of the observability index can be seen from (6.36). It is the
smallest integer in order to determine x(0) uniquely from (6.36) or (6.37). It also dictates the
minimum degree required to achieve pole placement and model matching, as we will discuss
in Chapter 9.

6.4 Cunonhicul Decomposition

This section discusses canonical decomposition of state equations. This fundamental result will
be used to establish the relationship between the state-space description and the transfer-matrix
description. Consider
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X = Ax + Bu
(6.38)
y=Cx+Du
Let x = Px, where P is a nonsingular matrix. Then the state equation
X = Ax+ Bu
- _ (6.39)
y=Cx+Du

with A = PAP~!, B = PB, C = CP~!, and D = D is equivalent to (6.38). All properties of
(6.38), including stability, controllability, and observability, are preserved in (6.39). We also
have

C=PC 0= op!

Theorem 6.6
Consider the n-dimensional state equation in (6.38) with
p(C)=p(B AB --- A" 'B) =n; <n
We form the n X n matrix
Pli=lqi - G- @l

where the first 721 columns are any n; linearly independent columns of C, and the remaining columns
can arbitrarily be chosen as long as P is nonsingular. Then the equivalence transformation X = Px or
x = P~ !X will transform (6.38) into

HESINERNE

Xc

(6.40)

y =I[C. Ca][ }+Du

Xz
where AC isn; X np and Ag is (n — ny) X (n — ny), and the n-dimensional subequation of (6.40),

X, = A.X. + B.u
. (6.41)
y = C.x. + Du

is controllable and has the same transfer matrix as (6.38).

Proof: As discussed in Section 4.3, the transformation x = P 'x changes the basis
of the state space from the orthonormal basis in (3.8) to the columns of Q := P~! or
{qi, ..., qu,, ..., qy). The ith column of A is the representation of Aq; with respect
to {qi, ..., Qu,, ..., qn}. Now the vectors Aq;, fori = 1, 2, ..., ny, are linearly
dependent on the set {q, ..., q,,}; they are linearly independent of {q,,+1, ..., Qn}.
Thus the matrix A has the form shown in (6.40). The columns of B are the representation
of the columns of B withrespectto {qi, ..., Qs,, ..., q.}. Now the columns of B depend
onlyon {qi, ..., qy,};thus B has the form shown in (6.40). We mention that if the n x p
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matrix B has rank p and if its columns are chosen as the first p columns of P~!, then the
upper part of B is the unit matrix of order p.

Let C be the controllability matrix of (6.40). Then we have p(C) = ,o(& ) =mn;. It
is straightforward to verify

-~ [B. A.B. A'B, A" B,
_[0 0 0 0 ]
_[C Al'B. A" B,
_[0 0 0 }

where &C is the controllability matrix of (AC, B,). Because the columns of Alzﬁc, for
k > ny, are linearly dependent on the columns of i‘c, the condition p(C) = n; implies
p(C.) = n;. Thus the n,-dimensional state equation in (6.41) is controllable.

Next we show that (6.41) has the same transfer matrix as (6.38). Because (6.38) and
(6.40) have the same transfer matrix, we need to show only that (6.40) and (6.41) have
the same transfer matrix. By direct verification, we can show

|:SI—AC —Ap i|_l_|:(SI—AC)_1 M }

A 0 (sI—Ap)~!

42
0 sI—A: (6.42)

where
M=(GI—A) 'ApGI—Ay™

Thus the transfer matrix of (6.40) is

.~ [sI-A. -A;, 17'[B.
ce"y a ] V]

e A GI—A)T M B,
=[G C“][ 0 (sI—AU)IHO}“)

=C.(sI—A)"'B.+D
which is the transfer matrix of (6.41). This completes the proof of Theorem 6.6. Q.E.D.

In the equivalence transformation x = Px, the n-dimensional state space is divided into
two subspaces. One is the n;-dimensional subspace that consists of all vectors of the form
[X. 0']; the other is the (n — n;)-dimensional subspace that consists of all vectors of the form
[0' X.]'". Because (6.41) is controllable, the input u can transfer X, from any state to any other
state. However, the input u cannot control X; because, as we can see from (6.40), u does not
affect x; directly, nor indirectly through the state X.. By dropping the uncontrollable state
vector, we obtain a controllable state equation of lesser dimension that is zero-state equivalent
to the original equation.

ExXAMPLE 6.8 Consider the three-dimensional state equation
1 10 0 1
x=|0 1 Ofx+|1 O0|u y=[111]x (6.43)
01 1 0 1
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The rank of B is 2; therefore we can use G, = [B AB], instead of C = [B AB AZB], to check
the controllability of (6.43) (Corollary 6.1). Because

0 1 1 1
p(G)=p(B AB])=p |1 0 1 0]|=2<3
|0 1 1 1
the state equation in (6.43) is not controllable. Let us choose
[0 1 1
P'=Q:=|1 0 0
|0 1 O

The first two columns of Q are the first two linearly independent columns of (;; the last column
is chosen arbitrarily to make Q nonsingular. Let X = Px. We compute

0 1 0771 1 07170 1 1
A=PAP '=|0 0 1 010 1 00
1 0 =1JL0 1 1JL0 1 0
1 0o * 0]
_l 1o 0
o o0 = 1.
_ 1 0
01 070 1
_ 0 1
B=PB=|0 0 1|1 0=
1 0 —1][0 1
- 0 0
0 1 1
C=CP'=[111]|1 0 0o|=[12:1]
010

I}Iote that the 1 x 2 submatrix A21 of A and ]_35- are zero as expected. The 2 x 1 submatrix
A1, happens to be zero; it could be nonzero. The upper part of B is a unit matrix because the
columns of B are the first two columns of Q. Thus (6.43) can be reduced to

c U0l Lo .
=y o[ o 1| YT Xe

This equation is controllable and has the same transfer matrix as (6.43).

The MATLAB function ctrbf transforms (6.38) into (6.40) except that the order of the
columns in P! is reversed. Thus the resulting equation has the form

Fp s

Theorem 6.6 is established from the controllability matrix. In actual computation, it is unnec-
essary to form the controllability matrix. The result can be obtained by carrying out a sequence
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of similarity transformations to transform [B A] into a Hessenberg form. See Reference [0,
pp- 220-222]. This procedure is efficient and numerically stable and should be used in actual
computation.

Dual to Theorem 6.6, we have the following theorem for unobservable state equations.

Theorem 6.06
Consider the n-dimensional state equation in (6.38) with

C

CA
p(0)=p : =ny<n
CAVHI

We form the n X n matrix

b

P= Pn,
| Pn

where the first 71, rows are any 1, linearly independent rows of O, and the remaining rows can be chosen
arbitrarily as long as P is nonsingular. Then the equivalence transformation X = Px will transform

(6.38) into
] [A 07[% N B,
X LAu As]l%s B;

y=IC, 0] [’:“_’

} +Du (6.44)

0
where Ao is np X np and A[, is (n — ny) X (n — ny), and the ny-dimensional subequation of (6.44),
i,, = Aoio + ]_3(,u
y = C,%, +Du

is observable and has the same transfer matrix as (6.38).

In the equivalence transformation X = Px, the n-dimensional state space is divided
into two subspaces. One is the n,-dimensional subspace that consists of all vectors of the
form [X) 0']’; the other is the (n — n,)-dimensional subspace consisting of all vectors of the
form [0" X}]'. The state X, can be detected from the output. However, X; cannot be detected
from the output because, as we can see from (6.44), it is not connected to the output either
directly, or indirectly through the state X,,. By dropping the unobservable state vector, we obtain
an observable state equation of lesser dimension that is zero-state equivalent to the original
equation. The MATLAB function obsv £ is the counterpart of ctrbf. Combining Theorems
6.6 and 6.06, we have the following Kalman decomposition theorem.
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Theorem 6.7

Every state-space equation can be transformed, by an equivalence transformation, into the following
canonical form

)L(co Aco 0 A 13 0 ico Bco

X5 Ay A Ay Ay X5 B.;

Xio 0 0 A; 0 Xzo 0 (6.45)
Xz 0 0 Ai Ay Xz 0

y= [(_jco 0 CEO 0]3_( + Du

where the vector X, is controllable and observable, X.; is controllable but not observable, Xz, is
observable but not controllable, and Xz is neither controllable nor observable. Furthermore, the state
equation is zero-state equivalent to the controllable and observable state equation
)_(co = Acoico + Bmu
(6.46)

y= CioXco +Du
and has the transfer matrix

G(S) = Cco(SI - Aco)il]}'co +D

This theorem can be illustrated symbolically as shown in Fig. 6.7. The equation is first
decomposed, using Theorem 6.6, into controllable and uncontrollable subequations. We then
decompose each subequation, using Theorem 6.06, into observable and unobservable parts.
From the figure, we see that only the controllable and observable part is connected to both
the input and output terminals. Thus the transfer matrix describes only this part of the system.
This is the reason that the transfer-function description and the state-space description are not
necessarily equivalent. For example, if any A-matrix other than A, has an eigenvalue with a

Figure 6.7 Kalman decomposition.

co

co
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positive real part, then some state variable may grow without bound and the system may burn
out. This phenomenon, however, cannot be detected from the transfer matrix.

The MATLAB function minreal, an acronym for minimal realization, can reduce any
state equation to (6.46). The reason for calling it minimal realization will be given in the next
chapter.

EXAMPLE 6.9 Consider the network shown in Fig. 6.8(a). Because the input is a current source,
responses due to the initial conditions in C| and L will not appear at the output. Thus the state
variables associated with C; and L; are not observable; whether or not they are controllable
is immaterial in subsequent discussion. Similarly, the state variable associated with L; is not
controllable. Because of the symmetry of the four 1-S2 resistors, the state variable associated
with C; is neither controllable nor observable. By dropping the state variables that are either
uncontrollable or unobservable, the network in Fig. 6.8(a) can be reduced to the one in Fig.
6.8(b). The current in each branch is u/2; thus the output y equals 2 - (1#/2) or y = u. Thus
the transfer function of the network in Fig. 6.8(a) is g(s) = 1.
If we assign state variables as shown, then the network can be described by

0 -0.5 0 0 0.5

. 1 0 0 0 0

X = X + u
0 0 -05 0 0
0 0 0 -1 0

y=[000 Ilx+u

Because the equation is already of the form shown in (6.40), it can be reduced to the following
controllable state equation
. 0 —-05 n 0.5
X, = X. u
1 0 0

y=[0 O]x. +u

The output is independent of x.; thus the equation can be further reduced to y = u. This is
what we will obtain by using the MATLAB function minreal.

6.5 Conditions in Jordun-Form Eyuutions

Controllability and observability are invariant under any equivalence transformation. If a state
equation is transformed into Jordan form, then the controllability and observability conditions
become very simple and can often be checked by inspection. Consider the state equation

x =Jx+Bu
(6.47)
y=Cx
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Figure 6.8 Networks.

where J is in Jordan form. To simplify discussion, we assume that J has only two distinct
eigenvalues A and X, and can be written as

J = diag (J1, Jo)

where J; consists of all Jordan blocks associated with A; and J, consists of all Jordan blocks
associated with 1,. Again to simplify discussion, we assume that J; has three Jordan blocks
and J, has two Jordan blocks or

Jy = diag (Ji1, Ji2, J13) J> = diag (J21, J22)

The row of B corresponding to the last row of J;; is denoted by by;;. The column of C
corresponding to the first column of J;; is denoted by ¢y;;.

Theorem 6.8

1. The state equation in (6.47) is controllable if and only if the three row vectors {b;11, b;12, b;13} are
linearly independent and the two row vectors {b;>1, b2} are linearly independent.

2. The state equation in (6.47) is observable if and only if the three column vectors {€f11, €r12, €£13}
are linearly independent and the two column vectors {€r1, €722} are linearly independent.

We discuss first the implications of this theorem. If a state equation is in Jordan form,
then the controllability of the state variables associated with one eigenvalue can be checked
independently from those associated with different eigenvalues. The controllability of the state
variables associated with the same eigenvalue depends only on the rows of B corresponding
to the last row of all Jordan blocks associated with the eigenvalue. All other rows of B play no
role in determining the controllability. Similar remarks apply to the observability part except
that the columns of C corresponding to the first column of all Jordan blocks determine the
observability. We use an example to illustrate the use of Theorem 6.8.
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|
|

EXAMPLE 6.10 Consider the Jordan-form state equation

% 1 0 0 0 0 07 [0 0 07
0 4 0 0 0 0 0 1 0 0

0 0 4, 0 0 0 0 01 0

x=|0 0 0 2 0 0 O0|x+|1 1 1]u

0 0 0 0 4 1 0 12 3

0 0 0 0 0 A I 010 (6.48)
L0 0 0 0 0 0 amd Lt o1 1l
11200 2 1

y=|10 120 1 1]|x

(1023020

The matrix J has two distinct eigenvalues A; and A,. There are three Jordan blocks, with order
2,1, and 1, associated with 1. The rows of B corresponding to the last row of the three Jordan
blocks are [1 0 0], [0 1 0], and [1 1 1]. The three rows are linearly independent. There is only
one Jordan block, with order 3, associated with A,. The row of B corresponding to the last row
of the Jordan block is [1 1 1], which is nonzero and is therefore linearly independent. Thus we
conclude that the state equation in (6.48) is controllable.

The conditions for (6.48) to be observable are that the three columns [1 1 1], [2 1 2], and
[0 2 3] are linearly independent (they are) and the one column [0 0 0] is linearly independent
(it is not). Therefore the state equation is not observable.

Before proving Theorm 6.8, we draw a block diagram to show how the conditions in the
theorem arise. The inverse of (sI — J) is of the form shown in (3.49), whose entries consist
of only 1/(s — 2K Using (3.49), we can draw a block diagram for (6.48) as shown in Fig.
6.9. Each chain of blocks corresponds to one Jordan block in the equation. Because (6.48) has
four Jordan blocks, the figure has four chains. The output of each block can be assigned as a
state variable as shown in Fig. 6.10. Let us consider the last chain in Fig. 6.9. If bj; = 0, the
state variable x;5; is not connected to the input and is not controllable no matter what values
by, and byy; assume. On the other hand, if bj,; is nonzero, then all state variables in the
chain are controllable. If there are two or more chains associated with the same eigenvalue,
then we require the linear independence of the first gain vectors of those chains. The chains
associated with different eigenvalues can be checked separately. All discussion applies to the
observability part except that the column vector ¢g;; plays the role of the row vector by;;.

Proof of Theorem 6.8 We prove the theorem by using the condition that the matrix
[A — sI B] or [sI — A B] has full row rank at every eigenvalue of A. In order not to be
overwhelmed by notation, we assume [sI — J B] to be of the form

s —Ap -1 0 0 0 0 0 b T
0 s — )»1 -1 0 0 0 0 b211
0 0 S — )»1 0 0 0 0 b“]
0 0 0 s — A —1 0 0 bz (6.49)
0 0 0 0 s — )\1 0 0 b112
0 0 0 0 0 s — )Lz —1 b121
L 0 0 0 0 0 0 s—Xy bp
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Figure 6.9 Block diagram of (6.48).

Figure 6.10 Internal structure of 1/(s — A;).

The Jordan-form matrix J has two distinct eigenvalues A; and X,. There are two Jordan
blocks associated with A, and one associated with A,. If s = A1, (6.49) becomes

0O -1 0 0 O 0 0 b1 7
o 0 -1 0 O 0 0 boiy
0 O 0O 0 O 0 0 b
00 0 0 -1 0 0 b (6.50)
0 O 0O 0 O 0 0 b2
0 0 0 0 0 Ar—n -1 b2
L0 O 0O 0 O 0 A — Xy by
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The rank of the matrix will not change by elementary column operations. We add the
product of the second column of (6.50) by by;; to the last block column. Repeating the
process for the third and fifth columns, we can obtain

0 -1 0 0 O 0 0 0 7
0O 0 -1 0 O 0 0 0
0o 0 o0 0 O 0 0 b1
0o 0 o0 0 -1 0 0 0
0o 0 o0 0 O 0 0 L)
0O 0 0 0 0 Xx—X -1 b2
L0 0 0 0 O 0 A=Az by

Because A; and A, are distinct, A; — X, is nonzero. We add the product of the seventh
column and —byy; /(A1 — ;) to the last column and then use the sixth column to eliminate
its right-hand-side entries to yield

O -1 0 0 0 0 0 0 7
0O 0 -1 0 O 0 0 0
0o 0 o0 0 o 0 0 by
o 0 o0 o0 -1 0 0 0 (6.51)
0O 0 o0 0 o 0 0 b2
0O 0 0 0 0 xM—Xx 0 0
LO 0 0 0 O 0 A=y 0

It is clear that the matrix in (6.51) has full row rank if and only if b;;; and by, are linearly
independent. Proceeding similarly for each eigenvalue, we can establish Theorem 6.8.
Q.E.D.

Consider an n-dimensional Jordan-form state equation with p inputs and ¢ outputs. If
there are m, with m > p, Jordan blocks associated with the same eigenvalue, then m number
of 1 x p row vectors can never be linearly independent and the state equation can never be
controllable. Thus a necessary condition for the state equation to be controllable is m < p.
Similarly, a necessary condition for the state equation to be observable is m < g. For the
single-input or single-output case, we then have the following corollaries.

Corollary 6.8

A single-input Jordan-form state equation is controllable if and only if there is only one Jordan block
associated with each distinct eigenvalue and every entry of B corresponding to the last row of each Jordan
block is different from zero.

Corollary 6.08

A single-output Jordan-form state equation is observable if and only if there is only one Jordan block
associated with each distinct eigenvalue and every entry of C corresponding to the first column of each
Jordan block is different from zero.
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ExAMPLE 6.11 Consider the state equation

010 0 10

e |00 10 ol

{000 o0 0 6.52)
000 -2 1

y=1[100 2]x

There are two Jordan blocks, one with order 3 and associated with eigenvalue 0, the other with
order 1 and associated with eigenvalue —2. The entry of B corresponding to the last row of
the first Jordan block is zero; thus the state equation is not controllable. The two entries of C
corresponding to the first column of both Jordan blocks are different from zero; thus the state
equation is observable.

6.6 Discrete-Time Stute Egyuutions

Consider the n-dimensional p-input g-output state equation
x[k + 1] = Ax[k] + Bu[k]
ylk] = Cx[k]

(6.53)

where A, B, and C are, respectively, n x n, n x p, and ¢ x n real constant matrices.

Definition 6.D1 The discrete-time state equation (6.53) or the pair (A, B) is said to be
controllable if for any initial state x(0) = X and any final state X;, there exists an input
sequence of finite length that transfers X¢ to X;. Otherwise the equation or (A, B) is
said to be uncontrollable.

Theorem 6.D1

The following statements are equivalent:

1. The n-dimensional pair (A, B) is controllable.
2. The n X n matrix
n—1
Waln —11= > (A)"BB'(A')" (6.54)
m=0
is nonsingular.

3. The n X np controllability matrix
C;=[B AB A’B --- A"'B] (6.55)
has rank 72 (full row rank). The matrix can be generated by calling ctrb in MATLAB.
4. Then x (n + p) matrix [A — AI B] has full row rank at every eigenvalue, X, of A.

5. If, in addition, all eigenvalues of A have magnitudes less than 1, then the unique solution of
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W,;. — AW, ;. A" = BB’ (6.56)

is positive definite. The solution is called the discrete controllability Gramian and can be obtained by
using the MATLAB function dgram. The discrete Gramian can be expressed as

Wae = ) A"BB/(A)" (657)

m=0
The solution of (6.53) at k = n was derived in (4.20) as

n—1

x[n] = A"x[0] + Z A" " Bu[m]
m=0
which can be written as
un — 1]
uln — 2]
x[n] — A"x[0] = [B AB --- A" !B] ) (6.58)
u[.O]

It follows from Theorem 3.1 that for any x[0] and x[#], an input sequence exists if and only
if the controllability matrix has full row rank. This shows the equivalence of (1) and (3). The
matrix W,.[n — 1] can be written as
B/
BIA/
Wyln—1]=[B AB -.- A""'B] :
B’ ( A/)n—l
The equivalence of (2) and (3) then follows Theorem 3.8. Note that W,.[m] is always positive
semidefinite. If it is nonsingular or, equivalently, positive definite, then (6.53) is controllable.
The proof of the equivalence of (3) and (4) is identical to the continuous-time case. Condition
(5) follows Condition (2) and Theorem 5.D6. We see that establishing Theorem 6.D1 is
considerably simpler than establishing Theorem 6.1.

There is one important difference between the continuous- and discrete-time cases. If a
continuous-time state equation is controllable, the input can transfer any state to any other
state in any nonzero time interval, no matter how small. If a discrete-time state equation is
controllable, an input sequence of length n can transfer any state to any other state. If we
compute the controllability index p as defined in (6.15), then the transfer can be achieved
using an input sequence of length . If an input sequence is shorter than p, it is not possible
to transfer any state to any other state.

Definition 6.D2 The discrete-time state equation (6.53) or the pair (A, C) is said to be
observable if for any unknown initial state X[0), there exists a finite integer k; > 0 such
that the knowledge of the input sequence ulk] and output sequence y[k] from k = 0 to
ky suffices to determine uniquely the initial state X[0]. Otherwise, the equation is said
to be unobservable.
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Theorem 6.DO1

The following statements are equivalent:

1. The n-dimensional pair (A, C) is observable.

2. The n X n matrix

n—1
Wyoln — 11 =) (A)"C'CA" (6.59)
m=0
is nonsingular or, equivalently, positive definite.
3. The ng X n observability matrix
C
CA
Oy = . (6.60)
CAn—]

has rank 7 (full column rank). The matrix can be generated by calling obsv in MATLAB.

e

has full column rank at every eigenvalue, A, of A.

4. The (n + g) X n matrix

5. If, in addition, all eigenvalues of A have magnitudes less than 1, then the unique solution of

Wuo — AW, A = C'C (6.61)
is positive definite. The solution is called the discrete observability Gramian and can be expressed as
[0¢]
Wy =) (A)"C'CA” (6.62)
m=0

This can be proved directly or indirectly using the duality theorem. We mention that all
other properties—such as controllability and observability indices, Kalman decomposition,
and Jordan-form controllability and observability conditions—discussed for the continuous-
time case apply to the discrete-time case without any modification. The controllability index
and observability index, however, have simple interpretations in the discrete-time case. The
controllability index is the shortest input sequence that can transfer any state to any other state.
The observability index is the shortest input and output sequences needed to determine the
initial state uniquely.

6.6.1 Controllability to the Origin and Reachuability
In the literature, there are three different controllability definitions:

1. Transfer any state to any other state as adopted in Definition 6.D1.
2. Transfer any state to the zero state, called controllability to the origin.



172 CONTROLLABILITY AND OBSERVABILITY

3. Transfer the zero state to any state, called controllability from the origin or, more often,
reachability.

In the continuous-time case, because ¢* is nonsingular, the three definitions are equiva-

lent. In the discrete-time case, if A is nonsingular, the three definitions are again equivalent.
But if A is singular, then (1) and (3) are equivalent, but not (2) and (3). The equivalence of (1)
and (3) can easily be seen from (6.58). We use examples to discuss the difference between (2)
and (3). Consider

010 0
xk+11=10 0 1 |x(kl+]| 0 |ulk] (6.63)
000 0

Its controllability matrix has rank 0 and the equation is not controllable as defined in (1) or not
reachable as defined in (3). The matrix A has the form shown in (3.40) and has the property
A¥ = 0 for k > 3. Thus we have

x[3] = A%x[0] = 0

for any initial state x[0]. Thus every state propagates to the zero state whether or not an input
sequence is applied. Thus the equation is controllable to the origin. A different example follows.
Consider

x[k + 1] = [(2) (l)}x[k]+[_l:|u[k] (6.64)

0
-1 =2
0 0
has rank 1 and the equation is not reachable. However, for any x;[0] = « and x;[0] = 8,
the input u[0] = 2« + B transfers x[0] to x[1] = 0. Thus the equation is controllable to the
origin. Note that the A-matrices in (6.63) and (6.64) are both singular. The definition adopted

in Definition 6.D1 encompasses the other two definitions and makes the discussion simple.
For a thorough discussion of the three definitions, see Reference [4].

Its controllability matrix

6.7 Controlldbility After Sumpling

Consider a continuous-time state equation
x(t) = Ax(t) + Bu(?) (6.65)
If the input is piecewise constant or
ulk] ;= ukT) = u(t) forkT <t < (k+ 1T
then the equation can be described, as developed in (4.17), by

X[k + 1] = Ax[k] + Bu[k] (6.66)
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with
~ _ T
A=A B= (/ eA’dt> B =: MB (6.67)
0

The question is: If (6.65) is controllable, will its sampled equation in (6.66) be controllable? This
problem is important in designing so-called dead-beat sampled-data systems and in computer
control of continuous-time systems. The answer to the question depends on the sampling period
T and the location of the eigenvalues of A. Let ; and A; be, respectively, the eigenvalues of
A and A. We use Re and Im to denote the real part and imaginary part. Then we have the
following theorem.

Theorem 6.9
Suppose (6.65) is controllable. A sufficient condition for its discretized equation in (6.66), with sampling

period T, to be controllable is that [Im[A; — A;]| # 2mwm/T form = 1,2,..., whenever
Re[A; — A;] = 0. For the single-input case, the condition is necessary as well.

First we remark on the conditions. If A has only real eigenvalues, then the discretized
equation with any sampling period 7 > 0 is always controllable. Suppose A has complex
conjugate eigenvalues « =+ j§. If the sampling period 7 does not equal any integer multiple of
7 /B, then the discretized state equation is controllable. If T = m /8 for some integer m, then
the discretized equation may not be controllable. The reason is as follows. Because A = eA” | if
A; is an eigenvalue of A, then }; := ¢*” is an eigenvalue of A (Problem 3.19). If T = mx /8,
the two distinct eigenvalues | = « + jB and A, = o — jB of A become a repeated eigenvalue
—e®T or ¢®T of A. This will cause the discretized equation to be uncontrollable, as we will
see in the proof. We show Theorem 6.9 by assuming A to be in Jordan form. This is permitted
because controllability is invariant under any equivalence transformation.

Proof of Theorem 6.9 To simplify the discussion, we assume A to be of the form
A1 0 0 0 O

0o x 1 0O 0 O
. 0O 0 A 0O 0 O

A = diag(An. A As) = | 0‘ W00 (6.68)
0O 0 0 0 A 1

0 0 0 0 0 x

In other words, A has two distinct eigenvalues A; and A;. There are two Jordan blocks,
one with order 3 and one with order 1, associated with A and only one Jordan block of
order 2 associated with A;. Using (3.48), we have

A = diag(A1, A, Az))
M TeMT TzeA'T/Z 0 0 0
0 eMT TeMT 0 0 0
0 0 0

0

0 0 eMT

1l o 0 0 M7 0 (6.69)
0 0 0 0 el TerT
0 0 0 0 0 T
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This is not in Jordan form. Because we will use Theorem 6.8, which is also applicable to
the discrete-time case without any modification, to prove Theorem 6.9, we must transform
A in (6.69) into Jordan form. It turns out that the Jordan form of A equals the one in (6.68)
if A; is replaced by A; := ¢*” (Problem 3.17). In other words, there exists a nonsingular
upper triangular matrix P such that the transformation X = Px transforms (6.66) into

%[k + 1] = PAP~'%[k] + PMBulk] (6.70)

with PAP~! in the Jordan form in (6.68) with A; replaced by ;. Now we are ready to
establish Theorem 6.9.

First we show that M in (6.67) is nonsingular. If A is of the form shown in (6.68),
then M is upper triangular. Its diagonal entry is of form

T LT _ TS
m;; :=/ itgr = | (€ = D/Ai i A #£0 6.71)
0 T if )"i =0

Let A; = a; + jB;. The only way for m;; = Ois o; = 0 and ;T = 27m. In this case,
— jBi is also an eigenvalue and the theorem requires that 28; T # 2w m. Thus we conclude
m;; 7 0 and M is nonsingular.

If A is of the form shown in (6.68), then it is controllable if and only if the third and
fourth rows of B are linearly independent and the last row of B is nonzero (Theorem 6.8).
Under the condition in Theorem 6.9, the two eigenvalues A; = 7 and 1, = e*27 of A
are distinct. Thus (6.70) is controllable if and only if the third and fourth rows of PMB are
linearly independent and the last row of PMB is nonzero. This is so because those rows
of PMB equal the corresponding rows of B multiplied by nonzero constants. This shows
the sufficiency of the theorem. If the condition in Theorem 6.9 is not met, then A= Ao
In this case, (6.70) is controllable if the third, fourth, and last rows of PMB are linearly
independent. This is still possible if B has three or more columns. Thus the condition is
not necessary. In the single-input case, if A; = X,, then (6.70) has two or more Jordan
blocks associated with the same eigenvalue and (6.70) is, following Corollary 6.8, not
controllable. This establishes the theorem. Q.E.D.

In the proof of Theorem 6.9, we have essentially established the theorem that follows.

Theorem 6.10

If a continuous-time linear time-invariant state equation is not controllable, then its discretized state
equation, with any sampling period, is not controllable.

This theorem is intuitively obvious. If a state equation is not controllable using any input,

it is certainly not controllable using only piecewise constant input.

ExAMPLE 6.12 Consider the system shown in Fig. 6.11. Its input is sampled every T seconds
and then kept constant using a hold circuit. The transfer function of the system is given as

s+ 2 _ s+2
3432475 +5  (+DG+1+2)6+1—,2)

8(s) = (6.72)
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+3
x 42
T T 1
u(®) ulk] s+2 y
=Y Hold L -
G+DG+14+2)6+1—2j) 3y L2 3
=1
L )
T-3
Figure 6.11 System with piecewise constant input.
Using (4.41), we can readily obtain the state equation
-3 -7 =5 1
x=| 1 0 O |x+|0]u

y=1[0 1 2]x

to describe the system. It is a controllable-form realization and is clearly controllable. The
eigenvalues of A are —1, —1 % j2 and are plotted in Fig. 6.11. The three eigenvalues have
the same real part; their differences in imaginary parts are 2 and 4. Thus the discretized state
equation is controllable if and only if

2 2
T;é%:nm and T#%:O.Srrm

form =1, 2, .... The second condition includes the first condition. Thus we conclude that
the discretized equation of (6.73) is controllable if and only if 7 # 0.5mm for any positive
integer m.

We use MATLAB to check the result form = 1 or T = 0.57. Typing

a=[-3 -7 -5;1 0 0;0 1 0];b=[1;0;01;
[ad,bd]=c2d(a,b,pi/2)

yields the discretized state equation as

—0.1039  0.2079  0.5197 —0.1039
x[k+1]=| —0.1390 —-0.4158 —0.5197 | x[k]+ | 0.1039 |ul[k] (6.74)
0.1039  0.2079  0.3118 0.1376

Its controllability matrix can be obtained by typing ctrb (ad, bd), which yields

—0.1039 0.1039 —0.0045
G = 0.1039 —0.1039 0.0045
0.1376 0.0539 0.0059

Its first two rows are clearly linearly dependent. Thus C,; does not have full row rank
and (6.74) is not controllable as predicted by Theorem 6.9. We mention that if we type
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rank (ctrb(ad, bd)), the result is 3 and (6.74) is controllable. This is incorrect and is due
to roundoff errors. We see once again that the rank is very sensitive to roundoff errors.

What has been discussed is also applicable to the observability part. In other words, under
the conditions in Theorem 6.9, if a continuous-time state equation is observable, its discretized
equation is also observable.

6.8 LTV Stute Eyuutions

Consider the n-dimensional p-input g-output state equation

x=A)x+B()u
(6.75)
y = C(t)x

The state equation is said to be controllable at #,, if there exists a finite #; > #; such that for any
x(fp) = Xo and any X, there exists an input that transfers X to x; at time ¢#;. Otherwise the state
equation is uncontrollable at #;. In the time-invariant case, if a state equation is controllable,
then it is controllable at every #y and for every #; > fo; thus there is no need to specify 7y and
t;. In the time-varying case, the specification of #; and ¢, is crucial.

Theorem 6.11

The n-dimensional pair (A(t), B(#)) is controllable at time 7 if and only if there exists a finite #; > £y
such that the n X n matrix

1
W.(tg, 1)) = / ®(1, 1)B(OB (1)@ (1, 1) dt (6.76)
4]

where ® (¢, T) is the state transition matrix of X = A(¢)X, is nonsingular.

% Proof: We first show that if W.(ty, 7;) is nonsingular, then (6.75) is controllable. The
response of (6.75) at t; was computed in (4.57) as

131
x(t1) = ®(11, ty)Xp —i—/ &1, 1) B(v)u(r)dr (6.77)
Iy
We claim that the input
u(t) = —B')® (11, HW_ ' (10, 11)[® (11, To)X0 — X ] (6.78)
will transfer xg at time 7, to X, at time ¢,. Indeed, substituting (6.78) into (6.77) yields

x(t) = ®(ty, 19)Xo — / l (1, T)B(0)B' (7)®' (11, T) dt

fo
- W (1o, 1)[® (11, T0)X0 — X1]
= ®(11, tg)xo — Welto, )W, (1o, 1)[@ (11, 10)X0 — X1] = X
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Thus the equation is controllable at #y. We show the converse by contradiction. Suppose
(6.75) is controllable at 7y but W (%, ) is singular or, positive semidefinite, for all #; > #,.
Then there exists an n x 1 nonzero constant vector v such that

151
VW, (tg, )V = / Vo, BB (1)® (11, t)vdr

Iy
151
= f 1B (1)®' (11, T)v||*dr =0
o

which implies
B ()®({t,1)v=0 or vV®(,7)B(r)=0 (6.79)

for all T in [#y, #;]. If (6.75) is controllable, there exists an input that transfers the initial
state Xo = P (1, 1)V at £y to x(¢;) = 0. Then (6.77) becomes

1
0= @11, 1)) P(t0, 1))V + / (11, T)B(r)u(r)dr (6.80)
fo

Its premultiplication by v’ yields

1
0=vv+ V/f &1, 7)B(Du(r)dt = ||v|]> + 0

fo

This contradicts the hypothesis v # 0. Thus if (A(¢), B(#)) is controllable at #5, W, (%o, #1)
must be nonsingular for some finite #; > ty. This establishes Theorem 6.11. Q.E.D.

In order to apply Theorem 6.11, we need knowledge of the state transition matrix, which,
however, may not be available. Therefore it is desirable to develop a controllability condition
without involving @ (¢, 7). This is possible if we have additional conditions on A(¢) and B(¢).
Recall that we have assumed A(¢) and B(¢) to be continuous. Now we require them to be
(n — 1) times continuously differentiable. Define My (#) = B(¢). We then define recursively a
sequence of n x p matrices M, (¢) as

d
Mm+l(t) = _A(t)Mm(t) + EMm(t) (681)

form =0, 1, ..., n — 1. Clearly, we have
D (12, HB() = B (12, )My (2)

for any fixed #,. Using
a
5¢(t2, 1) = —®(t, A1)
(Problem 4.17), we compute
? [®(r2, HB()] = i [®(, HIB(t) + ®(12, 1) d B(7)
Bt 25 - 8[ 25 25 dl’

d
= @ (12, H[-AOM (1) + 7 Mo()] = @ (12, HM, (1)
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Proceeding forward, we have

am
m_mq’(’% DB(1) = @ (12, HM,, (1) (6.82)
form = 0,1,2,.... The following theorem is sufficient but not necessary for (6.75) to be

controllable.

Theorem 6.12

Let A(#) and B(¢) be n — 1 times continuously differentiable. Then the n-dimensional pair (A (¢), B(¢))
is controllable at £ if there exists a finite ; > £ such that

rank [Mo(t;) M(t;) --- M,_1(t)]=n (6.83)

N

Proof: We show that if (6.83) holds, then W (¢, ) is nonsingular for all # > ¢#,. Suppose
not, that is, W, (#, t) is singular or positive semidefinite for some #, > ;. Then there
exists an n x 1 nonzero constant vector v such that

[5)
VW.(ty, )V = / V&, 1)B(T)B (7)® (1, T)vdr

]

5]
= / [1B'(t)® (2, T)V||* dT = 0

fo

which implies
B'(1)®(t, 1)v=0 or V@&, 1)B(r) =0 (6.84)
for all T in [y, 1,]. Its differentiations with respect to t yield, as derived in (6.82),
V&, )M, (1) =0
form =0,1,2,...,n—1,and all 7 in [7y, f,], in particular, at #;. They can be arranged as
V'®(ty, 1) [Mo(t1) My(t)) - M,_1(t))] =0 (6.85)

Because ® (1, t1) is nonsingular, v'®(#,, #;) is nonzero. Thus (6.85) contradicts (6.83).
Therefore, under the condition in (6.83), W (%, t,), for any #, > ¢, is nonsingular and
(A(1), B(2)) is, following Theorem 6.11, controllable at f,. Q.E.D.

ExAMPLE 6.13 Consider

t —1 0
x=[0 —t t|x+]|1|u (6.86)
0 0 ¢

We have My = [0 1 1] and compute

d
M, = -A()M, + d_tMO = 0

d
My = —AOM; + My = | 7
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The determinant of the matrix

MoM M= |1 0 12
1 -t ?-1

is > + 1, which is nonzero for all 7. Thus the state equation in (6.86) is controllable at every .
. 1 0 1
X_[O 21|x+|:11|u (6.87)

. 1 0 e’
X:[O 2i|x+|:ezti|u (6.88)

Equation (6.87) is a time-invariant equation and is controllable according to Corollary 6.8.
Equation (6.88) is a time-varying equation; the two entries of its B-matrix are nonzero for all
t and one might be tempted to conclude that (6.88) is controllable. Let us check this by using
Theorem 6.11. Its state transition matrix is

e’ 0
<I>(t, T) = [ 0 62([_1_)i|

t—1 0 T d
(D(t, -L—)B(‘[) = |:eO eZ(f_T)i| |::2ri| = [:ZT]

"Te i| I:ft dr ! e3’dr:|
W, (ty, 1) = e eMldr=|"" fo
(f0-1) /m |:e2’ [ ] f: etdr ft; eMdr

_ [e”(r — 1) e3’(t—to)] 0

Nt —1)) €M — 1)

EXAMPLE 6.14 Consider

and

and

We compute

Its determinant is identically zero for all 7y and ¢. Thus (6.88) is not controllable at any #y. From
this example, we see that, in applying a theorem, every condition should be checked carefully;
otherwise, we might obtain an erroneous conclusion.

We now discuss the observability part. The linear time-varying state equation in (6.75)
is observable at 7, if there exists a finite #; such that for any state x(#y) = X, the knowledge
of the input and output over the time interval [#y, #;] suffices to determine uniquely the initial
state xo. Otherwise, the state equation is said to be unobservable at #,.

Theorem 6.011

The pair (A(t), C(¢)) is observable at time 7y if and only if there exists a finite #; > #y such that the
n X n matrix
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PROBLEMS

W,(t, 1)) = / I ®'(1,19)C'(r)C(1)®(7, tp) dt (6.89)

fo

where @ (¢, T) is the state transition matrix of X = A (¢)X, is nonsingular.

Theorem 6.012

Let A(t) and C(¢) be n — 1 times continuously differentiable. Then the n-dimensional pair (A (), C(¢))
is observable at 7 if there exists a finite #; > #; such that

No(#1)
Ni(t)
rank . =n (6.90)
N,—1(t1)
where
d
Nm+1(t):Nm(t)A(t)+ENm(t) m=0,1,...,n—1
with

No =C(®)

We mention that the duality theorem in Theorem 6.5 for time-invariant systems is not
applicable to time-varying systems. It must be modified. See Problems 6.22 and 6.23.

6.1 Is the state equation

0 1 0 1

x=1| 0 0 1 |x+|0|u
-1 -3 -3 0

y=[1 2 1]x

controllable? Observable?
6.2 Is the state equation
0 1 0 1
00 x+ (1 O fu
0 2 0 0
=[1 0 1]x

controllable? Observable?

6.3 Is it true that the rank of [B AB --- A"~ !B] equals the rank of [AB A’B .- A"B]?
If not, under what condition will it be true?

6.4 Show that if the state equation



6.5

6.6

6.7

6.8

6.9
6.10

6.11

6.12
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X:[A“ Alz]x+[31i|u
Ar Axp 0

is controllable then the pair (A, A») is controllable.

Find a state equation to describe the network shown in Fig. 6.1, and then check its
controllability and observability.

Find the controllability index and observability index of the state equations in Problems
6.1 and 6.2.

What is the controllability index of the state equation
x =Ax+Iu
where I is the unit matrix?

Reduce the state equation

. —1 4 1
x=[ 4 _1:|X+[1:|u y=1[1 1]x

to a controllable one. Is the reduced equation observable?

Reduce the state equation in Problem 6.5 to a controllable and observable equation.

Reduce the state equation
A 10 0 O 0
0O » 1 0 O 1
x=]10 0 x 0 O |x+]|0]|u
0O 0 0 A 1 0
0O 0 0 0 A 1

y=[0110 I]x

to a controllable and observable equation.

Consider the n-dimensional state equation
x = Ax + Bu
y = Cx+Du

The rank of its controllability matrix is assumed tobe n; < n.Let Q; be an n x n; matrix
whose columns are any n; linearly independent columns of the controllability matrix.
Let P, be an n; x n matrix such that P;Q; = I,,,, where I, is the unit matrix of order
ny. Show that the following n;-dimensional state equation
§1 = PlAQlil + P]Bll
y = CQ;x; + Du
is controllable and has the same transfer matrix as the original state equation.

In Problem 6.11, the reduction procedure reduces to solving for P in P;Q; = I. How
do you solve P;?
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6.13

6.14

6.15

6.16

6.17

6.18

Develop a similar statement as in Problem 6.11 for an unobservable state equation.

Is the Jordan-form state equation controllable and observable?

2 1.0 00 007 [ 2 1 07
0200000 2 1 1
0020000 111
x=[0 00200 O0|x+| 3 2 1]|u
0000T1T10 -1 0 1
0000O0T1DO0 1 0 1
looooo0o o0 1J L1 o0 ol
202 1 3 -1 1 1
y=|1 112 00 0][x
(01 11 110

Is it possible to find a set of b;; and a set of ¢;; such that the state equation

1 1 0 0 O b by

01 0 0 O by b
x=]0 0 1 1 O|x+|bsy bxp |u

00 0 10 by by

|0 0 0 0 1 bsi  bsp

i1 Ci2 €13 Ci4 Ci5
Y= | ca € €3 Cu (5
C31 €32 (33 C34 C35

is controllable? Observable?

Consider the state equation

A 0 0 0 0 b,
0 ar B O 0 by
X = 0 —ﬂl o] 0 O [x+| D2 |u
0 0 0 o P by
0 0 0 —-B o by

y=I[c cu cin ca c22]

It is the modal form discussed in (4.28). It has one real eigenvalue and two pairs of
complex conjugate eigenvalues. It is assumed that they are distinct. Show that the state
equation is controllable if and only if b; # 0; b;; # 0 or b, # Ofori = 1,2. Itis
observable if and only if ¢; # 0; ¢;; #0orc;p #0fori =1,2.

Find two- and three-dimensional state equations to describe the network shown in Fig.
6.12. Discuss their controllability and observability.

Check controllability and observability of the state equation obtained in Problem 2.19.
Can you give a physical interpretation directly from the network?
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Figure 6.12 S
2 Q
. € .
R IF

6.19

6.20

6.21

6.22

6.23

7 -1 +4
u @ 2R~ X2 ~ By
N +y  3F| —y

Consider the continuous-time state equation in Problem 4.2 and its discretized equa-
tions in Problem 4.3 with sampling period 7 = 1 and m. Discuss controllability and
observability of the discretized equations.

Check controllability and observability of
x=|:8 ;i|x+|:(1)]u y=1[0 1]x
Check controllability and observability of
x=|:8 _Ol:|x+|:el_t:|u y=1[0 e 'Ix

Show that (A(¢), B(#)) is controllable at f, if and only if (—A’(¢), B’(¢)) is observable at
fo.

For time-invariant systems, show that (A, B) is controllable if and only if (—A, B) is
controllable. Is this true for time-varying systems?



Chapter

Minimal Redlizations
and Coprime Fractions

7.1 Introduction

184

This chapter studies further the realization problem discussed in Section 4.4. Recall that a
transfer matrix G(s) is said to be realizable if there exists a state-space equation

x = Ax + Bu
y = Cx+ Du

that has f}(s) as its transfer matrix. This is an important problem for the following reasons. First,
many design methods and computational algorithms are developed for state equations. In order
to apply these methods and algorithms, transfer matrices must be realized into state equations.
As an example, computing the response of a transfer function in MATLAB is achieved by first
transforming the transfer function into a state equation. Second, once a transfer function is
realized into a state equation, the transfer function can be implemented using op-amp circuits,
as discussed in Section 2.3.1.

If a transfer function is realizable, then it has infinitely many realizations, not necessarily
of the same dimension, as shown in Examples 4.6 and 4.7. An important question is then raised:
What is the smallest possible dimension? Realizations with the smallest possible dimension
are called minimal-dimensional or minimal realizations. If we use a minimal realization to
implement a transfer function, then the number of integrators used in an op-amp circuit will
be minimum. Thus minimal realizations are of practical importance.

In this chapter, we show how to obtain minimal realizations. We will show that a realization
of g(s) = N(s)/D(s) is minimal if and only if it is controllable and observable, or if and only
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if its dimension equals the degree of g(s). The degree of g(s) is defined as the degree of D(s) if
the two polynomials D(s) and N (s) are coprime or have no common factors. Thus the concept
of coprimeness is essential here. In fact, coprimeness in the fraction N (s)/D(s) plays the same
role of controllability and observability in state-space equations.

This chapter studies only linear time-invariant systems. We study first SISO systems and
then MIMO systems.

7.2 Implications of Coprimeness

Consider a system with proper transfer function g(s). We decompose it as

g(s) = g(OO) + gsp(s)

where g, (s) is strictly proper and g(oo) is a constant. The constant g (co0) yields the D-matrix
in every realization and will not play any role in what will be discussed. Therefore we consider
in this section only strictly proper rational functions. Consider

N(s)  Bis’ 4+ Bas® + Bas + Bu
D(s)  s*+ o83+ aas? +a3s + oy

To simplify the discussion, we have assumed that the denominator D(s) has degree 4 and is
monic (has 1 as its leading coefficient). In Section 4.4, we introduced for (7.1) the realization
in (4.41) without any discussion of its state variables. Now we will redevelop (4.41) by first
defining a set of state variables and then discussing the implications of the coprimeness of
D(s) and N(s).

Consider

g(s) = (7.1)

$(s) = N(s)D ™' (s)ii(s) (7.2)

Let us introduce a new variable v(¢) defined by 9(s) = D~!(s)éi(s). Then we have

D(s)0(s) = ii(s) (7.3)
Y(s) = N(s)0(s) (7.4)
Define state variables as
x1 (1) v (1) £1(s) s?
| @O | 1@ N I 2XC) N N I N
x(1) 1= (1) = 5(t) or X(s)= 05) =1 v(s) (7.5)
x4(1) v(1) x4(s) 1
Then we have
)'62 = X1, ).C3 = X7, and )'C4 = X3 (76)

They are independent of (7.1) and follow directly from the definition in (7.5). In order to
develop an equation for x|, we substitute (7.5) into (7.3) or
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(s* 4+ a15° + aos® + azs + aa)0(s) = i(s)
to yield
sE1(8) = —a1 X1 (s) — arXa(s) — a3X3(s) — otaXg(s) + U (s)
which becomes, in the time domain,
x1t)=[—o; —ay —az — og|x() +1-u(t) 1.7)
Substituting (7.5) into (7.4) yields
3(s) = (Bis” + Bas® + Bas + Ba)D(s)
= B1X1(5) + BoX2(s) + B3X3(s) + BaXs(s)
=[B1 B2 B3 BalX(s)

which becomes, in the time domain,

y(@) =181 B2 B3 Balx(2) (7.8)
Equations (7.6), (7.7), and (7.8) can be combined as

(7.9)

— —0y —03 —04 1
1 0 0 0 0
X = A bu =
X X + bu 0 | 0 0 X + 0 u
0

0 0 1 0
y=cx=[B1 B2 B3 Bsalx

This is a realization of (7.1) and was developed in (4.41) by direct verification.

Before proceeding, we mention that if N(s) in (7.1) is 1, then y(#) = v(¢) and the output
y(t) and its derivatives can be chosen as state variables. However, if N (s) is a polynomial of
degree 1 or higher and if we choose the output and its derivatives as state variables, then its
realization will be of the form

X = AX +bu + byt +byii + - - -
y=cx+du

This equation requires differentiations of # and is not used. Therefore, in general, we cannot
select the output y and its derivatives as state variables.! We must define state variables by
using v(¢). Thus v(?) is called a pseudo state.

Now we check the controllability and observability of (7.9). Its controllability matrix can
readily be computed as

1 —o a%—az —a?+2a1a2—a3
0 1 —a o — o

C= ! 7.10
0 0 1 —o ( )
0 0 0 1

1. See also Example 2.16, in particular, (2.47).
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Its determinant is 1 for any «;. Thus the controllability matrix C has full row rank and the
state equation is always controllable. This is the reason that (7.9) is called a controllable
canonical form.

Next we check its observability. It turns out that it depends on whether or not N (s) and
D(s) are coprime. Two polynomials are said to be coprime if they have no common factor of
degree at least 1. More specifically, a polynomial R(s) is called a common factor or a common
divisor of D(s) and N (s) if they can be expressed as D(s) = D(s)R(s)and N(s) = N(s)R(s),
where D(s) and N (s) are polynomials. A polynomial R(s) is called a greatest common divisor
(ged) of D(s) and N (s) if (1) itis acommon divisor of D(s) and N (s) and (2) it can be divided
without remainder by every other common divisor of D(s) and N (s). Note that if R(s) is a
ged, so is a R(s) for any nonzero constant . Thus greatest common divisors are not unique.?
In terms of the gcd, the polynomials D(s) and N (s) are coprime if their gcd R(s) is a nonzero
constant, a polynomial of degree O; they are not coprime if their gcd has degree 1 or higher.

Theorem 7.1
The controllable canonical form in (7.9) is observable if and only if D(s) and N (s) in (7.1) are coprime.
Proof: We first show that if (7.9) is observable, then D(s) and N(s) are coprime. We

show this by contradiction. If D(s) and N (s) are not coprime, then there exists a 1| such
that

N = BiA] + Bahi + B3k + s =0 (7.11)
D(h1) = A+ 1A} +ood] +azh +ay =0 (7.12)

Let us define v := [A? )»% A1 171;itis a4 x 1 nonzero vector. Then (7.11) can be written
as N(A;) = ev = 0, where c is defined in (7.9). Using (7.12) and the shifting property of
the companion form, we can readily verify

—] —0y —03 —04y )\.:;) )L?
1 0 0 0 A2 A3
Av = M= T =0y (7.13)
o 1 0 0 A A2 !
0 0 1 0 1 Al

Thus we have A2v = A(Av) = 1AV = )\%V and A3v = Afv. We compute, using cv = 0,

c cv cv
Ov — cA B cAv | Mev |
A PSR A Py Mev |
cA3 cAdv Ajev

which implies that the observability matrix does not have full column rank. This contradicts
the hypothesis that (7.9) is observable. Thus if (7.9) is observable, then D(s) and N (s)
are coprime.

Next we show the converse; that is, if D(s) and N(s) are coprime, then (7.9) is
observable. We show this by contradiction. Suppose (7.9) is not observable, then Theorem
6.01 implies that there exists an eigenvalue A; of A and a nonzero vector v such that

2. If we require R(s) to be monic, then the gcd is unique.
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A -\
c

Av=XAv and ev=0

or

Thus v is an eigenvector of A associated with eigenvalue A;. From (7.13), we see that
V= [Af )»% A1 1]’ is an eigenvector. Substituting this v into cv = 0 yields

N(A1) = Bir] + Pori + Bshi + P =0

Thus A; is a root of N(s). The eigenvalue of A is a root of its characteristic polynomial,
which, because of the companion form of A, equals D(s). Thus we also have D(x;) = 0,
and D(s) and N (s) have the same factor s — A. This contradicts the hypothesis that D(s)
and N (s) are coprime. Thus if D(s) and N (s) are coprime, then (7.9) is observable. This
establishes the theorem. Q.E.D.

If (7.9) is a realization of g(s), then we have, by definition,
g(s)=c(sI—A)"'b
Taking its transpose yields
§'(s) =§(s) = [e(sT=A)"'b] =b'(sT - A)'¢/

Thus the state equation

—a; 1 0 0 Bi
- 010

x=Ax+cdu=| X+ b u
—o3 0 0 1 ﬂ3 (714)
—as 0 0 O Bs

y=bx=[1 0 0 O]x

is a different realization of (7.1). This state equation is always observable and is called an
observable canonical form. Dual to Theorem 7.1, Equation (7.14) is controllable if and only
if D(s) and N (s) are coprime.

We mention that the equivalence transformation X = Px with

0 0 0 1
010
P= 1
01 00 (7.15)
1 0 00O

will transform (7.9) into

)_(_0010X+
1o o 0 1

—0y —03 —0 —0

y=1[B4 B3 B2 Bilx

- O O O
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This is also called a controllable canonical form. Similarly, (7.15) will transform (7.14) into

0 0 O —0y ,34
1 0 0 —
X = @ X+ P u
01 0 —0 /32
0 0 1 —a Bi

y=¢cx=[000 1]x

This is a different observable canonical form.

7.2.1 Minimul Reulizations

We first define a degree for proper rational functions. We call N (s)/D(s) a polynomial fraction
or, simply, a fraction. Because

_N(s) NGO

D(s)  D(s)Q(s)
for any polynomial Q(s), fractions are not unique. Let R(s) be a greatest common divisor
(ged) of N(s) and D(s). That is, if we write N(s) = N(s)R(s) and D(s) = D(s)R(s),
then the polynomials N (s) and D(s) are coprime. Clearly every rational function g(s) can be
reduced to g(s) = N(s) / D(s). Such an expression is called a coprime fraction. We call D(s)
a characteristic polynomial of g(s). The degree of the characteristic polynomial is defined as
the degree of g(s). Note that characteristic polynomials are not unique; they may differ by a
nonzero constant. If we require the polynomial to be monic, then it is unique.

Consider the rational function

g(s)

s2—1
4(s3—-1)

Its numerator and denominator contain the common factor s — 1. Thus its coprime fraction is
8(s) = (s+1)/4(s>+s+1) and its characteristic polynomial is 45> +4s +4. Thus the rational
function has degree 2. Given a proper rational function, if its numerator and denominator are
coprime—as is often the case—then its denominator is a characteristic polynomial and the
degree of the denominator is the degree of the rational function.

g(s) =

Theorem 7.2

A state equation (A, b, ¢, d) is a minimal realization of a proper rational function g(s) if and only if
(A, b) is controllable and (A, c¢) is observable or if and only if

dim A = deg g(s)

Proof: If (A, b) is not controllable or if (A, ¢) is not observable, then the state equation
can be reduced to a lesser dimensional state equation that has the same transfer function
(Theorems 6.6 and 6.06). Thus (A, b, ¢, d) is not a minimal realization. This shows the
necessity of the theorem.
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To show the sufficiency, consider the n-dimensional controllable and observable state
equation

X = Ax + bu
(7.16)
y=cx+du
Clearly its n x n controllability matrix
C=1[b Ab --- A" 'p] (7.17)
and its n x n observability matrix
c
cA
0= ) (7.18)
cA."‘l

both have rank n. We show that (7.16) is a minimal realization by contradiction. Suppose
the n-dimensional state equation, with n < n,

X = AX + bu
_ (7.19)
y=¢cx+du
is a realization of g(s). Then Theorem 4.1 implies d = d and
cA"b=cA"b form=0,1,2, ... (7.20)
Let us consider the product
¢
cA
0C = , [bAb --- A" 'b]
B cA;"1
cb cAb cA’® .- cA"b
cAb cA’® cA’b .- cA"
—| cA’ cA’b cA*b .- cA"'b (7.21)
LcA"'b cA"b cA™t'b ... cAX"Dp
Using (7.20), we can replace every cA”b by ¢A"'b. Thus we have
oC = 0,C, (7.22)

where On is defined as in (6.21) for the n-dimensional state equation in (7.19) and Cn is
defined similarly. Because (7.16) is controllable and observable, we have p(O) = n and
p(C) = n. Thus (3.62) implies p(OC) = n. Now O, and C, are, respectively, n x n
and n x n; thus (3.61) implies that the matrix 0, C, has rank at most 7. This contradicts
0(0,C,) = p(OC) = n. Thus (A, b, ¢, d) is minimal. This establishes the first part of
the theorem.
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The realization in (7.9) is controllable and observable if and only if g(s) =
N(s)/D(s) is a coprime fraction (Theorem 7.1). In this case, we have dim A = deg
D(s) = deg g(s). Because all minimal realizations are equivalent, as will be established
immediately, we conclude that every realization is minimal if and only if dim A = deg
£(s). This establishes the theorem. Q.E.D.

To complete the proof of Theorem 7.2, we need the following theorem.

Theorem 7.3

All minimal realizations of g(s) are equivalent.

% I_’roof: Let (A, b, ¢, d) and (1_&, b, ¢, d_) be minimal realizations of g(s). Then we have
d = d and, following (7.22),

oC = 0C (7.23)
Multiplying OAC out explicitly and then using (7.20), we can show
OAC = OAC (7.24)

Note that the controllability and observability matrices are all nonsingular square matrices.
Let us define

Then (7.23) implies
P=0"'0=CC!' and P'=0"'0=cCC! (7.25)

From (7.23), we have C=0"'0C=PC. The first columns on both side of the equality
yield b = Pb. Again from (7.23), we have O = OCC~! = OP~!. The first rows on both
sides of the equality yield ¢ = ¢cP~!. Equation (7.24) implies

A=0"0ACC™" =PAP!

Thus (A, b, cd) and (A, b, ¢, d) meet the conditions in (4.26) and, consequently, are
equivalent. This establishes the theorem. Q.E.D.

Theorem 7.2 has many important implications. Given a state equation, if we compute its
transfer function and degree, then the minimality of the state equation can readily be determined
without checking its controllability and observability. Thus the theorem provides an alternative
way of checking controllability and observability. Conversely, given a rational function, if we
compute first its common factors and reduce it to a coprime fraction, then the state equations
obtained by using its coefficients as shown in (7.9) and (7.14) will automatically be controllable
and observable.

Consider a proper rational function g(s) = N (s)/D(s). If the fraction is coprime, then
every root of D(s) is a pole of g(s) and vice versa. This is not true if N(s) and D(s) are not
coprime. Let (A, b.c.d) be a minimal realization of g(s) = N(s)/D(s). Then we have
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NG o — A _ b TAditsT—
D(s)_c(sI A) b+d—det(SI_A)c[AdJ(sI A)]b+d

If N(s) and D(s) are coprime, then deg D(s) = deg g(s) = dim A. Thus we have
D(s) = kdet(sI — A)

for some nonzero constant k. Note that k = 1 if D(s) is monic. This shows that if a state
equation is controllable and observable, then every eigenvalue of A is a pole of g(s) and every
pole of g(s) is an eigenvalue of A. Thus we conclude that if (A, b, ¢, d) is controllable and
observable, then we have

Asymptotic stability <= BIBO stability

More generally, controllable and observable state equations and coprime fractions contain
essentially the same information and either description can be used to carry out analysis and
design.

7.3 Computing Coprime Fractions

The importance of coprime fractions and degrees was demonstrated in the preceding section.
In this section, we discuss how to compute them. Consider a proper rational function

_ N(s)
" D(s)

where N (s) and D(s) are polynomials. If we use the MATLAB function roots to compute
their roots and then to cancel their common factors, we will obtain a coprime fraction. The
MATLAB function minreal can also be used to obtain coprime fractions. In this section,
we introduce a different method by solving a set of linear algebraic equations. The method
does not offer any advantages over the aforementioned methods for scalar rational functions.
However, it can readily be extended to the matrix case. More importantly, the method will be
used to carry out design in Chapter 9.

Consider N (s)/D(s). To simplify the discussion, we assume deg N(s) < deg D(s) =
n = 4. Let us write

g(s)

NG _ B
D(s)  D(s)
which implies
D(s)(=N(s)) + N(s)D(s) = 0 (7.26)

It is clear that D(s) and N(s) are not coprime if and only if there exist polynomials N (s)
and D(s) with deg N(s) < deg D(s) < n = 4 to meet (7.26). The condition deg D(s) < n
is crucial; otherwise, (7.26) has infinitely many solutions N(s) = N(s)R(s) and D(s) =
D(s)R(s) for any polynomial R(s). Thus the coprimeness problem can be reduced to solving
the polynomial equation in (7.26).

Instead of solving (7.26) directly, we will change it into solving a set of linear algebraic
equations. We write
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D(s) = Do + Dis + Das* + D3s® + Dys*
N(s) = No+ Nis + ]st2 + ]\,3.93 -+ N4S4
D(S) = [)0 + D]S + Dzsz + D3S3

N(s) = Ny + Nis + Nps? + Nis® (7.27)
where D, # 0 and the remaining D;, N;, D;, and N; can be zero or nonzero. Substituting
these into (7.26) and equating to zero the coefficients associated with s, fork =0, 1,...,7,
we obtain

Do No © 0 0 * 0 0 * 0 0[N
. . . Dy
D1 N1 . Do N() . 0 0 . 0 0
Dy N, 0 D Ny i Dy No @ 0 0 [|-M
. . . D,
D;s; Ny : D, N, : Dy Ny : Dy N
S .= 3 3 2 2 1 1 o 0 =0 (728
D4 N4 . D3 N3 . Dz N2 . D1 N1 —N2
0 0 Dy No © Dy Ny © Db N, || P2
0 0 0 0 D4 N4 D3 N3 _N3
Lo 0o : 0 0 * 0 0 ' Dy N4JL D3

This is a homogeneous linear algebraic equation. The first block column of S consists of two
columns formed from the coefficients of D(s) and N (s) arranged in ascending powers of s.
The second block column is the first block column shifted down one position. Repeating the
process until S is a square matrix of order 2n = 8. The square matrix S is called the Sylvester
resultant. If the Sylvester resultant is singular, nonzero solutions exist in (7.28) (Theorem 3.3).
This means that polynomials N(s) and D(s) of degree 3 or less exist to meet (7.26). Thus
D(s) and N (s) are not coprime. If the Sylvester resultant is nonsingular, no nonzero solutions
existin (7.28) or, equivalently, no polynomials N(s) and D(s) of degree 3 or less exist to meet
(7.26). Thus D(s) and N (s) are coprime. In conclusion, D(s) and N (s) are coprime if and
only if the Sylvester resultant is nonsingular.
If the Sylvester resultant is singular, then N (s)/D(s) can be reduced to

NG _ N
D(s)  D(s)

where N (s) and D(s) are coprime. We discuss how to obtain a coprime fraction directly from
(7.28). Let us search linearly independent columns of S in order from left to right. We call
columns formed from D; D-columns and formed from N; N-columns. Then every D-column
is linearly independent of its left-hand-side (LHS) columns. Indeed, because D4 # 0, the first
D-column is linearly independent. The second D-column is also linearly independent of its
LHS columns because the LHS entries of D, are all zero. Proceeding forward, we conclude
that all D-columns are linearly independent of their LHS columns. On the other hand, an N-
column can be dependent or independent of its LHS columns. Because of the repetitive pattern
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of S, if an N-column becomes linearly dependent on its LHS columns, then all subsequent
N-columns are linearly dependent on their LHS columns. Let o denote the number of linearly
independent N-columns in S. Then the (u + 1)th N-column is the first N-column to become
linearly dependent on its LHS columns and will be called the primary dependent N-column.
Let us use S; to denote the submatrix of S that consists of the primary dependent N-column
and all its LHS columns. That is, S; consists of i + 1 D-columns (all of them are linearly
independent) and x + 1 N-columns (the last one is dependent). Thus S; has 2(x + 1) columns
but rank 24 + 1. In other words, S; has nullity 1 and, consequently, has one independent null
vector. Note that if n is a null vector, so is «n for any nonzero «. Although any null vector can
be used, we will use exclusively the null vector with 1 as its last entry to develop N(s) and
D(s). For convenience, we call such a null vector a monic null vector. If we use the MATLAB
function null to generate a null vector, then the null vector must be divided by its last entry
to yield a monic null vector. This is illustrated in the next example.

ExampPLE 7.1 Consider
N(s) 653 + 52435 —20
D(s) 254753+ 1552 4+ 165 + 10
We have n = 4 and its Sylvester resultant S is 8 x 8. The fraction is coprime if and only if S

is nonsingular or has rank 8. We use MATLAB to check the rank of S. Because it is simpler to
key in the transpose of S, we type

(7.29)

d=[10 16 15 7 2];n=[-20 3 1 6 0];
s=[d 0 00;n00O0;0dO0O0;0noO0O0;...

00do0;00no0;000¢d;000mn]”";
m=rank (s)

The answer is 6; thus D(s) and N (s) are not coprime. Because all four D-columns of S are
linearly independent, we conclude that S has only two linearly independent N-columns and
@ = 2. The third N-column is the primary dependent N-column and all its LHS columns are
linearly independent. Let S; denote the first six columns of S, an 8 x 6 matrix. The submatrix
S| has three D-column (all linearly independent) and two linearly independent N-columns,
thus it has rank 5 and nullity 1. Because all entries of the last row of S are zero, they can be
skipped in forming S;. We type

sl=[d 0 O0;n 0 0;0 4 0;0 n 0;0 0 d;0 0 n]’;

z=null (sl)
which yields
ans z= [ 0.6860 0.3430 -0.5145 0.3430 0.0000 0.1715 ]°

This null vector does not have 1 as its last entry. We divide it by the last entry or the sixth entry
of z by typing

zb=z/z(6)
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which yields

ans zb= [4 2 -3 2 0 1]°

This monic null vector equals [-Ng Do — N, D, — N, D,].Thuswe have
N(s)=—4+3540-s? D(s) =2+2s+s°
and
65° + 5> + 35 — 20 _ 3s5—4
25 + 753+ 1552+ 165 + 10 s2 4+ 25 +2

Because the null vector is computed from the first linearly dependent N-column, the computed
N (s) and D(s) have the smallest possible degrees to meet (7.26) and, therefore, are coprime.
This completes the reduction of N (s)/D(s) to a coprime fraction.

The preceding procedure can be summarized as a theorem.

Theorem 7.4

Consider g(s) = N(s)/D(s). We use the coefficients of D(s) and N (s) to form the Sylvester resultant
S in (7.28) and search its linearly independent columns in order from left to right. Then we have

deg g(s) = number of linearly independent N-columns =: u
and the coefficients of a coprime fraction g(s) = N (s)/ l_)(s) or
[-No Do —N; Dy---—N, D,Y
equals the monic null vector of the submatrix that consists of the primary dependent N-column and all

its LHS linearly independent columns of S.

We mention that if D- and N-columns in S are arranged in descending powers of s, then
it is not true that all D-columns are linearly independent of their LHS columns and that the
degree of g(s) equals the number of linearly independent N-columns. See Problem 7.6. Thus
it is essential to arrange the D- and N-columns in ascending powers of s in S.

7.3.1 QR Decomposition

As discussed in the preceding section, a coprime fraction can be obtained by searching linearly
independent columns of the Sylvester resultant in order from left to right. It turns out the widely
available QR decomposition can be used to achieve this searching.

Consider an n x m matrix M. Then there exists an n x n orthogonal matrix Q such that

QM =R

where R is an upper triangular matrix of the same dimensions as M. Because Q operates on the
rows of M, the linear independence of the columns of M is preserved in the columns of R. In
other words, if a column of R is linearly dependent on its left-hand-side (LHS) columns, so is
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the corresponding column of M. Now because R is in upper triangular form, its mth column is
linearly independent of its LHS columns if and only if its mth entry at the diagonal position is
nonzero. Thus using R, the linearly independent columns of M, in order from left to right, can
be obtained by inspection. Because Q is orthogonal, we have Q~' = Q' =: Q and QM = R
becomes M = QR. This is called QR decomposition. In MATLAB, Q and R can be obtained
by typing [qg, r]1=qr (m).

Let us apply QR decomposition to the resultant in Example 7.1. We type

d=[10 16 15 7 21;n=[-20 3 1 6 01;
s=[d 0 00;n000;0d00;0noO0O0;...

00d0;00no0;000d;000mn]’";
[a,r]l=qgr(s)

Because Q is not needed, we show only R:

-—251 37 —206 101 —11.6 110 —41 537
0 —207 —103 43 -72 21 —36 67

0 0 —102 —156 -203 08 —168 9.6

B 0 0 0 89 —35 —179 —112 173
"= 0 0 0 0 —5.0 0 —12.0 —15.0
0 0 0 0 0 0 —20 0

0 0 0 0 0 0 —46 0

L o 0 0 0 0 0 0 0.

We see that the matrix is upper triangular. Because the sixth column has 0 as its sixth entry
(diagonal position), it is linearly dependent on its LHS columns. So is the last column. To
determine whether a column is linearly dependent, we need to know only whether the diagonal
entry is zero or not. Thus the matrix can be simplified as

rd x x x x X X X7
0O n x x x x x x
0 0d x x x x x
100 0 n x x x x
"“10000d o0 x x
00 00 0O 0 x O
00 00O 0 4O
LO 0 0 0 0 0 0 Od

where d, n, and x denote nonzero entries and d also denotes D-column and n denotes N-
column. We see that every D-column is linearly independent of its LHS columns and there are
only two linearly independent N-columns. Thus by employing QR decomposition, we obtain
immediately ¢ and the primary dependent N-column. In scalar transfer functions, we can use
either rank or gr to find w. In the matrix case, using rank is very inconvenient; we will use
QR decomposition.
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7.4 Bulunced Reulizution?

Every transfer function has infinitely many minimal realizations. Among these realizations, it
is of interest to see which realizations are more suitable for practical implementation. If we
use the controllable or observable canonical form, then the A-matrix and b- or c-vector have
many zero entries, and its implementation will use a small number of components. However,
either canonical form is very sensitive to parameter variations; therefore both forms should
be avoided if sensitivity is an important issue. If all eigenvalues of A are distinct, we can
transform A, using an equivalence transformation, into a diagonal form (if all eigenvalues are
real) or into the modal form discussed in Section 4.3.1 (if some eigenvalues are complex). The
diagonal or modal form has many zero entries in A and will use a small number of components
in its implementation. More importantly, the diagonal and modal forms are least sensitive
to parameter variations among all realizations; thus they are good candidates for practical
implementation.

We discuss next a different minimal realization, called a balanced realization. However,
the discussion is applicable only to stable A. Consider

X = Ax + bu
(7.30)
y =¢x

It is assumed that A is stable or all its eigenvalues have negative real parts. Then the
controllability Gramian W, and the observability Gramian W, are, respectively, the unique
solutions of

AW, +W_.A' = —bb’ (7.31)
and
A'W,+W,A = —c¢ (7.32)

They are positive definite if (7.30) is controllable and observable.
Different minimal realizations of the same transfer function have different controllability
and observability Gramians. For example, the state equation, taken from Reference [23],

- -1 —4/a 1
X_|:4a ) }H[za]“
y=I[-1 2/a]x (7.33)

for any nonzero «, has transfer function g(s) = (3s + 18) /(s> + 3s + 18), and is controllable
and observable. Its controllability and observability Gramians can be computed as

05 0 0.5 0
= ;= 34
W. |: 0 oz21| and W, |: 0 1/a21| (7.34)

We see that different « yields different minimal realization and different controllability and
observability Gramians. Even though the controllability and observability Gramians will
change, their product remains the same as diag (0.25, 1) for all «.

3. This section may be skipped without loss of continuity.
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Theorem 7.5

Let(A, b, ¢) and (A, l_), €) be minimal and equivalent and let W, W, and V_Vc V_Vo be the products of their
controllability and observability Gramians. Then W.W, and W_.W,, are similar and their eigenvalues
are all real and positive.

% Proof: Letx = Px, where P is a nonsingular constant matrix. Then we have

A = PAP! b="Pb ¢=cP! (7.35)

The controllability Gramian V_VC and observability Gramian V_V(, of (A, l_), C) are, respec-
tively, the unique solutions of

= —bb’ (7.36)
and
AW, +W,A = —¢¢ (7.37)
Substituting A = PAP~! and b = Pb into (7.36) yields
PAP 'W. + W, (P)"'A’P' = —Pbb'P’
which implies
APT'W,(P)' +PT'W, (P)'A’ = —bb’
Comparing this with (7.31) yields
W. =P 'W.P)! or W.=PW.P (7.38)
Similarly, we can show
W,=PW,P or W,=P)'W,P! (7.39)
Thus we have
WW, =P 'W.(P)"'PW,P = P 'W.W,P

This shows that all W.W,, are similar and, consequently, have the same set of eigenvalues.

Next we show that all eigenvalues of W.W,, are real and positive. Note that both
W, and W,, are symmetric, but their product may not be. Therefore Theorem 3.6 is not
directly applicable to W.W,,. Now we apply Theorem 3.6 to W_:

W, =QDQ =QD?D'?2Q =: R'R (7.40)

where D is a diagonal matrix with the eigenvalues of W, on the diagonal. Because W,
is symmetric and positive definite, all its eigenvalues are real and positive. Thus we can
express D as D'/2D!/2, where D'/? is diagonal with positive square roots of the diagonal
entries of D as its diagonal entries. Note that Q is orthogonal or Q~! = Q’. The matrix
R = D'/2Q is not orthogonal but is nonsingular.

Consider RW,R'; it is clearly symmetric and positive definite. Thus its eigenvalues
are all real and positive. Using (7.40) and (3.66), we have
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det(6’I — W.W,) = det(6’I — RRW,) = det(c’I — RW,R) (7.41)

which implies that W.W, and RW,R’ have the same set of eigenvalues. Thus we conclude
that all eigenvalues of W. W, are real and positive. Q.E.D.

Let us define
¥ = diag(oy, 02, ...,0) (7.42)

where o; are positive square roots of the eigenvalues of W.W,. For convenience, we arrange
them in descending order in magnitude or

01>20>-->0,>0

These eigenvalues are called the Hankel singular values. The product W.W, of any minimal
realization is similar to X2

Theorem 7.6

For any n-dimensional minimal state equation (A, b, ¢), there exists an equivalence transformation
X = Px such that the controllability Gramian W, and observability Gramian W, of its equivalent state
equation have the property

W.=W,=% (7.43)

This is called a balanced realization.

Proof: We first compute W. = R'R as in (7.40). We then apply Theorem 3.6 to the real
and symmetric matrix RW,R’ to yield

RW,R = UX’U
where U is orthogonal or U'U = 1. Let
P'=RUXT'? o P=3"UR)"'
Then (7.38) and W, = R'R imply
W, =2?UR)"'W R 'UZ? = %
and (7.39) and RW,R’ = UX?U’ imply
W, =X ?URW,RUZ /2 =%

This establishes the theorem. Q.E.D.

By selecting a different P, it is possible to find an equivalent state equation with W, =1
and W, = X2. Such a state equation is called the input-normal realization. Similarly, we
can have a state equation with W, = %2 and W, = I, which is called the output-normal

realization. The balanced realization in Theorem 7.5 can be used in system reduction. More
specifically, suppose
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M| MR
Xy Ay Ap [ x b, (7.44)
y=ler eJx
is a balanced minimal realization of a stable g(s) with
W. =W, = diag(X;, %)

where the A-, b-, and c-matrices are partitioned according to the order of X;. If the Hankel
singular values of X and X, are disjoint, then the reduced state equation

x| = Ayx; +bju
(7.45)
y =Xy

is balanced and A, is stable. If the singular values of X, are much smaller than those of X,
then the transfer function of (7.45) will be close to g(s). See Reference [23].

The MATLAB function balreal will transform (A, b, ¢) into a balanced state equation.
The reduced equation in (7.45) can be obtained by using balred. The results in this section are
based on the controllability and observability Gramians. Because the Gramians in the MIMO
case are square as in the SISO case; all results in this section apply to the MIMO case without
any modification.

7.5 Redlizations from Markov Parameters?

Consider the strictly proper rational function

Pis" + Bos" P 4 4 Buis + B

o(s) = 7.46
8(s) s o sS4 s oy (7.46)

We expand it into an infinite power series as
() =h0) +h(Ds™ ' +h@)s 2+ (7.47)

If g(s) is strictly proper as assumed in (7.46), then A(0) = 0. The coefficients h(m), m =
1, 2, ..., are called Markov parameters. Let g(t) be the inverse Laplace transform of g(s) or,
equivalently, the impulse response of the system. Then we have

m—1
h = t
(m) = 28|
form =1, 2, 3, .... This method of computing Markov parameters is impractical because

it requires repetitive differentiations, and differentiations are susceptible to noise.> Equating
(7.46) and (7.47) yields

4. This section may be skipped without loss of continuity.

5. In the discrete-time case, if we apply an impulse sequence to a system, then the output sequence directly yields
Markov parameters. Thus Markov parameters can easily be generated in discrete-time systems.
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Bis" 4 Bos" P 4 By
=" +as" " taas" P4+ a) (DT HRQR)sTE 4 )
From this equation, we can obtain the Markov parameters recursively as
h(1) = B
h(2) = —aih(l) + B2
h(3) = —a1h(2) —axh(1) + B3

h(n) = —ath(n — 1) —axh(n —2) —--- —a,_1h(1) + B, (7.48)
him)= —ath(m — 1) —ah(m —2) —--- —o,_th(m—n+1)
—a,h(m —n) (7.49)

form=n+1,n+2, ....
Next we use the Markov parameters to form the o x 8 matrix

h(1)  h(2) h(3) < h(B)
h(2) hQ3) h(4) o h(B+D

T(a, B) = | 3 h#) h(5) e h(BH+2) (7.50)
h(e) h(e+1) h@+2) -+ h@+B8-1)

It is called a Hankel matrix. It is important to mention that even if 4(0) # 0, £(0) does not
appear in the Hankel matrix.

Theorem 7.7
A strictly proper rational function g(s) has degree n if and only if
pTn,n) =pTn+k,n+1)=n foreveryk,l=1,2,... (7.51)

where o denotes the rank.

Proof: We first show that if deg g(s) = n, thenpT(n,n) = pT(m + 1,n) = pT(co, n).
If deg g(s) = n, then (7.49) holds, and n is the smallest integer having the property.
Because of (7.49), the (n + 1)th row of T(n + 1, n) can be written as a linear combination
of the first n rows. Thus we have pT(n, n) = pT(n + 1, n). Again, because of (7.49), the
(n + 2)th row of T(n + 2, n) depends on its previous n rows and, consequently, on the
first n rows. Proceeding forward, we can establish pT (n, n) = pT(oco, n). Now we claim
pT(co, n) = n. If not, there would be an integer n < n having the property (7.49). This
contradicts the hypothesis that deg g(s) = n. Thus we have pT(n, n) = pT(co, n) = n.
Applying (7.49) to the columns of T yields (7.51).

Now we show that if (7.51) holds, then g(s) = h(l)s™' + h(2)s™% + --- can
be expressed as a strictly proper rational function of degree n. From the condition
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pT(n+1,00) = pT(n, c0) = n, we can compute {o;, i = 1,2,...,n} to meet (7.49).
We then use (7.48) to compute {8;, i = 1,2, ...,n}. Hence we have
8s) =h()s™ +h(@)s >+ hB)s -

_ BT BT B B
st ast s o s Fay,

Because the n is the smallest integer having the property in (7.51), we have deg g(s) = n.
This completes the proof of the theorem. Q.E.D.

With this preliminary, we are ready to discuss the realization problem. Consider a strictly
proper transfer function g(s) expressed as
8(s) =h()s™ + (s> +h@B)s T+
If the triplet (A, b, ¢) is a realization of g(s), then
g)=cGI—A) " "b=cls@—-s"'A)]"'b
which becomes, using (3.57),
8(s) =cbs™! 4+ cAbs 2 4+ cA’bs > + -

Thus we conclude that (A, b, ¢) is a realization of g(s) if and only if

h(m)=cA™'b  form=1, 2, ... (7.52)
Substituting (7.52) into the Hankel matrix T (n, n) yields
cb cAb cA’b - cA"'b
cAb cA’® cA’b .- cA"
T(n,n)=| cA’d cA’b cA*b ... cA"''b
cA"'b cA" cA™t'b ... cAXDp

which implies, as shown in (7.21),

T(n,n) = OC (7.53)
where O and C are, respectively, the n xn observability and controllability matrices of (A, b, ¢).
Define

h(2) h(3) h(4) - h(n+1)
h(3) h(4) h(5) oo h(n+2)

T(ﬂ, n) = h(4) h(5) h(6) . h(n+3) (7.54)
h(n+1) h(n+2) h(n+3) ---  h2n)

It is the submatrix of T(n + 1, n) by deleting the first row or the submatrix of T(n, n + 1) by
deleting the first column. Then as with (7.53), we can readily show
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T(n,n) = OAC (7.55)

Using (7.53) and (7.55), we can obtain many different realizations. We discuss here only a
companion-form and a balanced-form realization.

Companion form There are many ways to decompose T(n, n) into OC. The simplest is
to select O = I or C = L. If we select O = 1, then (7.53) and (7.55) imply C = T(n, n)
and A = T(n, n)T'(n, n).The state equation corresponding to O = I, C = T(n, n), and
A=Twn T (n,n)is

0 1 0 e 0 0 h(l)
0 0 1 e 0 0 h(2)
k=| 0 r o n x|
0 0 0 - 0 1 h(n —1)
—0,; —Ou_| —Op_y -+ —0p —Q h(n)
y=[10 0--- 0 Ox (7.56)

Indeed, the first row of O = I and the first column of C = T(n, n) yield the ¢ and b in (7.56).
Instead of showing A = T(n, n)T~!(n, n), we show

AT(n, n) = T(n, n) (7.57)
Using the shifting property of the companion-form matrix in (7.56), we can readily verify
h(l) h(2) h(2) h(3)
h(2) h(3) h(3) h(4)
RS . ; : = . oo (7.58)
h(n) h(n+1) h(n+1) h(n +2)

We see that the Markov parameters of a column are shifted up one position if the column
is premultiplied by A. Using this property, we can readily establish (7.57). Thus O = 1,
C=Tn,n),and A = T(n, n)T~!(n, n) generate the realization in (7.56). It is a companion-
form realization. Now we use (7.52) to show that (7.56) is indeed a realization. Because of the
form of ¢, cA™b equals simply the top entry of A”b or

cb = (1), cAb =h(2), cA’b=h(3), ...

Thus (7.56) is a realization of g(s). The state equation is always observable because O = I
has full rank. It is controllable if C = T(n, n) has rank n.

ExAMPLE 7.2 Consider

3(s) 452 — 25— 6
S) =
§ 254 £ 253 + 252 + 35 + 1
=0-5 ' +252 353 =25 425 43550 4. .. (7.59)

We form T(4, 4) and compute its rank. The rank is 3; thus g(s) in (7.59) has degree 3 and its
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numerator and denominator have a common factor of degree 1. There is no need to cancel first
the common factor in the expansion in (7.59). From the preceding derivation, we have

2 -3 -2 0o 2 -—-37°! 0 1 0
A=|-3 -2 2 2 -3 =2 = o0 0 1 (7.60)
-2 2 35]|L-3 -2 2 —-05 -1 0

and
b=[02 -3] c=1[1 0 0]

The triplet (A, b, ¢) is a minimal realization of g(s) in (7.59).
We mention that the matrix A in (7.60) can be obtained without computing T(n, n)
T~'(n, n). Using (7.49) we can show

0 2 -3 —27|*®
o
TG, 4a:=| 2 -3 —2 2 =0
o
3 -2 2 35 1‘

Thus a is a null vector of T(3, 4). The MATLAB function
t=[0 2 -3 -2;2 -3 -2 2;-3 -2 2 3.5];a=null(t)

yields a=[—0.3333 —0.6667 0.0000 — 0.6667]". We normalize the last entry of a to 1 by
typing a/a (4), which yields [0.5 1 0 1]. The first three entries, with sign reversed, are the
last row of A.

Balanced form Next we discuss a different decomposition of T(n, n) = OC, which will
yield a realization with the property

cc'=00
First we use singular-value decomposition to express T(n, n)as
T(n,n) = KAL = KA'?AY2L) (7.61)

where K and L are orthogonal matrices and A '/? is diagonal with the singular values of T (1, n)
on the diagonal. Let us select

O=KA"Y? and C=AY’L/ (7.62)
Then we have
O'=A""’K and C'=LA'? (7.63)
For this selection of C and O, the triplet
A=0"T(n,nC"! (7.64)
b = first column of C (7.65)
¢ = first row of O (7.66)
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is a minimal realization of g(s). For this realization, we have
CC' = A'PLLAY? = A
and
00 =A"”KKA"?=A=CC
Thus itis called a balanced realization. This balanced realization is different from the balanced

realization discussed in Section 7.4. It is not clear what the relationships between them are.

ExaMPLE 7.3 Consider the transfer function in Example 7.2. Now we will find a balanced
realization from Hankel matrices. We type

t=[0 2 -3;2 -3 -2;-3 -2 2];tt=[2 -3 -2;-3 -2 2;-2 2 3.5];
[k,s,1]=svd(t);

sl=sqgrt(s);

O=k*sl;C=sl*1";

a=inv (0) *tt*inv (C),

b=[C(1,1);C(2,1);C(3,1)],c=[0(1,1) 0O(1,2) 0O(1,3)]

This yields the following balanced realization:

0.4003 —1.0024 —0.4805 1.2883
x = | 1.0024 —-0.3121 0.3209 | x+ | —0.7303 |u
0.4805 0.3209 —0.0882 1.0614

y =1[1.2883 0.7303 —1.0614]x+0-u

To check the correctness of this result, we type [n,d]=ss2tf (a,b, ¢, 0), which yields
. 25 — 3
§6) = s3+s5+0.5

This equals g(s) in (7.59) after canceling the common factor 2(s + 1).

7.6 Deyree of Trunsfer Mutrices

This section will extend the concept of degree for scalar rational functions to rational matrices.
Given a proper rational matrix f}(s), it is assumed that every entry of é(s) is a coprime
fraction; that is, its numerator and denominator have no common factors. This will be a standing
assumption throughout the remainder of this text.

Definition 7.1 The characteristic polynomial of a proper rational matrix f}(s) is defined
as the least common denominator of all minors of G(s). The degree of the characteristic
polynomial is defined as the McMillan degree or, simply, the degree of f}(s) and is
denoted by SG(S).
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ExAMPLE 7.4 Consider the rational matrices

1 1 2 1
Gi(s) = [j i} Ga(s) = [ T ﬁ}
s+1 s+1 s+l s+1
The matrix Gl(s) has 1/(s + 1), 1/(s + 1), 1/(s + 1), and 1/(s + 1) as its minors of order 1,
and det G1 (s) = 0 as its minor of order 2. Thus the characteristic polynomial of G1 (s)iss+1
and 8G1(s) = 1. The matrlx Gz(s) has2/(s + 1), 1/(s + 1), 1/(s + 1), and 1/(s + 1) as its
minors of order 1, and det Gz (s)y=1/ (s + 1)? as its minor of order 2. Thus the characteristic
polynomial of Gz(s) is (s + 1)? and 6G2(s) =2.

From this example, we see that the characteristic polyn0m1a1 of G(s) is, in general,
different from the denominator of the determinant of G(s) [if G(s) is square] and different
from the least common denominator of all entries of G(s).

ExXAMPLE 7.5 Consider the 2 x 3 rational matrix

s 1 1
C(s): sj—ll (s+1)1(s+2) s-|1—3

s+1 (+DGs+2) s

Its minors of order 1 are the six entries of é(s). The matrix has the following three minors of

order 2:
s 1 _ s+ 1 _ 1
(s + D2s +2) + +D2(s+2) (+D2(s+2) (s+D(s+2)
K 1 1 _ s+4
ST s GID6+3)  GIDG1I)
1 1 3

s+ D(s+2)s B s+ D@ +2)(s+3) - s(s+ D(s+2)(s+3)
The least common denominator of all these minors is s(s + 1)(s + 2)(s + 3). Thus the degree
of G(s) is 4. Note that G(s) has no minors of order 3 or higher.

In computing the characteristic polynomial, every minor must be reduced to a coprime
fraction as we did in the preceding example; otherwise, we will obtain an erroneous result.
We discuss two special cases. If f}(s) is 1 x p or g x 1, then there are no minors of order
2 or higher. Thus the characteristic polynomial equals the least common denominator of all
entries of f}(s). In particular, if G(s) is scalar, then the characteristic polynomial equals its
denominator. If every entry of ¢ x p é(s) has poles that differ from those of all other entries,

such as
1 s+2
Ay | 5+ DX +2) 52
Gls) = s—2 s
s+3 (s +5)(s—3)

then its minors contain no poles with multiplicities higher than those of each entry. Thus the
characteristic polynomial equals the product of the denominators of all entries of G(s).
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To conclude this section, we mention two important properties. Let (A, B, C,D) be a
controllable and observable realization of G(s). Then we have the following:

e Monic least common denominator of all minors of é(s) = characteristic polynomial of A.

e Monic least common denominator of all entries of G(s) = minimal polynomial of A.

For their proofs, see Reference [4, pp. 302-304].

Redlizations—Mutrix Cuse

We introduced in Section 7.2.1 minimal realizations for scalar transfer functions. Now we
discuss the matrix case.

Theorem 7.M2

A state equation (A, B, C, D) is a minimal realization of a proper rational matrix é(s) if and only if
(A, B) is controllable and (A, C) is observable or if and only if

dim A = deg C}(s)
Proof: The proof of the first part is similar to the proof of Theorem 7.2. If (A, B) is not
controllable or if (A, C) is not observable, then the state equation is zero-state equivalent

to a lesser-dimensional state equation and is not minimal. If (A, B, C, D) is of dimension
n and is controllable and observable, and if the 7n-dimensional state equatlon (A B, C D)

with n < n, is a realization of G(s), then Theorem 4.1 implies D = D and
CA"B=CA"B  form=0,1,2,...
Thus, as in (7.22), we have
ocC = 0,G,
Note that O, C, O,, and G, are, respectively, ng x n, n x np, nq x i1, and i1 x np matrices.
Using the Sylvester inequality
p(0) + p(C) —n < p(OC) < min(p(0), p(C))

which is proved in Reference [6, p. 31], and p(O) = p(C) = n, we have p(OC) = n.
Similarly, we have 0(0,C,) = it < n. This contradicts p(OC) = p(0,C,). Thus every
controllable and observable state equation is a minimal realization.

To show that (A, B, C, D) is minimal if and only if dim A = deg G(s) is much more
complex and will be established in the remainder of this chapter. Q.E.D.

Theorem 7.M3

All minimal realizations of G(s) are equivalent.
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|
|

frogf: The proof follows closely the proof of Theorem 7.3. Let (A, B, C, D) and (A, B,
C, D) be any two n-dimensional minimal realizations of a ¢ x p proper rational matrix
G(s). Asin (7.23) and (7.24), we have

oC =0C (7.67)
and
OAC = OAC (7.68)

In the scalar case, O, C, O,_and Carealln xn nonsingular matrices_and their inverses are
well defined. Here O and O are ng x n matrices of rank n; C and C are n x np matrices
of rank n. They are not square and their inverses are not defined. Let us define the n x nqg
matrix

ot =00 ' (7.69)

Because O isn x nq and O is ng x n, the matrix O’ O is n x n and is, following Theorem
3.8, nonsingular. Clearly, we have

oto=00)'00=1

Thus O™ is called the pseudoinverse or left inverse of O. Note that OO™ is nq x nq and
does not equal a unit matrix. Similarly, we define

ct.=cccH! (7.70)
Itis an np x n matrix and has the property
cct=cccch ' =1

Thus C7 is called the pseudoinverse or right inverse of C. In the scalar case, the
equivalence transformation is defined in (7.25) as P = O~'O = CC~'. Now we replace
inverses by pseudoinverses to yield

P:=0"0=(00)"'00 (7.71)
=CCct=ccc)H! (7.72)

This equality can be verified directly by premultiplying (O’ O) and postmultiplying (CC")
and then using (7.67). The inverse of P in the scalar case is P~! = O7'O = CC~'. In
the matrix case, it becomes

P :=0"0=(00)"'00 (1.73)
=CCt=cccay™ (7.74)
This again can be verified using (7.67). From OC = OC, we have
C=(00"'00C=PC
O=o0cc(cc) "' =opr!

Their first p columns and first g rows are B = PB and C = CP!. The equation
OAC = OAC implies
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A= (00 'O0ACC(CC) " =prAP!

This shows that all minimal realizations of the same transfer matrix are equivalent.
Q.ED.

We see from the proof of Theorem 7.M3 that the results in the scalar case can be extended
directly to the matrix case if inverses are replaced by pseudoinverses. In MATLAB, the function
pinv generates the pseudoinverse. We mention that minimal realization can be obtained from
nonminimal realizations by applying Theorems 6.6 and 6.06 or by calling the MATLAB
function minreal, as the next example illustrates.

ExAMPLE 7.6 Consider the transfer matrix in Example 4.6 or

4s — 10 3
G(s) = 251+ ! STZ (175)

Qs+ D(s+2) (s+2)?2

Its characteristic polynomial can be computed as (2s + 1) (s + 2)2. Thus the rational matrix has
degree 3. Its six-dimensional realization in (4.39) and four-dimensional realization in (4.44)
are clearly not minimal realizations. They can be reduced to minimal realizations by calling
the MATLAB function minreal. For example, for the realization in (4.39) typing

a=[-4.5 0 -6 0 -2 0;0 -4.50 -6 0 -2;1 0000 0;...
0100O0O0;001000O0;0001O001;

b=[1 0;0 1;0 0;0 0;0 0;0 01;

c=[-6 3 -24 7.5 -24 3;0 1 0.5 1.5 1 0.5];d=[2 0;0 01;

[am,bm, cm, dm] =minreal (a,b,c,d)

yields
—0.8625 —4.0897  3.2544 0.3218 —0.5305
X = 0.2921 —3.0508 1.2709 | x + 0.0459 —0.4983 |u
—0.0944  0.3377 —-0.5867 —0.1688  0.0840

_[0 —o0039 35817 T2 07
Y=1o —2.1031 —0.5720 0 0

Its dimension equals the degree of G(s); thus it is controllable and observable and is a minimal
realization of G(s) in (7.75).

7.8 Mutrix Polynomiul Fractions

The degree of the scalar transfer function

A N(s) —1 -1
8(s) = ———=N(@)D"(s) =D (s)N(s)
D(s)
is defined as the degree of D(s) if N(s) and D(s) are coprime. It can also be defined as
the smallest possible denominator degree. In this section, we shall develop similar results for
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transfer matrices. Because matrices are not commutative, their orders cannot be altered in our
discussion.
Every g x p proper rational matrix G(s) can be expressed as

G(s) = N(s)D™'(s) (7.76)

where N(s) and D(s) are ¢ x p and p x p polynomial matrices. For example, the 2 x 3 rational
matrix in Example 7.5 can be expressed as

) s+1 0 o 7
G(s):[_1 | s+3:| (O) (s+1)0(s+2) s(s(—)|—3) (1.77)

The three diagonal entries of D(s) in (7.77) are the least common denominators of the three
columns of G(s). The fraction in (7.76) or (7.77) is called a right polynomial fraction or,
simply, right fraction. Dual to (7.76), the expression

G(s) = D '()N(s)

where D(s) and N(s) are ¢ x ¢ and ¢ x p polynomial matrices, is called a left polynomial
fraction or, simply, left fraction.
Let R(s) be any p x p nonsingular polynomial matrix. Then we have

G(s) = [N)R(s)][D(s)R(s)] !
=N()RER ' (5)D 7' (s) = N(s)D ! (s)

Thus right fractions are not unique. The same holds for left fractions. We introduce in the
following right coprime fractions.

Consider A(s) = B(s)C(s), where A(s), B(s), and C(s) are polynomials of compatible
orders. We call C(s) a right divisor of A(s) and A(s) a left multiple of C(s). Similarly, we call
B(s) a left divisor of A(s) and A(s) a right multiple of B(s).

Consider two polynomial matrices D(s) and N(s) with the same number of columns p.
A p x p square polynomial matrix R(s) is called a common right divisor of D(s) and N(s) if
there exist polynomial matrices D(s) and N(s) such that

D(s) = D(s)R(s) and N(s) = N(s)R(s)

Note that D(s) and N(s) can have different numbers of rows.

Definition 7.2 A square polynomial matrix M(s) is called a unimodular matrix if its
determinant is nonzero and independent of s.

The following polynomial matrices are all unimodular matrices:
2s s24s+1 -2 s0 4541 s s+1
2 s+1 ’ 0 3 T ols—-1 s
Products of unimodular matrices are clearly unimodular matrices. Consider

det M(s)det M~ (s) = det [M(s)M ! (s)] = det I = 1



7.8 Matrix Polynomial Fractions 211

which implies that if the determinant of M(s) is a nonzero constant, so is the determinant of
M~!(s). Thus the inverse of a unimodular matrix M(s) is again a unimodular matrix.

Definition 7.3 A square polynomial matrix R(s) is a greatest common right divisor
(gerd) of D(s) and N(s) if (i) R(s) is a common right divisor of D(s) and N(s) and (ii)
R(s) is a left multiple of every common right divisor of D(s) and N(s). If a gcrd is a
unimodular matrix, then D(s) and N(s) are said to be right coprime.

Dual to this definition, a square polynomial matrix R(s) is a greatest common left divisor
(gcld) of D(s) and N(s) if (i) R(s) is a common left divisor of D(s) and N(s) and (ii) R(s)
is a right multiple of every common left divisor of f)(s) and N(s). If a gcld is a unimodular
matrix, then D(s) and N(s) are said to be left coprime.

Definition 7.4 Consider a proper rational matrix C(s) factored as
G(s) = N(s)D™!(s) = D! (s)N(s)

where N(s) and D(s) are righAt coprime, and N (s) and ]_)(s) are left coprime. Then the
characteristic polynomial of G(s) is defined as

det D(s) or det D(s)
and the degree of é(s) is defined as
deg G(s) = deg det D(s) = deg det D(s)

Consider
G(s) = Ns)D!(s) = [N(s)R(s)][D(s)R(5)] ™" (7.78)

where N(s) and D(s) are right coprime. Define D;(s) = D(s)R(s) and N;(s) = N(s)R(s).
Then we have

detD;(s) = det[D(s)R(s)] = det D(s) det R(s)
which implies
degdetD;(s) = degdet D(s) + degdet R(s)

Clearly we have degdetD;(s) > degdet D(s) and the equality holds if and only if R(s) is
unimodular or, equivalently, N;(s) and D;(s) are right coprime. Thus we conclude that if
N(s)D~'(s) is a coprime fraction, then D(s) has the smallest possible determinantal degree
and the degree is defined as the degree of the transfer matrix. Therefore a coprime fraction can
also be defined as a polynomial matrix fraction with the smallest denominator’s determinantal
degree. From (7.78), we can see that coprime fractions are not unique; they can differ by
unimodular matrices.

We have introduced Definitions 7.1 and 7.4 to define the degree of rational matrices. Their
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equivalence can be established by using the Smith—-McMillan form and will not be discussed
here. The interested reader is referred to, for example, Reference [3].

7.8.1 Column und Row Reducedness

In order to apply Definition 7.4 to determine the degree of é(s) = N(s)D~!(s), we must
compute the determinant of D(s). This can be avoided if the coprime fraction has some
additional property as we will discuss next.
The degree of a polynomial vector is defined as the highest power of s in all entries of
the vector. Consider a polynomial matrix M(s). We define
8.;M(s) = degree of ith column of M(s)
8, M(s) = degree of ith row of M(s)
and call §.; the column degree and §,; the row degree. For example, the matrix
s+1 $3—-2s+5 —1
s—1 52 0

has ‘Scl = 1, 862 = 3, 863 = 0, (Srl = 3, and 8,2 =2.

M(s) = |:

Definition 7.5 A nonsingular polynomial matrix M(s) is column reduced if
deg det M(s) = sum of all column degrees
It is row reduced if

deg det M(s) = sum of all row degrees

A matrix can be column reduced but not row reduced and vice versa. For example, the
matrix

35242 2 1
M(S)=|:s+s s—i—]

7.79
s24+s5—3 K ( )

has determinant s3 — 5% +5s + 3. Its degree equals the sum of its column degrees 2 and 1. Thus
M(s) in (7.79) is column reduced. The row degrees of M(s) are 2 and 2; their sum is larger
than 3. Thus M(s) is not row reduced. A diagonal polynomial matrix is always both column
and row reduced. If a square polynomial matrix is not column reduced, then the degree of its
determinant is less than the sum of its column degrees. Every nonsingular polynomial matrix
can be changed to a column- or row-reduced matrix by pre- or postmultiplying a unimodular
matrix. See Reference [6, p. 603].

Let §,;M(s) = k.; and define H.(s) = diag(sk‘f‘ ,s%2 .. .). Then the polynomial matrix
M(s) can be expressed as

M(s) = MjucHc(s) + Myc(s) (7.80)

For example, the M(s) in (7.79) has column degrees 2 and 1 and can be expressed as
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3 27[s% 0 2s 1
M =
() [1 1}[0 J"L[s—s 0]
The constant matrix My, is called the column-degree coefficient matrix; its ith column is the
coefficients of the ith column of M(s) associated with s*. The polynomial matrix M, (s)
contains the remaining terms and its ith column has degree less than k.;. If M(s) is expressed

as in (7.80), then it can be verified that M(s) is column reduced if and only if its column-degree
coefficient matrix My, is nonsingular. Dual to (7.80), we can express M(s) as

M(s) = H, (s)My, + My, (s)

where §,;M(s) = k,; and H, (s) = diag(s"rl , 52 ). The matrix My, is called the row-degree
coefficient matrix. Then M(s) is row reduced if and only if M, is nonsingular.

Using the concept of reducedness, we now can state the degree of a proper rational matrix
as follows. Consider G(s) = N(s)D~!(s) = D'(s)N(s), where N(s) and D(s) are right
coprime, N(s) and D(s) are left coprime, D(s) is column reduced, and D(s) is row reduced.
Then we have

deg f}(s) = sum of column degrees of D(s)

= sum of row degrees of l_)(s)

We discuss another implication of reducedness. Consider (}(s) = N(s)D~!(s). If G(s)
is strictly proper, then §.,;N(s) < §,D(s), fori = 1,2, ..., p; that is, the column degrees
of N(s) are less than the corresponding column degrees of D(s). If (}(s) is proper, then
6eiN(s) < 8,D(s), fori = 1,2,..., p. The converse, however, is not necessarily true. For
example, consider

2 _ -1 _ _ 2
N(s)D™!(s) = [1 2][s11 Sll} =[ 251 I 2s 1s+1]

Although 8,;N(s) < 8.;D(s) fori = 1,2, N(s)D~!(s) is not strictly proper. The reason is that
D(s) is not column reduced.

Theorem 7.8

Let N(s) and D(s) be ¢ X p and p X p polynomial matrices, and let D(s) be column reduced. Then
the rational matrix N(s)D~!(s) is proper (strictly proper) if and only if

3:iN(s) < 6:D(s) [6ciN(s) < 6D(s)]
fori=1,2,...,p.

Proof: The necessity part of the theorem follows from the preceding example. We show
the sufficiency. Following (7.80), we express

D(s) = DjcHc(s) + Dye(s) = [Dye + Dic()H, ' (s)THe ()
N(S) = NhCHC(S) + Nlc(s) = [th + NIC(S)HZI(S)]HC(S)

Then we have
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G(s) := N(&)D ™' (5) = [Nie + Nie(9)H ' (9)1[Dyc + Dye (s)H, ' ()]
Because D, (s)H;1 (s) and Ny, (s)HC’1 (s) both approach zero as s — oo, we have

lim G(s) = N;,.D;!

§—>00

where Dy, is nonsingular by assumption. Now if §.;N(s) < §.;D(s), then Ny, is a nonzero
constant matrix. Thus G(o0) is anonzero constant and G (s) is proper. If §.,;N(s) < §.;D(s),

then Nj,. is a zero matrix. Thus é(oo) = 0 and é(s) is strictly proper. This establishes
the theorem. Q.E.D.

We state the dual of Theorem 7.8 without proof.

Corollary 7.8

Let N(s) and D(s) be g x p and g x g polynomial matrices, and let D(s) be row reduced. Then
the rational matrix D! (s)N(s) is proper (strictly proper) if and only if

8,:N(s) < 8, D(s) [6,iN(s) < 8,:D(s)]
fori =1,2,...,q

7.8.2 Comjputing Mutrix Coprime Fractions

Given a right fraction N(s)D~!(s), one way to reduce it to a right coprime fraction is to
compute its gerd. This can be achieved by applying a sequence of elementary operations.
Once a gerd R(s) is computed, we compute N(s) = N(s)R"'(s) and D(s) = D(s)R™'(s).
Then N(s)D~'(s) = N(s)D~'(s) and N(s)D~!(s) is a right coprime fraction. If D(s) is not
column reduced, then additional manipulation is needed. This procedure will not be discussed
here. The interested reader is referred to Reference [6, pp. 590-591].

We now extend the method of computing scalar coprime fractions in Section 7.3 to the
matrix case. Consider a g x p proper rational matrix G(s) expressed as

G(s) =D ' (5)N(s) = N(s)D"!(s) (7.81)

In this section, we use variables with an overbar to denote left fractions, without an overbar to
denote right fractions. Clearly (7.81) implies

N(s)D(s) = D(s)N(s)
and
D(s)(—=N(s)) + N(s)D(s) = 0 (7.82)

We shall show that given a left fraction D~ !(s)N(s), not necessarily left coprime, we can
obtain a right coprime fraction N(s)D~'(s) by solving the polynomial matrix equation in
(7.82). Instead of solving (7.82) directly, we shall change it into solving sets of linear algebraic
equations. As in (7.27), we express the polynomial matrices as, assuming the highest degree
to be 4 to simplify writing,
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l_)(s) = l_)o + ]_)15 + ]_)2S2 + ]_)3s3 + f)4s4
N(s) = No + Nis + Nps? + N3s® 4+ Nys?
D(s) = Dy + Dys + Dys> + Dss?
N(s) = No + Nis + Nas? + Ns*

where I_)i, Ni, D;, and N; are, respectively, g X ¢, g X p, p X p,and g x p constant matrices.
The constant matrices D; and N; are known, and D; and N; are to be solved. Substituting these
into (7.82) and equating to zero the constant matrices associated with sk fork=0,1,...,

we obtain

D, N 0 0 0 0o o o |[ N
_ _ Dy
Dl Nl Do N() 0 0 0 0

l_)z Nz l_)l N1 ]_)0 N() 0 0 _Nl
L - . D,
D; N D, N D, N, : D, N

SM :— _% _3 _2 _2 _1 _1 _0 _0 =0 (7.83)

Dy Ny, : D; N3y : D, N, : Dy N; -N,
0 0 D, N, : Dy N; : D, N, D;
0 0 : 0 0 : D, Ny : D3 Nj N
Lo o : 0 0 : 0 0 : D, N,lL D3

This equation is the matrix version of (7.28) and the matrix S will be called a generalized
resultant. Note that every D-block column has ¢ D-columns and every N-block column has p
N-columns. The generalized resultant S as shown has four pairs of D- and N-block columns;
thus it has a total of 4(¢g + p) columns. It has eight block rows; each block rows has g rows.
Thus the resultant has 8¢ rows.

We now discuss some general properties of S under the assumption that linearly indepen-
dent columns of S from left to right have been found. It turns out that every D-column in every
D-block column is linearly independent of its left-hand-side (LHS) columns. The situation for
N -columns, however, is different. Recall that there are p N-columns in each N-block column.
We use Ni-column to denote the ith N-column in each N-block column. It turns out that if
the Ni-column in some N-block column is linearly dependent on its LHS columns, then all
subsequent Ni-columns, because of the repetitive structure of S, will be linearly dependent on
its LHS columns. Let w;,i = 1, 2, ..., p, be the number of linearly independent Ni-columns
in S. They are called the column indices of G(s). The first Ni-column that becomes linearly
dependent on its LHS columns is called the primary dependent Ni-column. It is clear that the
(ui + 1th Ni-column is the primary dependent column.

Corresponding to each primary dependent Ni-column, we compute the monic null vector
(its last entry equals 1) of the submatrix that consists of the primary dependent Ni-column and
all its LHS linearly independent columns. There are totally p such monic null vectors. From
these monic null vectors, we can then obtain a right fraction. This fraction is right coprime
because we use the least possible w; and the resulting D(s) has the smallest possible column
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degrees. In addition, D(s) automatically will be column reduced. The next example illustrates
the procedure.

ExAMPLE 7.7 Find a right coprime fraction of the transfer matrix in (7.75) or

45 — 10 3
A 25+ 1 2
G(s) = s1+ ’ i . (7.84)

Qs+ D(s+2) (s+2)?
First we must find a left fraction, not necessarily left coprime. Using the least common
denominator of each row, we can readily obtain

-1
G(s) = [(2S+1())(s+2) 0 2}
s + (s +2)
(4s — 10)(s + 2) 32s + 1) e
x [ s+2 (s+1)(2s+1)]_'D ($N(s)
Thus we have
2
l—)(s):|:2s +5s+2 % 2O :|
0 253 4+ 952 + 125 + 4

2 07,75 07, [2 0], [0 0,
= S N N
0 4 0 12 0 9 0 2

- 4s% — 25 — 20 6s + 3
N =
) |: s+2 2s2+3s+1:|

_[-20 3], [-2 6], [+ 0].,[0 0],
=2 1 310 2]° Tlo o]

We form the generalized resultant and then use the QR decomposition discussed in Section
7.3.1to search its linearly independent columns in order from left to right. Because it is simpler
to key in the transpose of S, we type

and

dl=[2 0502 00 0];d2=[0 4 0 12 0 9 0 2];
nl=[-20 2 -2 1 4 0 0 0];n2=[3 16 3 02 0 0];
s=[d1 0 0 0 0;d2 00 0 O0O;nl 00O0O0;n20000;...
0 0dlo0o0;00d200;00mnloO0;00mn200;...
0 00O0dl;0 00 0d2;0000mnl;0000mn2]’;
[a,r]l=qgr(s)

We need only r; therefore the matrix g will not be shown. As discussed in Section 7.3.1,
we need to know whether or not entries of r are zero in determining linear independence of
columns; therefore all nonzero entries are represented by x, di, and ni. The result is
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dl 0 x x x x x x x 0 x «x
0 d2 x x x x x x 0 x x x
0 0 nl x x x x x X Xx X X
0O 0 0 »n2 x x x x x x Xx Xx
0O 0 O 0 dI x x x x x x x
O 0 O O 0 d2 x x x x x «x

"“lo 0 0 0 0 0 al x x x x x

o 0 0 O O o O 0 x x x 0
o 0 O O O O 0 0 dl x x O
o 0 O O O o0 O 0 0 d2 0 0
o o0 o0 o0 o o o o o o0 00O

Lo 0 0 0 o o o0 O 0o 0 0 0

We see that all D-columns are linearly independent of their LHS columns. There are two
linearly independent N I1-columns and one linearly independent N2-column. Thus we have
w1 = 2 and py = 1. The eighth column of S is the primary dependent N2-column. We
compute a null vector of the submatrix that consists of the primary dependent N2-column and
all its LHS linearly independent columns as

z2=null([dl 0 0;d2 0 O;nl O O;n2 O O;...
0 0dl;0 0 d2;0 0 nl1;0 0 n2]1");

and then normalize the last entry to 1 by typing
z2b=22/22(8)
which yields the first monic null vector as

z2b=[7 -1 1 2 -4 0 2 1]’

The eleventh column of S is the primary dependent N 1-column. We compute a null vector
of the submatrix that consists of the primary dependent N 1-column and all its LHS linearly
independent columns (that is, deleting the eighth column) as

zl=null([dl 0 0 0 0;d2 0 0 0 O;nl1 O O O O;n2 O O O O;...
0 0dl 0O0;00d200;00mnlO0QO0;...
00O0O0dl;0 000d2;0000mnl]l”);
and then normalize the last entry to 1 by typing
zlb=2z1/21(10)

which yields the second monic null vector as

zlb=[10 -0.51 01 0 2.5 -2 0 1]°
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Thus we have

r —n(l)l —n(l)2 . - 10 7
—n(z)l —n%z —-0.5 -1
— _NO — dél d(%Z 1 1
dgl dgz 0 2
D, ..
n%l n}z 1 —4
-N; —n3t —n? 0 0
N (7.85)
D, dl“ dl12 2.5 2
& dr
-N, -
ol || -2
L D, —n3' —n$? 0
an o av I
L d221 d222 _ L _

where we have written out N; and D; explicitly with the superscripts i j denoting the i jth entry
and the subscript denoting the degree. The two monic null vectors are arranged as shown. The
order of the two null vectors can be interchanged, as we will discuss shortly. The empty entries
are to be filled up with zeros. Note that the empty entry at the (8 x 1)th location is due to
deleting the second N2 linearly dependent column in computing the second null vector. By
equating the corresponding entries in (7.85), we can readily obtain

11 25 2 10
D(s) = :
(s) [O 2]+|:0 l}s—l—[o O}S
_[ﬂ+z$+1 m+1]

0 s+2

and

-0 -7 —1 4 2 07,
N(S)_|:O.5 ]]+|:0 0]s+|:0 0:|s

_ 22 —5s—10 4s—7
N 0.5 1

Thus f}(s) in (7.84) has the following right coprime fraction

2s —5) (s +2) 4s—7:| |:(s+2)(s+0.5) 2s +1

-1
7.86
0.5 1 0 s+2] (7.86)

G@):[
The D(s) in (7.86) is column reduced with column degrees w; = 2 and u, = 1. Thus we have
deg det D(s) = 2 + 1 = 3 and the degree of G(s) in (7.84) is 3. The degree was computed in
Example 7.6 as 3 by using Definition 7.1.
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In general, if the generalized resultant has p; linearly independent Ni-columns, then
D(s) computed using the preceding procedure is column reduced with column degrees ;.
Thus we have

deg f}(s) = deg det D(s) = Z Wi
= total number of linearly independent N-columns in S

We next show that the order of column degrees is immaterial. In other words, the order of
the columns of N(s) and D(s) can be changed. For example, consider the permutation matrix

0 0 1
P=(1 0 O
010

and ﬁ(s) = D(s)P and N(s) = N(s)P. Then the ﬁrstA, second, gnd third columns of D(s) and
N(s) become the third, first, and second columns of D(s) and N(s). However, we have

G(s) = N(s)D!(s) = [N(s)P][D(s)P]~' = N(s)D"'(s)

This shows that the columns of D(s) and N(s) can arbitrarily be permutated. This is the same as
permuting the order of the null vectors in (7.83). Thus the set of column degrees is an intrinsic
property of a system just as the set of controllability indices is (Theorem 6.3). What has been
discussed can be stated as a theorem. It is an extension of Theorem 7.4 to the matrix case.

Theorem 7.M4

Let_é (s) = !_)71 (S)N(S ) be a left fraction, not necessarily left coprime. We use the coefficient matrices
of D(s) and N(s) to form the generalized resultant S shown in (7.83) and search its linearly independent
columns from left toright. Let ;,i = 1,2, ..., p, be the number of linearly independent N i-columns.
Then we have

deg G(s) = sy + pa + -+ + 11 (7.87)

and a right coprime fraction N(s)D~!(s) can be obtained by computing p monic null vectors of the p
matrices formed from each primary dependent Ni-column and all its LHS linearly independent columns.

The right coprime fraction obtained by solving the equation in (7.83) has one additional
important property. After permutation, the column-degree coefficient matrix D, can always
become a unit upper triangular matrix (an upper triangular matrix with 1 as its diagonal entries).
Such a D(s) is said to be in column echelon form. See References [6, pp. 610-612; 13, pp.
483-487]. For the D(s) in (7.86), its column-degree coefficient matrix is

12
D). =
w=o 1]

It is unit upper triangular; thus the D(s) is in column echelon form. Although we need only
column reducedness in subsequent discussions, if D(s) is in column echelon form, then the
result in the next section will be nicer.

Dual to the preceding discussion, we can compute a left coprime fraction from a right
fraction N(s)D~!(s), which is not necessarily right coprime. Then similar to (7.83), we form
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[-NoDp: = N;D;: =N, D,: —N3;D;]T =0 (7.88)
with
rDp D D, D; Dy 0 0 0 -
No Nty N, N3s N, 0 0 0

0 Dy D D, D; Dy, 0 0
0 No Ny No N3 Ny 0 O
T:=| oo ir ir e e e e (7.89)
0 0 D, D D, D; Dy 0
0 0 Ny Ny N, N3 Ny O

0 0 O Dy D D, D; Dy
L0 0 0 No Ny N N3y Ng/

We search linearly independent rows in order from top to bottom. Then all D-rows are linearly
independent. Let the Ni-row denote the ith N-row in each N block-row. If an Ni-row becomes
linearly dependent, then all Ni-rows in subsequent N block-rows are linearly dependent on
their preceding rows. The first Ni-row that becomes linearly dependent is called a primary
dependent Ni-row. Let v;, i = 1,2, ..., g, be the number of linearly independent Ni-rows.
They are called the row indices of é(s). Then dual to Theorem 7.M4, we have the following
corollary.

Corollary 7.M4

Let f}(s) = N(s)D7!(s) be a right fraction, not necessarily right coprime. We use the coefficient
matrices of D(s) and N(s) to form the generlized resultant T shown in (7.89) and search its linearly
independent rows in order from top to bottom. Let v;, fori = 1,2, ..., g, be the number of linearly
independent Ni-rows in T. Then we have

deg G(s) =vi+v 4+,
and a left coprime fraction D! (s)N(s) can be obtained by computing g monic left null vectors of the

g matrices formed from each primary dependent Ni-row and all its preceding linearly independent rows.

The polynomial matrix D(s) obtained in Corollary 7.M4 is row reduced with row degrees
{vi, i = 1,2,...,q}. In fact, it is in row echelon form; that is, its row-degree coefficient
matrix, after some row permutation, is a unit lower triangular matrix.

7.9 Redlizations from Matrix Coprime Fractions

Not to be overwhelmed by notation, we discuss a realization of a 2 x 2 strictly proper rational
matrix G(s) expressed as

G(s) = N(s)D"!(s) (7.90)
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where N(s) and D(s) are right coprime and D(s) is in column echelon form.® We further assume

that the column degrees of D(s) are ; = 4 and p, = 2. First we define

0

52

SMI
H(s) :=
(s) [0
and

- gii—1

1

L(s) :=
(s) 0
L O

0_s4
s2 1710

The procedure for developing a realization for

L 0
N W

S O =

)

—_ . O O O O

§(5) = G(s)li(s) = N(s)D™ (5)ii(s)

(7.91)

(7.92)

follows closely the scalar case from (7.3) through (7.9). First we introduce a new variable v(z)
defined by V(s) = D~ (s)ii(s). Note that ¥(s), called a pseudo state, is a2 x 1 column vector.

Then we have

Let us define state variables as

D(s)v(s) = u(s)
¥(s) = N(s)¥(s)

X(s) = L(s)V(s) =

or, in the time domain,
3
xi (1) = v (1)

x5(t) = 0a2(2)

T s301(s) 7
$201(s)
s01(8)

01 (s)

50 (s)

L Da(s)

x2(t) =11 (t)
X6(t) = v2(2)

rsti—l 0

[ x1(s) ]
x2(s)
x3(s)
x4(s)
xs5(s)

L x6(s)

|

x3(t) = 01(2)

1 (s)

o (s)

x4(1) = v1(0)

)

6. All discussion is still applicable if D(s) is column reduced but not in echelon form.

(7.93)
(7.94)

(7.95)
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This state vector has dimension @] + w1, = 6. These definitions imply immediately
X2 =X X3 = x> X4 = X3 Xe = X5 (7.96)
Next we use (7.93) to develop equations for x; and xs. First we express D(s) as
D(s) = DyH(s) + D L(s) (7.97)

where H(s) and L(s) are defined in (7.91) and (7.92). Note that D, and D,. are constant
matrices and the column-degree coefficient matrix Dj. is a unit upper triangular matrix.
Substituting (7.97) into (7.93) yields

[DyH(s) + D L(s)]V(s) = u(s)
or
H(s)¥(s) + D; /D, L(s)¥(s) = D} 'ii(s)

Thus we have, using (7.95),

H(s)¥(s) = —D; ' D X(s) + D 'i(s) (7.98)
Let
D;CIDZC::|:0[111 o112 o113 a4 U121 a122:| (799)
o211 212 0213 O214 Q221 222
and
_ 1 b
D! = 7.100
=y 7] (7.100)

Note that the inverse of a unit upper triangular matrix is again a unit upper triangular matrix.
Substituting (7.99) and (7.100) into (7.98), and using s£1(s) = s*0; (s), and sX5(s) = 520, (s),
we find

sX5(s) Q211 0212 0213 Q214 @) 0

1 bia].
+|:0 : :|u(s)

which becomes, in the time domain,

X 1 b
[X1i|:_[0lm o2 o113 04 o121 01122i|x+|: 12i|u (7.101)

X5 Qo] 0212 @213 0214 Q221 022 0 1

|:S)?1(S)}__|:Ol111 iz 03 o4 Qo 06122i|§((s)

If f}(s) = N(s)D~!(s) is strictly proper, then the column degrees of N(s) are less than the
corresponding column degrees of D(s). Thus we can express N(s) as

:31]1 ,3]12 /3113 ,3114 ,3121 ,3]22

N(S) B |::321] ,32]2 /3213 /8214 ,3221 ,3222

} L(s) (7.102)
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Substituting this into (7.94) and using X(s) = L(s)V(s), we have

§(s) = [.3111 Bz Buz  Pua  Prat ,3122:| %(s) (7.103)
Bt Borz Baz Poa P P
Combining (7.96), (7.101), and (7.103) yields the following realization for G(s):
-1 —o2 T3 —o4 : —Q121 —O0122
1 0 0 0 : 0 0
0 1 0 0 : 0 0
X= 0 0 1 0 : 0 o |*
—ay1  —Qan  —Qa3 —Qag C —0  —0m
L 0 0 0 0 : 1 0
m 1 by (7.104)
0 0
0 0

0 1
L 0 0 _

ﬂlll /3112 ,3113 /3114 /3121 ,3122
:3211 /3212 ,32]3 ,8214 /3221 ,3222

Thisisa (1 +u,)-dimensional state equation. The A-matrix has two companion-form diagonal
blocks: one with order ;t; = 4 and the other with order , = 2. The off-diagonal blocks are
zeros except their first rows. This state equation is a generalization of the state equation in
(7.9) to two-input two-output transfer matrices. We can easily show that (7.104) is always
controllable and is called a controllable-form realization. Furthermore, the controllability
indices are u; = 4 and up, = 2. As in (7.9), the state equation in (7.104) is observable if
and only if D(s) and N(s) are right coprime. For its proof, see Reference [6, p. 282]. Because
we start with a coprime fraction N(s)D ™! (s), the realization in (7.104) is observable as well. In
conclusion, the realization in (7.104) is controllable and observable and its dimension equals
w1 + o and, following Theorem 7.M4, the degree of f}(s). This establishes the second part
of Theorem 7.M2, namely, a state equation is minimal or controllable and observable if and
only if its dimension equals the degree of its transfer matrix.

ExamPLE 7.8 Consider the transfer matrix in Example 7.6. We gave there a minimal realiza-
tion that is obtained by reducing the nonminimal realization in (4.39). Now we will develop
directly a minimal realization by using a coprime fraction. We first write the transfer matrix as
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- 4s — 10 3
G(s) = 2s 1+ ! ii% =: G(00) + Gy (5)
L 25+ D(s+2) (s+2)? ;
_[2 o]+ 251 s+2
[0 0 1 s+ 1

Qs+ D(s+2) (s+2)2

As in Example 7.7, we can find a right coprime fraction for the strictly proper part of f}(s) as

—6s — 12 —9} [s2+2.5s+1 25 + 1}1

Gspls) = [ 05 1 0 s+2

Note that its denominator matrix is the same as the one in (7.86). Clearly we have u; = 2 and
iy = 1. We define

2

H(s) = [s

0 s 0

L =
0 S:| (s) 1 0
0 1

Then we have

Dis) — 1 2 - 25 1 1 L
(S)—[O 1] (S)+[O 0 2] (s)
and
-6 —-12 -9
N(S):[ 0 05 1 }L(S)

We compute

pi_ [l 27 [t 2
e lo 1] T lo 1

b-'D, — Io=27725 1 1] _J25 1 -3
he 0 1 0 0 2 0 0 2

Thus a minimal realization of f}(s) is

and

-25 -1 : 3 1 -2
: 0 0
X = 1 0 0 |x+ u
0 1 7.105
0 0 -2 ( )

Lo 05 : 1
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This A-matrix has two companion-form diagonal blocks; one with order 2 and the other
order 1. This three-dimensional realization is a minimal realization and is in controllable
canonical form.

Dual to the preceding minimal realization, if we use f}(s) = D~!(s)N(s), where D(s)
and N(s) are left coprime and f)(s) is in row echelon form with row degrees {v;, i =
1,2,...,q}, then we can obtain an observable-form realization with observability indices
{vi, i =1,2,...,q}. This will not be repeated.

We summarize the main results in the following. As in the SISO case, an n-dimensional
multivariable state equation is controllable and observable if its transfer matrix has degree n. If
a proper transfer matrix is expressed as a right coprime fraction with column reducedness, then
the realization obtained by using the preceding procedure will automatically be controllable
and observable. A )

Let (A, B, C,D) be a minimal realization of G(s) and let G(s) = D~ !(s)N(s) =
N(s)D~!(s) be coprime fractions; f)(s) is row reduced, and D(s) is column reduced. Then
we have

CGI—A)"'B+D =N(s)D!(s) =D ' (s)N(s)

which implies

C[Adj(sI — A)]B+D =

det(sT— A) oD () N@IAdDED]

[Adj(D(s))IN(s)

~ detD(s)

Because the three polynomials det (sI — A), det D(s), and det f)(s) have the same degree,
they must denote the same polynomial except possibly different leading coefficients. Thus we
conclude the following:

o deg é(s) = deg det D(s) = deg det l_)(s) =dim A.

o The characteristic polynomial of f}(s) = ky det D(s) = k, det D(s) = k3 det (sI — A) for
some nonzero constant k;.

o The set of column degrees of D(s) equals the set of controllability indices of (A, B).

o The set of row degrees of D(s) equals the set of observability indices of (A, C).

We see that coprime fractions and controllable and observable state equations contain essen-
tially the same information. Thus either description can be used in analysis and design.

7.10 Redlizations from Matrix Markov Parameters

Consider a g x p strictly proper rational matrix é(s). We expand it as

Gis)=H)s '"+HQ)s 2+HB)s > +--- (7.106)
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where H(m) are g x p constant matrices. Let r be the degree of the least common denominator
of all entries of G(s). We form

rH(I) H(2) H(3) -+ H(r)
H2) H3)  HE@) - Hr+1)
T=| H3 H@® H(5) - H(@r +2) (7.107)
LH(r) Hr+1) HFr+2) --- HQRr-1)
-H(2) H(@3) H(4) -« HFr+1D
H(@3) H(4) H(5) --- H@Fr+2)
T=| H# H(5) H(6) < H@r+3) (7.108)
LHr+1) H(r+2) HFr+3) --- H@r)

Note that T and T have r block columns and r block rows and, consequently, have dimension
rq X rp. Asin (7.53) and (7.55), we have

T=0C and T=O0AC (7.109)

where O and C are some observability and controllability matrices of order rg x n andn x rp,
respectively. Note that n is not yet determined. Because r equals the degree of the minimal
polynomial of any minimal realization of f}(s) and because of (6.16) and (6.34), the matrix T
is sufficiently large to have rank n. This is stated as a theorem.

Theorem 7.M7

A strictly proper rational matrix é(s) has degree n if and only if the matrix T in (7.107) has rank n.

The singular-value decomposition method discussed in Section 7.5 can be applied to the
matrix case with some modification. This is discussed in the following. First we use singular-
value decomposition to express T as

T=K A0 L’ (7.110)
I () '
where K and L are orthogonal matrices and A = diag(A;, A2, ..., A,), where A; are the positive

square roots of the positive eigenvalues of T'T. Clearly 7 is the rank of T. Let K denote the
first n columns of K and L’ denote the first n rows of L'. Then we can write T as

T = KAL = KA'?AY?L' =: OC (7.111)
where
O=KA'"? and C=AY’L

Note that O is ng x n and C is n x np. They are not square and their inverses are not defined.
However, their pseudoinverses are defined. The pseudoinverse of O is, as defined in (7.69),
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O = [(A2YK'KA'2]" (A'2YK’

Because K is orthogonal, we have K’K = I and because A '/? is symmetric, the pseudoinverse
O™ reduces to

Ot = A7VK (7.112)
Similarly, we have

Ct=LA™'? (7.113)
Then, as in (7.64) through (7.66), the triplet

A=0"TC* (7.114)
B = first p columns of C (7.115)
C = first g rows of O (7.116)

is a minimal realization of C(s). This realization has the property
0'0=A""KKA> =A

and, using L'L=1,
CC' = AV’L'LAY? = A

Thus the realization is a balanced realization. The MATLAB procedure in Example 7.3 can
be applied directly to the matrix case if the function inverse (inv) is replaced by the function
pseudoinverse (pinv). We see once again that the procedure in the scalar case can be extended
directly to the matrix case. We also mention that if we decompose T = OC in (7.111)
differently, we will obtain a different realization. This will not be discussed.

7.11 Concluding Remurks

In addition to a number of minimal realizations, we introduced in this chapter coprime fractions
(right fractions with column reducedness and left fractions with row reducedness). These
fractions can readily be obtained by searching linearly independent vectors of generalized
resultants and then solving monic null vectors of their submatrices. A fundamental result of
this chapter is that controllable and observable state equations are essentially equivalent to
coprime polynomial fractions, denoted as

controllable and observable state equations

¢

coprime polynomial fractions

Thus either description can be used to describe a system. We use the former in the next chapter
and the latter in Chapter 9 to carry out various designs.

A great deal more can be said regarding coprime polynomial fractions. For example, it is
possible to show that all coprime fractions are related by unimodular matrices. Controllability
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PROBLEMS

and observability conditions can also be expressed in terms of coprimeness conditions. See
References [4, 6, 13, 20]. The objectives of this chapter are to discuss a numerical method to
compute coprime fractions and to introduce just enough background to carry out designs in
Chapter 9.

In addition to polynomial fractions, it is possible to express transfer functions as stable
rational function fractions. See References [9, 21]. Stable rational function fractions can be
developed without discussing polynomial fractions; however, polynomial fractions can provide
an efficient way of computing rational fractions. Thus this chapter is also useful in studying
rational fractions.

7.1 Given
s—1
(s2—=D(s+2)

find a three-dimensional controllable realization. Check its observability.

8(s) =

7.2 Find a three-dimensional observable realization for the transfer function in Problem 7.1.
Check its controllability.

7.3 Find an uncontrollable and unobservable realization for the transfer function in Problem
7.1. Find also a minimal realization.

7.4 Use the Sylvester resultant to find the degree of the transfer function in Problem 7.1.
7.5 Use the Sylvester resultant to reduce (2s — 1) /(4s2 — 1) to a coprime fraction.

7.6 Form the Sylvester resultant of g(s) = (s +2)/(s* +2s) by arranging the coefficients of
N (s) and D(s) in descending powers of s and then search linearly independent columns
in order from left to right. Is it true that all D-columns are linearly independent of their
LHS columns? Is it true that the degree of g(s) equals the number of linearly independent
N-columns?

7.7 Consider

3(s) = Bis+B  Nis)
g8 = 24as+ax  D(s)

and its realization

. — —0 1 _
x=| 0 X + ol y =181 BIx

Show that the state equation is observable if and only if the Sylvester resultant of D(s)
and N (s) is nonsingular.

7.8 Repeat Problem 7.7 for a transfer function of degree 3 and its controllable-form realiza-
tion.

7.9 Verify Theorem 7.7 for g(s) = 1/(s + 1)2.



7.10

7.11

7.12

7.13

7.14

7.15
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Use the Markov parameters of g(s) = 1/(s + 1)? to find an irreducible companion-form
realization.

Use the Markov parameters of g(s) = 1/(s + 1)? to find an irreducible balanced-form
realization.

Show that the two state equations

. (21 1 12
x—01x+0u y=[2 2]x

. 2 0 1
X:[_1 _1]X+|:2}u y =12 0]x

are realizations of (2s + 2)/(s> — s — 2). Are they minimal realizations? Are they
algebraically equivalent?

and

Find the characteristic polynomials and degrees of the following proper rational matrices
1 s+3 1 1
. s - 2
Giy=| ¢ stlI Gois) = | GHD? G+ DE+2)
1 s 1 1
S+3 S+1 S+2 (S+1)(S+2)
and
1 s+3 1
A (s+1? s+2 s+5
G3(s) = | S+l )

(s+3)?2 s+4 s

Note that each entry of ég (s) has different poles from other entries.

-1
so=2 ] [4]
-5 s -1

to form a generalized resultant as in (7.83), and then search its linearly independent
columns in order from left to right. What is the number of linearly independent N-
columns? What is the degree of f}(s) ? Find a right coprime fraction of f}(s). Is the given
left fraction coprime?

Use the left fraction

Are all D-columns in the generalized resultant in Problem 7.14 linearly independent of
their LHS columns? Now in forming the generalized resultant, the coefficient matrices of
D(s) and N (s) are arranged in descending powers of s, instead of ascending powers of
s as in Problem 7.14. Is it true that all D-columns are linearly independent of their LHS
columns? Does the degree of é(s) equal the number of linearly independent N-columns?
Does Theorem 7.M4 hold?
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7.16 Use the right coprime fraction of G‘(s) obtained in Problem 7.14 to form a generalized
resultant as in (7.89), search its linearly independent rows in order from top to bottom,
and then find a left coprime fraction of G(s).

7.17 Find a right coprime fraction of

241 25 +1
Arey 53 52
G(s) = s+ 2 2
52 s

and then a minimal realization.



Chapter

State Feedbuck
and State Estimators

8.1 Infroduction

The concepts of controllability and observability were used in the preceding two chapters to
study the internal structure of systems and to establish the relationships between the internal
and external descriptions. Now we discuss their implications in the design of feedback control
systems.

Most control systems can be formulated as shown in Fig. 8.1, in which the plant and
the reference signal r(¢) are given. The input u(¢) of the plant is called the actuating signal
or control signal. The output y(¢) of the plant is called the plant output or controlled signal.
The problem is to design an overall system so that the plant output will follow as closely as
possible the reference signal »(¢). There are two types of control. If the actuating signal u(¢)
depends only on the reference signal and is independent of the plant output, the control is
called an open-loop control. If the actuating signal depends on both the reference signal and
the plant output, the control is called a closed-loop or feedback control. The open-loop control
is, in general, not satisfactory if there are plant parameter variations and/or there are noise
and disturbance around the system. A properly designed feedback system, on the other hand,

Figure 8.1 Design of control systems.

— Plant ——
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can reduce the effect of parameter variations and suppress noise and disturbance. Therefore
feedback control is more widely used in practice.

This chapter studies designs using state-space equations. Designs using coprime fractions
will be studied in the next chapter. We study first single-variable systems and then multivariable
systems. We study only linear time-invariant systems.

8.2 Stute Feedbuck

Consider the n-dimensional single-variable state equation

X = Ax + bu
8.1
y =c¢X

where we have assumed d = 0 to simplify discussion. In state feedback, the input u is given by
u=r—kx=r—lkiky - kJx=r—-) kx (8.2)
i=1

as shown in Fig. 8.2. Each feedback gain k; is a real constant. This is called the constant gain
negative state feedback or, simply, state feedback. Substituting (8.2) into (8.1) yields

X = (A — bK)X + br
(8.3)
y=¢

Theorem 8.1

The pair (A — bk, b), for any 1 X n real constant vector K, is controllable if and only if (A, b) is
controllable.

% Proof: We show the theorem for n = 4. Define
C=[b Ab A’b A’b]
and
Cr =[b (A—DbKk)b (A —bk)’b (A — bk)’b]

They are the controllability matrices of (8.1) and (8.3). It is straightforward to verify

y Figure 8.2 State feedback.
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1 —kb —k(A—bk)b —Kk(A —bk)’b
1 K —k(A — bk
G =C 0 b (4 —blb (8.4)
0 0 1 —kb
0 0 0 1

Note that kis 1 x n and b is n x 1. Thus kb is scalar; so is every entry in the rightmost
matrix in (8.4). Because the rightmost matrix is nonsingular for any Kk, the rank of C
equals the rank of C. Thus (8.3) is controllable if and only if (8.1) is controllable.

This theorem can also be established directly from the definition of controllability.
Let xo and x; be two arbitrary states. If (8.1) is controllable, there exists an input «; that
transfers X, to X; in a finite time. Now if we choose r; = u; + kx, then the input r; of the
state feedback system will transfer x to x;. Thus we conclude that if (8.1) is controllable,
so is (8.3).

We see from Fig. 8.2 that the input r does not control the state x directly; it generates
u to control x. Therefore, if u cannot control x, neither can r. This establishes once again
the theorem. Q.E.D.

Although the controllability property is invariant under any state feedback, the observ-
ability property is not. This is demonstrated by the example that follows.

ExampLE 8.1 Consider the state equation
. 1 2 0
[ L)
y=1[1 2]x

The state equation can readily be shown to be controllable and observable. Now we introduce
the state feedback

u=r—[3 1]x
Then the state feedback equation becomes

[l 3L

y=1[12J]

0 2
Cr =
! [ 1o ]
which is nonsingular. Thus the state feedback equation is controllable. Its observability matrix is
1 2
Oy =
=[]

which is singular. Thus the state feedback equation is not observable. The reason that the
observability property may not be preserved in state feedback will be given later.

Its controllability matrix is
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We use an example to discuss what can be achieved by state feedback.

ExaMPLE 8.2 Consider a plant described by

[ L)

The A-matrix has characteristic polynomial
A)=G6—-12—-9=s>—-25s—8=(s —4)(s +2)

and, consequently, eigenvalues 4 and —2. It is unstable. Let us introduce state feedback
u =r — [k; ky]x. Then the state feedback system is described by

=315 5=+ Lol
=[5 L)

This new A-matrix has characteristic polynomial

Ap(s) =(—1+k)(s—1)=303—k)
=5+ (k; —2)s + Bky — k; — 8)

It is clear that the roots of Af(s) or, equivalently, the eigenvalues of the state feedback
system can be placed in any positions by selecting appropriate k; and k. For example, if
the two eigenvalues are to be placed at —1 £ j2, then the desired characteristic polynomial is
(s 4+ 14 j2)(s+ 1 — j2) = s>+ 25 + 5. Equating k; — 2 = 2 and 3k, — k; — 8 = 5 yields
ky =4 and k, = 17/3. Thus the state feedback gain [4 17/3] will shift the eigenvalues from
4, —2to —1=+ j2.

This example shows that state feedback can be used to place eigenvalues in any positions.
Moreover the feedback gain can be computed by direct substitution. This approach, however,
will become very involved for three- or higher-dimensional state equations. More seriously,
the approach will not reveal how the controllability condition comes into the design. Therefore
a more systematic approach is desirable. Before proceeding, we need the following theorem.
We state the theorem for n = 4; the theorem, however, holds for every positive integer .

Theorem 8.2
Consider the state equation in (8.1) with n = 4 and the characteristic polynomial
A(s) =det sI—A) = sYFars® +aas? +azs +ay (8.5)

If (8.1) is controllable, then it can be transformed by the transformation X = Px with
1 a;p o0y O3

1 a1 O
0 O 1 o1
0O 0 0 1

Q:=P ' =[b Ab A’b A’b] (8.6)
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into the controllable canonical form

—0p —0 —03 —04 1
- - 1 0 0 0 0
X =Ax+ bu = X + u
0 1 0 0 0 (8.7)
0 0 1 0 0
y=cx=[p1 B2 B3 BalX
Furthermore, the transfer function of (8.1) with n = 4 equals
. Bis® + Bas® + Bas + Pa
8(s) = —— (8.8)

st 4 o183+ aos? 4 ozs 4 oy

Proof: Let C and C be the controllability matrices of (8.1) and (8.7). In the SISO case,
both C and C are square. If (8.1) is controllable or C is nonsingular, so is C. And they
are related by C = PC (Theorem 6.2 and Equation (6.20)). Thus we have

P=CC!' or Q:=P'=cCC"!
The controllability matrix C of (8.7) was computed in (7.10). Its inverse turns out to be
1 (03] oy O3
671 _ 0 1 ap o
0 0 1 o
0 0 0 1
This can be verified by multiplying (8.9) with (7.10) to yield a unit matrix. Note that the
constant term a4 of (8.5) does not appear in (8.9). Substituting (8.9) into Q = CC~! yields
(8.6). As shown in Section 7.2, the state equation in (8.7) is a realization of (8.8). Thus

the transfer function of (8.7) and, consequently, of (8.1) equals (8.8). This establishes the
theorem. Q.E.D.

(8.9)

With this theorem, we are ready to discuss eigenvalue assignment by state feedback.

Theorem 8.3

If the n-dimensional state equation in (8.1) is controllable, then by state feedback u = r — KX, where
Kk is a1 x n real constant vector, the eigenvalues of A — bK can arbitrarily be assigned provided that

complex conjugate eigenvalues are assigned in pairs.

Proof: We again prove the theorem forn = 4.1f (8.1) is controllable, it can be transformed
into the controllable canonical form in (8.7). Let A and b denote the matrices in (8.7).
Then we have A = PAP~! and b = Pb. Substituting X = Px into the state feedback

yields

u=r—kx=r — kP !'x = r — kx

where k := kP~!. Because A — bk = P(A — bk)P~!', A — bk and A — bk have the same

set of eigenvalues. From any set of desired eigenvalues, we can readily form
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Ap(s) = st + a1’ + ans® +azs +as (8.10)

If k is chosen as

K=[a —a; ar—, a2 a3 — a3 a4 — 4] (8.11)

the state feedback equation becomes

— —0) —5(3 —04 1
. I - 1 0 0 0 0
X = (A —bk)x+br = X+ r
o 1 0 0 0 (8.12)
0 0 1 0 0

y=I[B1 B B3 BslX

Because of the companion form, the characteristic polynomial of (A — bk) and, conse-
quently, of (A — bk) equals (8.10). Thus the state feedback equation has the set of desired
eigenvalues. The feedback gain k can be computed from

k=kP=kCC™! (8.13)
withk in (8.11), C~' in (8.9), and C = [b Ab AZb A’b]. QE.D.

We give an alternative derivation of the formula in (8.11). We compute
As(s) = det (sI — A + bk) = det ((sI — A)[I+ (sI —A)~'bk])
= det (sT — A)det [T+ (sT — A)~'bk]
which becomes, using (8.5) and (3.64),
Ap(s) = AS)[1 +k(sT — A)~"b]
Thus we have
Ap(s) — A(s) = A(s)KGT — A)~'b = A(s)k(sT— A)'b (8.14)

Let z be the output of the feedback gain shown in Fig. 8.2 and letk = [k; k, k3 k4]. Because
the transfer function from u to y in Fig. 8.2 equals

Bis® + Bas® + Bss + Bu

csI—A)'b =
c(s ) AG)
the transfer function from u to z should equal
_ - o ks® 4 kos? + ks + k
K(sT— A)1p = 18" 8™+ Rss + Ky (8.15)

A(s)
Substituting (8.15), (8.5), and (8.10) into (8.14) yields
@ —a)s’ + (@ — 02)s” + (@3 — a3)s + (@ — ) = ki8” + kos® + ks + kq
This yields (8.11).



8.2 State Feedback 237

Feedback transfer function Consider aplantdescribed by (A, b, ¢).If (A, b) is controllable,
(A, b, ¢) can be transformed into the controllable form in (8.7) and its transfer function can
then be read out as, for n = 4,

B1s® + Bas® + Bas + Pa
st 4 o83 s 4+ o3s 4 oy
After state feedback, the state equation becomes (A — bk, b, ¢) and is still of the controllable
canonical form as shown in (8.12). Thus the feedback transfer function from r to y is

Bis® + Bos® + Bss + Ba
st s34 dxs? + azs + o
We see that the numerators of (8.16) and (8.17) are the same. In other words, state feedback
does not affect the zeros of the plant transfer function. This is actually a general property of
feedback: feedback can shift the poles of a plant but has no effect on the zeros. This can be used
to explain hy a state feedback may alter the observability property of a state equation. If one or
more poles are shifted to coincide with zeros of g(s), then the numerator and denominator of
87 (s) in (8.17) are not coprime. Thus the state equation in (8.12) and, equivalently, (A — bk, ¢)
are not observable (Theorem 7.1).

g(s)=c(sI—A)"'b=

(8.16)

gr(s) =c(sI— A +Dbk)'b= (8.17)

ExampLE 8.3 Consider the inverted pendulum studied in Example 6.2. Its state equation is,
as derived in (6.11),

01 0 O 0
% 0 0 -1 0 X+ 1
= u
00 5 0 -2
y=[10 0 0]

Itis controllable; thus its eigenvalues can be assigned arbitrarily. Because the A-matrix is block
triangular, its characteristic polynomial can be obtained by inspection as

As) =s2(s>=5) =s*+0-57—=5s>+0-54+0

First we compute P that will transform (8.18) into the controllable canonical form. Using (8.6),
we have

0 1 0 2911 0 =5 0

. 1 0 2 oflo 1 0 -5
P'=CcC'=

0 -2 0 —10(l0 0 1 0

-2 0 =10 olLo o o 1

Its inverse is
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0 0
0 0 -
0
1 1
-3 0 -3 0
Let the desired eigenvalues be —1.5 0.5 and —1 £ j. Then we have

Ar()=(6+15-05))s+15+05)(s+1—- ) +1+))
=s*+557 +10.55* + 115 + 5
Thus we have, using (8.11),
k=[5-0 10545 11-05-0]=[5 155 11 5]
and
i 5 11 103 13

k=kP=[-5 -5 -7 — 3] (8.19)
This state feedback gain will shift the eigenvalues of the plant from {0, 0, +j+/5} to
{—1.5+0.5j5, -1+ j}.

The MATLAB function place computes state feedback gains for eigenvalue placement
or assignment. For the example, we type

a=[0 1 0 0;0 0 -1 0;0 00 1;0 05 01;b=[0;1;0;-21;
p=[-1.5+0.5 -1.5-0.55 -1+j -1-31;
k=place(a,b,p)

which yields [-1.6667 — 3.6667 — 8.5833 — 4.3333]. This is the gain in (8.19).

One may wonder at this point how to select a set of desired eigenvalues. This depends
on the performance criteria, such as rise time, settling time, and overshoot, used in the design.
Because the response of a system depends not only on poles but also on zeros, the zeros of the
plant will also affect the selection. In addition, most physical systems will saturate or burn out if
the magnitude of the actuating signal is very large. This will again affect the selection of desired
poles. As a guide, we may place all eigenvalues inside the region denoted by C in Fig. 8.3(a).
The region is bounded on the right by a vertical line. The larger the distance of the vertical line
from the imaginary axis, the faster the response. The region is also bounded by two straight
lines emanating from the origin with angle 6. The larger the angle, the larger the overshoot. See
Reference [7]. If we place all eigenvalues at one point or group them in a very small region,
then usually the response will be slow and the actuating signal will be large. Therefore it is
better to place all eigenvalues evenly around a circle with radius r inside the sector as shown.
The larger the radius, the faster the response; however, the actuating signal will also be larger.
Furthermore, the bandwidth of the feedback system will be larger and the resulting system
will be more susceptible to noise. Therefore a final selection may involve compromises among
many conflicting requirements. One way to proceed is by computer simulation. Another way
is to find the state feedback gain k to minimize the quadratic performance index

J = /oo[x’(t)Qx(t) +u'(H)Ru(t)]dt
0
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Figure 8.3 Desired eigenvalue location.

See Reference [1]. However, selecting Q and R requires trial and error. In conclusion, how to
select a set of desired eigenvalues is not a simple problem.

We mention that Theorems 8.1 through 8.3—in fact, all theorems to be introduced later
in this chapter—apply to the discrete-time case without any modification. The only difference
is that the region in Fig. 8.3(a) must be replaced by the one in Fig. 8.3(b), which is obtained
by the transformation z = e°.

8.2.1 Solving the Lyupunov Equution

This subsection discusses a different method of computing state feedback gain for eigenvalue
assignment. The method, however, has the restriction that the selected eigenvalues cannot
contain any eigenvalues of A.

Procedure 8.1

Consider controllable (A, b), where Aisn X nandbisn x 1. Finda 1 x n real K such that (A — bk)

has any set of desired eigenvalues that contains no eigenvalues of A.

1. Selectan n x n matrix F that has the set of desired eigenvalues. The form of F can be chosen arbitrarily
and will be discussed later.

2. Select an arbitrary 1 X n vector K such that (F, l_() is observable.

3. Solve the unique T in the Lyapunov equation AT — TF = bk.

4. Compute the feedback gain k = KT

We justify first the procedure. If T is nonsingular, then k = kT and the Lyapunov equation
AT — TF = bk implies
(A—bK)T=TF or A —bk=TFT!

Thus (A —bk) and F are similar and have the same set of eigenvalues. Thus the eigenvalues of
(A — bK) can be assigned arbitrarily except those of A. As discussed in Section 3.7, if A and



240 STATE FEEDBACK AND STATE ESTIMATORS

F have no eigenvalues in common, then a solution T exists in AT — TF = bk for any k and
is unique. If A and F have common eigenvalues, a solution T may or may not exist depending
on bk. To remove this uncertainty, we require A and F to have no eigenvalues in common.
What remains to be proved is the nonsingularity of T.

Theorem 8.4

If A and F have no eigenvalues in common, then the unique solution T of AT —TF = bk is nonsingular
if and only if (A, b) is controllable and (F, K) is observable.

% Proof: We prove the theorem for n = 4. Let the characteristic polynomial of A be

A(s) = st a1s® +as? +azs +ay (8.20)
Then we have
AA) = A" + A’ + A + a3A +aul =0
(Cayley—Hamilton theorem). Let us consider
AF) :=F* + o\ F° 4+ a,F* + a3F + oyl (8.21)

If X; is an eigenvalue of F, then A(X;) is an eigenvalue (_)f A(F) (Problem 3.19). Because
A and F have no eigenvalues in common, we have A(A;) # 0 for all eigenvalues of F.
Because the determinant of a matrix equals the product of all its eigenvalues, we have

det AF) =[] aG) #0

Thus A(F) is nonsingular. B
Substituting AT = TF + bk into A>T — AF? yields
A’T — TF? = A(TF + bk) — TF? = Abk + (AT — TF)F
= Abk -+ bkF
Proceeding forward, we can obtain the following set of equations:
IT-TI=0
AT — TF = bk

A’T — TF? = Abk + bkF

A’T — TF® = A’bk + AbKF + bkF*

A'T — TF* = A’bk + A’bkF + AbKF” + bkF’
‘We multiply the first equation by a4, the second equation by a3, the third equation by a5,

the fourth equation by «1, and the last equation by 1, and then sum them up. After some
manipulation, we finally obtain

A(A)T — TA(F) = —TA(F)



8.2 State Feedback 241

a3 o) o) 1 l_(
—[bAbAZb A% | % @1 L O | KF (8.22)
a; 1 0 0] kF?
1 0 0 0JLKkF

where we have used A(A) = 0. If (A, b) is controllable and (F, l_() is observable, then all
three matrices after the last equality are nonsingular. Thus (8.22) and the nonsingularity of
A (F) imply that T is nonsingular. If (A, b) is uncontrollable and/or (F, k) is unobservable,
then the product of the three matrices is singular. Therefore T is singular. This establishes
the theorem. Q.E.D.

We now discuss the selection of F and k. Given a set of desired eigenvalues, there are
infinitely many F that have the set of eigenvalues. If we form a polynomial from the set, we
can use its coefficients to form a companion-form matrix F as shown in (7.14). For this F,
we can select Kk as [10 --- 0] and (F, l_() is observable. If the desired eigenvalues are all
distinct, we can also use the modal form discussed in Section 4.3.1. For example, if n = 5,
and if the five distinct desired eigenvalues are selected as Ay, &y = jB, and oy £ jB,, then we
can select F as

A 0 0 0 0
0 o1 /31 0 0
F=|0 -8 a1 0 0 (8.23)
0 0 0 (0%) ﬂz
0 0 0 —,32 (0%}

It is a block-diagonal matrix. For this F, if k has at least one nonzero entry associated with
each diagonal block suchask =[11010],k=[11001],ork =[111 1 1], then (F, k) is
observable (Problem 6.16). Thus the first two steps of Procedure 8.1 are very simple. Once F
and k are selected, we may use the MATLAB function 1yap to solve the Lyapunov equation
in Step 3. Thus Procedure 8.1 is easy to carry out as the next example illustrates.

ExampLE 8.4 Consider the inverted pendulum studied in Example 8.3. The plant state
equation is given in (8.18) and the desired eigenvalues were chosenas —1+ j and —1.5+0.5;.
We select F in modal form as
-1 1 0 0
-1 -1 0 0
0O 0 -—-15 05
0O 0 -05 -—-15

F =

and k = [1 01 0]. We type

a=[0 1 00;00 -10;0001;0050];b=[0;1;0;-21;
f=[-1 10 0;-1 -1 0 0;0 0 -1.5 0.5;0 0 -0.5 -1.57;
kb=[1 0 1 0];t=lyap(a,b, -b*kb);

k=kb*inv(t)
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The answer is [—1.6667 —3.6667 — 8.5833 — 4.3333], which is the same as the one obtained
by using function place. If we use a different k = [1 1 1 1], we will obtain the same k. Note
that the feedback gain is unique for the SISO case.

8.3 Reyulation and Tracking

Consider the state feedback system shown in Fig. 8.2. Suppose the reference signal r is zero,
and the response of the system is caused by some nonzero initial conditions. The problem is
to find a state feedback gain so that the response will die out at a desired rate. This is called a
regulator problem. This problem may arise when an aircraft is cruising at a fixed altitude H.
Now, because of turbulance or other factors, the aircraft may deviate from the desired altitude.
Bringing the deviation to zero is a regulator problem. This problem also arises in maintaining
the liquid level in Fig. 2.14 at equilibrium.

A closely related problem is the tracking problem. Suppose the reference signal r is a
constant or r(t) = a, for t > 0. The problem is to design an overall system so that y(z)
approaches r(t) = a as t approaches infinity. This is called asymptotic tracking of a step
reference input. It is clear that if r(f) = a = 0, then the tracking problem reduces to the
regulator problem. Why do we then study these two problems separately? Indeed, if the same
state equation is valid for all », designing a system to track asymptotically a step reference input
will automatically achieve regulation. However, a linear state equation is often obtained by
shifting to an operating point and linearization, and the equation is valid only for r very small
or zero; thus the study of the regulator problem is needed. We mention that a step reference
input can be set by the position of a potentiometer and is therefore often referred to as set point.
Maintaining a chamber at a desired temperature is often said to be regulating the temperature; it
is actually tracking the desired temperature. Therefore no sharp distinction is made in practice
between regulation and tracking a step reference input. Tracking a nonconstant reference signal
is called a servomechanism problem and is a much more difficult problem.

Consider a plant described by (A, b, ¢). If all eigenvalues of A lie inside the sector shown
in Fig. 8.3, then the response caused by any initial conditions will decay rapidly to zero and
no state feedback is needed. If A is stable but some eigenvalues are outside the sector, then
the decay may be slow or too oscillatory. If A is unstable, then the response excited by any
nonzero initial conditions will grow unbounded. In these situations, we may introduce state
feedback to improve the behavior of the system. Let u = r — kx. Then the state feedback
equation becomes (A — bk, b, ¢) and the response caused by x(0) is

y(1) = eeP'x(0)

If all eigenvalues of (A — bk) lie inside the sector in Fig. 8.3(a), then the output will decay
rapidly to zero. Thus regulation can easily be achieved by introducing state feedback.

The tracking problem is slightly more complex. In general, in addition to state feedback,
we need a feedforward gain p as

u(t) = pr(t) — kx

Then the transfer function from r to y differs from the one in (8.17) only by the feedforward
gain p. Thus we have
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IG) B+ Bas” + Bas + Ba
Fls) st asd + aps? +ass + au

gr(s) = (8.24)
If (A, b) is controllable, all eigenvalues of (A — bk) or, equivalently, all poles of g;(s) can
be assigned arbitrarily, in particular, assigned to lie inside the sector in Fig. 8.3(a). Under this
assumption, if the reference input is a step function with magnitude a, then the output y(¢)
will approach the constant g¢(0) - a as t — oo (Theorem 5.2). Thus in order for y(¢) to track
asymptotically any step reference input, we need

ay
"= h
which requires 84 # 0. From (8.16) and (8.17), we see that B4 is the numerator constant term
of the plant transfer function. Thus 84 # 0 if and only if the plant transfer function g(s) has no
zero at s = 0. In conclusion, if g(s) has one or more zeros at s = 0, tracking is not possible.
If g(s) has no zero at s = 0, we introduce a feedforward gain as in (8.25). Then the resulting
system will track asymptotically any step reference input.

We summarize the preceding discussion. Given (A, b, ¢); if (A, b) is controllable, we
may introduce state feedback to place the eigenvalues of (A — bk) in any desired positions and
the resulting system will achieve regulation. If (A, b) is controllable and if ¢(sI — A)~'b has
no zero at s = 0, then after state feedback, we may introduce a feedforward gain as in (8.25).
Then the resulting system can track asymptotically any step reference input.

1:@@:p% or (8.25)

8.3.1 Robust Trucking und Disturbunce Rejection'

The state equation and transfer function developed to describe a plant may change due to
change of load, environment, or aging. Thus plant parameter variations often occur in practice.
The equation used in the design is often called the nominal equation. The feedforward gain
p in (8.25), computed for the nominal plant transfer function, may not yield g(0) = 1 for
nonnominal plant transfer functions. Then the output will not track asymptotically any step
reference input. Such a tracking is said to be nonrobust.

In this subsection we discuss a different design that can achieve robust tracking and
disturbance rejection. Consider a plant described by (8.1). We now assume that a constant
disturbance w with unknown magnitude enters at the plant input as shown in Fig. 8.4(a). Then
the state equation must be modified as

X = Ax + bu + bw
(8.26)
y =c¢X

The problem is to design an overall system so that the output y(¢) will track asymptotically
any step reference input even with the presence of a disturbance w(#) and with plant parameter
variations. This is called robust tracking and disturbance rejection. In order to achieve this
design, in addition to introducing state feedback, we will introduce an integrator and a unity
feedback from the output as shown in Fig. 8.4(a). Let the output of the integrator be denoted by

1. This section may be skipped without loss of continuity.
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N%

L]

&(s)

()

Figure 8.4 (a) State feedback with internal model. (b) Interchange of two summers. (c) Transfer-
function block diagram.

x,(t), an augmented state variable. Then the system has the augmented state vector [x" x,]'.
From Fig. 8.4(a), we have

Xg=r—y=r—cx (8.27)
u=1K k,] [ X } (8.28)
Xa

For convenience, the state is fed back positively to u as shown. Substituting these into (8.26)

e L)

X
y=/le O][ }
Xa

This describes the system in Fig. 8.4(a).

(8.29)

Theorem 8.5

If (A, b) is controllable and if §(s) = ¢(sI — A)~'b has no zero at s = 0, then all eigenvalues of the
A-matrix in (8.29) can be assigned arbitrarily by selecting a feedback gain [k k,].

Proof: We show the theorem forn = 4. We assume that A, b, and ¢ have been transformed
into the controllable canonical form in (8.7) and its transfer function equals (8.8). Then
the plant transfer function has no zero at s = 0 if and only if 84 # 0. We now show that
the pair



8.3 Regulation and Tracking 245

%3] [

is controllable if and only if 84 # 0. Note that we have assumed n = 4; thus the dimension
of (8.30) is five because of the additional augmented state variable x,. The controllability
matrix of (8.30) is

b Ab A% A’b A‘b

0 —cb —cAb —cA’b —cA’b

1 —a; o2 —ar —ai(@d —ay) +oa; —a3  as
0 1 —a oz% — oy ass
=10 O 1 —o ass
0 0 0 1 ass

0 =B Biai— B —Pila} — )+ Poay — B3 ass
where the last column is not written out to save space. The rank of a matrix will not change
by elementary operations. Adding the second row multiplied by 8; to the last row, and
adding the third row multiplied by §; to the last row, and adding the fourth row multiplied
by B to the last row, we obtain

2 2
1 -0 o] — 0o —(Y](Oll—Olz)+()l2(¥]—(¥3 als

0 1 —a a% — oy ass
0o o0 1 —o ass (8.31)
0 0 0 1 aas
0o o0 0 0 — B4

Its determinant is —B4. Thus the matrix is nonsingular if and only if 84 # 0. In conclusion,
if (A, b) is controllable and if g(s) has no zero at s = 0, then the pair in (8.30) is
controllable. It follows from Theorem 8.3 that all eigenvalues of the A-matrix in (8.29)
can be assigned arbitrarily by selecting a feedback gain [k k,]. Q.E.D.

We mention that the controllability of the pair in (8.30) can also be explained from pole—
zero cancellations. If the plant transfer function has a zero at s = 0, then the tandem connection
of the integrator, which has transfer function 1/s, and the plant will involve the pole-zero
cancellation of s and the state equation describing the connection will not be controllable. On
the other hand, if the plant transfer function has no zero at s = 0, then there is no pole-zero
cancellation and the connection will be controllable.

Consider again (8.29). We assume that a set of n + 1 desired stable eigenvalues or,
equivalently, a desired polynomial A, (s) of degree n + 1 has been selected and the feedback
gain [k k,] has been found such that

As(s) = det (8.32)

|:sI—A—bk —bka]
s

Now we show that the output y will track asymptotically and robustly any step reference input
r(t) = a and reject any step disturbance with unknown magnitude. Instead of establishing
the assertion directly from (8.29), we will develop an equivalent block diagram of Fig. 8.4(a)
and then establish the assertion. First we interchange the two summers between v and i as
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shown in Fig. 8.4(b). This is permitted because we have 1 = v + kx 4+ w before and after the
interchange. The transfer function from v to y is

RO
2(s) := 56) .= ¢(sI— A —bk)"'b (8.33)

with D(s) = det (sI — A — bk). Thus Fig. 8.4(a) can be reQrawn as shown in Fig. 8.4(c). We
next establish the relationship between Ay (s) in (8.32) and g(s) in (8.33). It is straightforward
to verify the following equality:

I O0][sI—A—bk —bk,
—c(sI—A—-bk)! 1 c s

s — A — bk —bk,
0 s +c(sI — A —bk)"'bk,
Taking its determinants and using (8.32) and (8.33), we obtain

e (54 1O
1-Ar(s) = D(s) (s + bes) ka>

which implies
Ar(s) = sD(s) + k,N(s)

This is a key equation.
From Fig. 8.4(c), the transfer function from w to y can readily be computed as

N(s)
. D) sN(s) _ sN(s)
fow = | KNG T SDE) +hNG) A6
sD(s)

If the disturbance is w(¢) = w forallz > 0, where w is an unknown constant, then w(s) = w/s
and the corresponding output is given by
. sN(G)w  wN(s)
Yuwls) = — = (8.34)
Ap(s) s Ar(s)

Because the pole s in (8.34) is canceled, all remaining poles of 3,,(s) are stable poles. Therefore
the corresponding time response, for any w, will die out as + — oo. The only condition to
achieve the disturbance rejection is that y,,(s) has only stable poles. Thus the rejection still
holds, even if there are plant parameter variations and variations in the feedforward gain &,
and feedback gain k, as long as the overall system remains stable. Thus the disturbance is
suppressed at the output both asymptotically and robustly.

The transfer function from r to y is

ko N(s)

s D) kNG kNG
ki N(s) — sD(s) +koN(s)  Ap(s)
?[)(s)

gyr(s) =
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We see that

k,N(0) _ kaN(©O) |
0-D0) +k,N©)  k,N@©)

Equation (8.35) holds even when there are parameter perturbations in the plant transfer function
and the gains. Thus asymptotic tracking of any step reference input is robust. Note that this
robust tracking holds even for very large parameter perturbations as long as the overall system
remains stable.

We see that the design is achieved by inserting an integrator as shown in Fig. 8.4. The
integrator is in fact a model of the step reference input and constant disturbance. Thus it is
called the internal model principle. This will be discussed further in the next chapter.

(8.35)

éyr (O) =

8.3.2 Stubilization

If a state equation is controllable, all eigenvalues can be assigned arbitrarily by introducing
state feedback. We now discuss the case when the state equation is not controllable. Every
uncontrollable state equation can be transformed into

X, _ A. ApTX b,
[i—}_[o AJ[;J%JM (8.36)

where (AC, b,) is controllable (Theorem 6.6). Because the A-matrix is blogk triangular, the
eigenvalues of the original A-matrix are the union of the eigenvalues of A, and A;. If we
introduce the state feedback

u=r—kx=r —kx =r — [k ko] Cj|
where we have partitioned K as in X, then (8.36) becomes

;‘C Ac - l_)cl_(l AIZ - Bcl_(Z ic i Bc
[ia]_[ 0 A; }[ié_—i_[o}r (®37

We see that Az and, consequently, its eigenvalues are not affected by the state feedback. Thus
we conclude that the controllability condition of (A, b) in Theorem 8.3 is not only sufficient
but also necessary to assign all eigenvalues of (A — bk) to any desired positions.

Consider again the state equation in (8.36). If A; is stable, and if (A., b,) is controllable,
then (8.36) is said to be stabilizable. We mention that the controllability condition for tracking
and disturbance rejection can be replaced by the weaker condition of stabilizability. But in this
case, we do not have complete control of the rate of tracking and rejection. If the uncontrollable
stable eigenvalues have large imaginary parts or are close to the imaginary axis, then the
tracking and rejection may not be satisfactory.

8.4 Stute Estimutor

We introduced in the preceding sections state feedback under the implicit assumption that all
state variables are available for feedback. This assumption may not hold in practice either
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because the state variables are not accessible for direct connection or because sensing devices
or transducers are not available or very expensive. In this case, in order to apply state feedback,
we must design a device, called a state estimator or state observer, so that the output of the
device will generate an estimate of the state. In this section, we introduce full-dimensional
state estimators which have the same dimension as the original state equation. We use the
circumflex over a variable to denote an estimate of the variable. For example, X is an estimate
of x and X is an estimate of X.
Consider the n-dimensional state equation

X = Ax + bu
(8.38)
y =c¢X

where A, b, and ¢ are given and the input u(¢) and the output y(¢) are available to us. The
state x, however, is not available to us. The problem is to estimate x from u and y with the
knowledge of A, b, and c. If we know A and b, we can duplicate the original system as

X = AR +bu (8.39)

and as shown in Fig. 8.5. Note that the original system could be an electromechanical system
and the duplicated system could be an op-amp circuit. The duplication will be called an open-
loop estimator. Now if (8.38) and (8.39) have the same initial state, then for any input, we have
x(t) = x(¢) for all t > 0. Therefore the remaining question is how to find the initial state of
(8.38) and then set the initial state of (8.39) to that state. If (8.38) is observable, its initial state
x(0) can be computed from u and y over any time interval, say, [0, 7;]. We can then compute
the state at 7, and set X(#,) = X(,). Then we have X(¢) = x(¢) for all > t,. Thus if (8.38) is
observable, an open-loop estimator can be used to generate the state vector.

There are, however, two disadvantages in using an open-loop estimator. First, the initial
state must be computed and set each time we use the estimator. This is very inconvenient.
Second, and more seriously, if the matrix A has eigenvalues with positive real parts, then
even for a very small difference between x(¢y) and X(¢y) for some 7y, which may be caused by
disturbance or imperfect estimation of the initial state, the difference between x(¢) and X()
will grow with time. Therefore the open-loop estimator is, in general, not satisfactory.

We see from Fig. 8.5 that even though the input and output of (8.38) are available, we

x vy  Figure 8.5 Open-loop state estimator.
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Figure 8.6 Closed-loop state estimator.

use only the input to drive the open-loop estimator. Now we shall modify the estimator in Fig.
8.5 to the one in Fig. 8.6, in which the output y(z) = ¢x(¢) of (8.38) is compared with ¢X (7).
Their difference, passing through an n x 1 constant gain vector 1, is used as a correcting term.
If the difference is zero, no correction is needed. If the difference is nonzero and if the gain 1
is properly designed, the difference will drive the estimated state to the actual state. Such an
estimator is called a closed-loop or an asymptotic estimator or, simply, an estimator.

The open-loop estimator in (8.39) is now modified as, following Fig. 8.6,

£ =A% +bu+1(y — c})
which can be written as
%= (A—10)% +bu+ly (8.40)

and is shown in Fig. 8.7. It has two inputs u and y and its output yields an estimated state X.
Let us define

e(r) :=x(t) — x(1)

It is the error between the actual state and the estimated state. Differentiating e and then
substituting (8.38) and (8.40) into it, we obtain

Fi 8.7 Closed-1 tate estimator. | |
igure osed-loop state estimator. U b (T— A)! c y

A
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é=%—X=Ax+bu — (A —1)X — bu — I(cx)
=A-lox—A-lo)x=(A-1lo)(x —X)
or
é=(A—lc)e (8.41)

This equation governs the estimation error. If all eigenvalues of (A — l¢) can be assigned
arbitrarily, then we can control the rate for e() to approach zero or, equivalently, for the
estimated state to approach the actual state. For example, if all eigenvalues of (A — lc) have
negative real parts smaller than —o, then all entries of e will approach zero at rates faster
than e~?'. Therefore, even if there is a large error between X(fo) and x(#y) at initial time £,
the estimated state will approach the actual state rapidly. Thus there is no need to compute
the initial state of the original state equation. In conclusion, if all eigenvalues of (A — I¢) are
properly assigned, a closed-loop estimator is much more desirable than an open-loop estimator.
As in the state feedback, what constitutes the best eigenvalues is not a simple problem.
Probably, they should be placed evenly along a circle inside the sector shown in Fig. 8.3(a). If
an estimator is to be used in state feedback, then the estimator eigenvalues should be faster than
the desired eigenvalues of the state feedback. Again, saturation and noise problems will impose
constraints on the selection. One way to carry out the selection is by computer simulation.

Theorem 8.03

Consider the pair (A, ¢). All eigenvalues of (A — I¢) can be assigned arbitrarily by selecting a real
constant vector | if and only if (A, ¢) is observable.

This theorem can be established directly or indirectly by using the duality theorem. The
pair (A, ¢) is observable if and only if (A’, ¢’) is controllable. If (A’, ¢’) is controllable, all
eigenvalues of (A’ — ¢'Kk) can be assigned arbitrarily by selecting a constant gain vector k. The
transpose of (A’ — ¢'k) is (A — k’c). Thus we have I = K’. In conclusion, the procedure for
computing state feedback gains can be used to compute the gain 1 in state estimators.

Solving the Lyapunov equation We discuss a different method of designing a state estimator
for the n-dimensional state equation

X = Ax + bu
(8.42)
y = ¢x

The method is dual to Procedure 8.1 in Section 8.2.1.

Procedure 8.01

1. Select an arbitrary n X n stable matrix F that has no eigenvalues in common with those of A.
2. Select an arbitrary n X 1 vector 1 such that (F, 1) is controllable.

3. Solve the unique T in the Lyapunov equation TA — FT = le¢. This T is nonsingular following the
dual of Theorem 8.4.
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4. Then the state equation

z=Fz + Thu +1y (8.43)
(8.44)

we>
Il
3
N

generates an estimate of X.

We first justify the procedure. Let us define
e:=z—Tx
Then we have, replacing TA by FT + Ic,

¢ =72 — Tx =Fz+ Tbu + lex — TAx — Tbu
=Fz+lex — (FT 4+ le)x = F(z — Tx) = Fe
If F is stable, for any e(0), the error vector e(¢) approaches zero as t — oo. Thus z approaches

Tx or, equivalently, T~!z is an estimate of x. All discussion in Section 8.2.1 applies here and
will not be repeated.

8.4.1 Reduced-Dimensionul State Estimator

Consider the state equation in (8.42). If it is observable, then it can be transformed, dual to
Theorem 8.2, into the observable canonical form in (7.14). We see that y equals x|, the first
state variable. Therefore it is sufficient to construct an (n — 1)-dimensional state estimator to
estimate x; fori = 2,3, ..., n. This estimator with the output equation can then be used to
estimate all n state variables. This estimator has a lesser dimension than (8.42) and is called a
reduced-dimensional estimator.

Reduced-dimensional estimators can be designed by transformations or by solving Lya-
punov equations. The latter approach is considerably simpler and will be discussed next. For
the former approach, the interested reader is referred to Reference [6, pp. 361-363].

Procedure 8.R1

1. Select an arbitrary (n — 1) X (n — 1) stable matrix F that has no eigenvalues in common with those
of A.

2. Select an arbitrary (n — 1) x 1 vector I such that (F, 1) is controllable.
3. Solve the unique T in the Lyapunov equation TA — FT = lc. Note that T is an (n — 1) X n matrix.

4. Then the (n — 1)-dimensional state equation

z=Fz+ Tbhu + 1y (8.45)
N c1 'y
x=|:Ti| [Z] (8.46)

We first justify the procedure. We write (8.46) as

is an estimate of X.
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NP

AR

which implies y = ¢x and z = TX. Clearly y is an estimate of ¢x. We now show that z is an
estimate of Tx. Define
e=z—Tx
Then we have
¢ =7 — Tx = Fz+ Tbu + lcx — TAx — Tbu = Fe

Clearly if F is stable, then e(z) — 0 as r — oo. Thus z is an estimate of Tx.

Theorem 8.6

If A and F have no common eigenvalues, then the square matrix

[;

where T is the unique solution of TA — FT = lc, is nonsingular if and only if (A, ¢) is observable and
(F, 1) is controllable.

Proof: We prove the theorem for n = 4. The first part of the proof follows closely the
proof of Theorem 8.4. Let

A(s) = det (sT — A) = s* + 15> + aas® + a3s + ay
Then, dual to (8.22), we have

o3 Oy o C

—TA(F) = [1F1FA1 F1]

1
0y O 1 0 cA
0 (8.47)

a; 1 0 cA?
1 0 0 0JLcA3

and A(F) is nonsingular if A and F have no common eigenvalues. Note that if A is 4 x 4,
then F is 3 x 3. The rightmost matrix in (8.47) is the observability matrix of (A, ¢) and will
be denoted by O. The first matrix after the equality is the controllability matrix of (F, 1)
with one extra column and will be denoted by C4. The middle matrix will be denoted by
A and is always nonsingular. Using these notations, we write T as —A~!(F) (A O and P
becomes

C C
= H N [—A‘I(F)QAO}

1 0 c
- [0 —A—I(F)} [C4A0} (8.48)

Note that if n = 4, then P, O, and A are 4 x 4; T and C; are 3 x 4 and A(F) is 3 x 3.
If (F, 1) is not controllable, C; has rank at most 2. Thus T has rank at most 2 and P is
singular. If (A, ¢) is not observable, then there exists a nonzero 4 x 1 vector r such that
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Or = 0, which implies er = 0 and Pr = 0. Thus P is singular. This shows the necessity
of the theorem.

Next we show the sufficiency by contradiction. Suppose P is singular. Then there
exists a nonzero vector r such that Pr = 0, which implies

C Ccr
[QAO]r: [C4A0r] =0 (8.49)

Define a := AOr = [ay a; a3 a4) =: [a a4]’, where a represents the first three entries of
a. Expressing it explicitly yields

ai oy oy oy 1 cr X
a | o o 1 O CcAr _

az| |ar 1 0 O0f]|ecAr| | x
as 1 0 0 O cA’r cr

where x denotes entries that are not needed in subsequent discussion. Thus we have
as = cr. Clearly (8.49) implies ay = cr = 0. Substituting a4 = 0 into the lower part of
(8.49) yields

CGAOr=Ca=Ca=0 (8.50)

where C is 3 x 3 and is the controllability matrix of (F, 1) and a is the first three entries
of a. If (F, 1) is controllable, then Ca = 0 implies a = 0. In conclusion, (8.49) and the
controllability of (F,1) imply a = 0.

Consider AOr = a = 0. The matrix A is always nonsingular. If (A, ¢) is observable,
then O is nonsingular and A Or = 0 implies r = 0. This contradicts the hypothesis that r
is nonzero. Thus if (A, ¢) is observable and (F, 1) is controllable, then P is nonsingular.
This establishes Theorem 8.6. Q.E.D.

Designing state estimators by solving Lyapunov equations is convenient because the
same procedure can be used to design full-dimensional and reduced-dimensional estimators.
As we shall see in a later section, the same procedure can also be used to design estimators for
multi-input multi-output systems.

8.5 Feedbuck from Estimuted States

Consider a plant described by the n-dimensional state equation

X = Ax + bu
(8.51)
y =c¢x

If (A, b) is controllable, state feedback u = r — kx can place the eigenvalues of (A — bk)
in any desired positions. If the state variables are not available for feedback, we can design a
state estimator. If (A, c¢) is observable, a full- or reduced-dimensional estimator with arbitrary
eigenvalues can be constructed. We discuss here only full-dimensional estimators. Consider
the n-dimensional state estimator

X = (A —10)% + bu +1ly (8.52)
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The estimated state in (8.52) can approach the actual state in (8.51) with any rate by selecting
the vector 1.

The state feedback is designed for the state in (8.51). If x is not available, it is natural to
apply the feedback gain to the estimated state as

u=r—kg (8.53)

as shown in Fig. 8.8. The connection is called the controller-estimator configuration. Three
questions may be raised in this connection: (1) The eigenvalues of (A — bk) are obtained from
u = r — kx. Do we still have the same set of eigenvalues in using u = r — kx? (2) Will
the eigenvalues of the estimator be affected by the connection? (3) What is the effect of the
estimator on the transfer function from r to y? To answer these questions, we must develop
a state equation to describe the overall system in Fig. 8.8. Substituting (8.53) into (8.51) and
(8.52) yields

X = Ax — bk& + br
% = (A —10)% + b(r — k%) + lex

They can be combined as

HE NN NE
y=le 0][2}

This 2n-dimensional state equation describes the feedback system in Fig. 8.8. It is not easy
to answer the posed questions from this equation. Let us introduce the following equivalence

transformation:
X _ X = I 0 )f _.p )f
e X — X I -I]|x X

Computing P~!, which happens to equal P, and then using (4.26), we can obtain the following
equivalent state equation:

HE N N HE
y=le 0][:}

- + u y Figure 8.8 Controller-estimator configuration.
Plant

]

k Estimator

(8.54)

(8.55)
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The A-matrix in (8.55) is block triangular; therefore its eigenvalues are the union of those
of (A — bk) and (A — lc). Thus inserting the state estimator does not affect the eigenvalues
of the original state feedback; nor are the eigenvalues of the state estimator affected by the
connection. Thus the design of state feedback and the design of state estimator can be carried
out independently. This is called the separation property.

The state equation in (8.55) is of the form shown in (6.40); thus (8.55) is not controllable
and the transfer function of (8.55) equals the transfer function of the reduced equation

x=(A—bk)x+br y=cx
or
87(s) = e(sI— A +bk)"'b

(Theorem 6.6). This is the transfer function of the original state feedback system without using
a state estimator. Therefore the estimator is completely canceled in the transfer function from
r to y. This has a simple explanation. In computing transfer functions, all initial states are
assumed to be zero. Consequently, we have x(0) = x(0) = 0, which implies x(¢) = X(¢)
for all t. Thus, as far as the transfer function from r to y is concerned, there is no difference
whether a state estimator is employed or not.

8.6 Stute Feedbuck—Multivariable Cuse

This section extends state feedback to multivariable systems. Consider a plant described by
the n-dimensional p-input state equation

x = Ax + Bu
(8.56)
y =Cx
In state feedback, the input u is given by
u=r— Kx (8.57)

where K is a p x n real constant matrix and r is a reference signal. Substituting (8.57) into
(8.56) yields

% = (A — BK)x + Br

(8.58)
y=Cx

Theorem 8.M1
The pair (A — BK, B), for any p X n real constant matrix K, is controllable if and only if (A, B) is

controllable.

The proof of this theorem follows closely the proof of Theorem 8.1. The only difference
is that we must modify (8.4) as
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I, - KB —-K(A-BK)B —K(A — BK)’B

P

0 I ~KB ~K(A — BK)B
—c p ( )

0 0 1, ~KB

0 0 0 I,

where Cy and C are n x np controllability matrices with n = 4 and I,, is the unit matrix of
order p. Because the rightmost 4p x 4p matrix is nonsingular, C; has rank # if and only if C
has rank n. Thus the controllability property is preserved in any state feedback. As in the SISO
case, the observability property, however, may not be preserved. Next we extend Theorem 8.3
to the matrix case

Theorem 8.M3

All eigenvalues of (A — BK) can be assigned arbitrarily (provided complex conjugate eigenvalues are
assigned in pairs) by selecting a real constant K if and only if (A, B) is controllable.

If (A, B) is not controllable, then (A, B) can be transformed into the form shown in (8.36)
and the eigenvalues of A; will not be affected by any state feedback. This shows the necessity
of the theorem. The sufficiency will be established constructively in the next three subsections.

8.6.1 Cyclic Design

In this design, we change the multi-input problem into a single-input problem and then apply
Theorem 8.3. A matrix A is called cyclic if its characteristic polynomial equals its minimal
polynomial. From the discussion in Section 3.6, we can conclude that A is cyclic if and only
if the Jordan form of A has one and only one Jordan block associated with each distinct
eigenvalue.

Theorem 8.7

If the n-dimensional p-input pair (A, B) is controllable and if A is cyclic, then for almost any p X 1
vector Vv, the single-input pair (A, BV) is controllable.

We argue intuitively the validity of this theorem. Controllability is invariant under any
equivalence transformation; thus we may assume A to be in Jordan form. To see the basic idea,
we use the following example:

210 0 0 0 1 x
021 0 0 00 x
A=l0 02 0 o0 B=|1 2 Bv:B[”‘}: « | (859
000 —1 1 4 3 02 x
000 0 -1 10 B

There is only one Jordan block associated with each distinct eigenvalue; thus A is cyclic. The
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condition for (A, B) to be controllable is that the third and the last rows of B are nonzero
(Theorem 6.8).

The necessary and sufficient conditions for (A, Bv) to be controllable are « # 0 and
B # 0in (8.59). Because @« = v; + 2v, and B = vy, either o or B is zero if and only if
vy = 0 or vy /v, = —2/1. Thus any v other than v; = 0 and v; = —2v, will make (A, Bv)
controllable. The vector v can assume any value in the two-dimensional real space shown in
Fig. 8.9. The conditions v; = 0 and v; = —2v, constitute two straight lines as shown. The
probability for an arbitrarily selected v to lie on either straight line is zero. This establishes
Theorem 8.6. The cyclicity assumption in this theorem is essential. For example, the pair

2 10 2 1
A=]0 2 0 B=|0 2
0 0 2 1 0

is controllable (Theorem 6.8). However, there is no v such that (A, Bv) is controllable
(Corollary 6.8).

If all eigenvalues of A are distinct, then there is only one Jordan block associated with
each eigenvalue. Thus a sufficient condition for A to be cyclic is that all eigenvalues of A are
distinct.

Theorem 8.8
If (A, B) is controllable, then for almost any p X n real constant matrix K, the matrix (A — BK) has
only distinct eigenvalues and is, consequently, cyclic.
We show intuitively the theorem for n = 4. Let the characteristic polynomial of A—BK be
Ar(s) = st a1s3 + a2s2 + azs + as

where the a; are functions of the entries of K. The differentiation of Ay (s) with respect to s
yields

A}(s) = 45° + 3a;5> + 2ays + as
If Af(s) has repeated roots, then A ¢ (s) and A} (s) are not coprime. The necessary and sufficient

condition for them to be not coprime is that their Sylvester resultant is singular or

Figure 8.9 Two-dimensional real space.

-2 —-10
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[ ay as 0 0 0 0 0
as 2a2 ay as 0 0 0

S O O

ay 3(11 as 2(12 ay as 0

4 3 2
det ag [25) [45] as ay dg as _ b(kij) _ 0
1 0 a 4 a 3a a 2a
0O 0 1 0 a 4 a 3aq
O 0 0 0 1 0 a 4

Lo 0 0 o o0 o0 1 04

See (7.28). It is clear that all possible solutions of b(k;;) = 0 constitute a very small subset of
all real k;;. Thus if we select an arbitrary K, the probability for its entries to meet b(k;;) = 0
is 0. Thus all eigenvalues of (A — BK) will be distinct. This establishes the theorem.

With these two theorems, we can now find a K to place all eigenvalues of (A — BK) in
any desired positions. If A is not cyclic, we introduce u = w — K;x, as shown in Fig. 8.10,
such that A := A — BK, in

%x = (A — BK|)x + Bw =: Ax + Bw (8.60)

is cyclic. Bec_ause (A, B) is controllable, so is (A, B). Thus there exists a p x 1 real vector
v such that (A, Bv) is controllable.? Next we introduce another state feedback w = r — K)x
with K, = vk, where kis a 1 x n real vector. Then (8.60) becomes

x = (A — BK,)x + Br = (A — Bvk)x + Br

Because the single-input pair (A, Bv) is controllable, the eigenvalues of (A — Bvk) can

Ky, K

K]

Figure 8.10 State feedback by cyclic design.

2. The choices of K; and v are not unique. They can be chosen arbitrarily and the probability is 1 that they will meet
the requirements. In Theorem 7.5 of Reference [5], a procedure is given to choose K; and V with no uncertainty.
The computation, however, is complicated.
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be assigned arbitrarily by selecting a k (Theorem 8.3). Combining the two state feedback
u=w-—Kixandw =r — K)x as

u=r— (K +Ky;)x =:r— Kx

we obtain a K := K, + K, that achieves arbitrary eigenvalue assignment. This establishes
Theorem 8.M3.

8.6.2 Lyupunov-Eyuution Method

This section will extend the procedure of computing feedback gain in Section 8.2.1 to the
multivariable case. Consider an n-dimensional p-input pair (A, B). Find a p x n real constant
matrix K so that (A — BK) has any set of desired eigenvalues as long as the set does not contain
any eigenvalue of A.

Procedure 8.M1

1. Select an n X n matrix F with a set of desired eigenvalues that contains no eigenvalues of A.
2. Select an arbitrary p x n matrix K such that (F, K) is observable.

3. Solve the unique T in the Lyapunov equation AT — TF = BK.
4

. If T is singular, select a different K and repeat the process. If T is nonsingular, we compute
K = KT~ !, and (A — BK) has the set of desired eigenvalues.

If T is nonsingular, the Lyapunov equation and KT = K imply

(A—BK)T=TF or A —BK=TFT"!

Thus (A — BK) and F are similar and have the same set of eigenvalues. Unlike the SISO case
where T is always nonsingular, the T here may not be nonsingular even if (A, B) is controllable
and (F, I_() is observable. In other words, the two conditions are necessary but not sufficient
for T to be nonsingular.

Theorem 8.M4

If A and F have no eigenvalues in common, then the unique solution T of AT —TF = BK is nonsingular
only if (A, B) is controllable and (F, K) is observable.

Proof: The proof of Theorem 8.4 applies here except that (8.22) must be modified as, for

n=4,
asl al oI 1 K
I I I 0 KF
_TA(F)=[B AB A’B A°B] | “2. %! Sl
o T 0 0]|]|KF
I 0 0 o0JLKP

or
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—TA(F) = CZ0 (8.61)

where A(F) is nonsingular and C, ¥, and O are, respectively, n x np, np X np, and
np x n. If C or O has rank less than n, then T is singular following (3.61). However,
the conditions that C and O have rank n do not imply the nonsingularity of T. Thus the
controllability of (A, B) and observability of (F, K) are only necessary conditions for T
to be nonsingular. This establishes Theorem 8. M4. Q.E.D.

Given a controllable (A, B), it is possible to construct an observable (F, f() so that the
T in Theorem 8.M4 is singular. However, after selecting F, if K is selected randomly and if
(F, K) is observable, it is believed that the probability for T to be nonsingular is 1. Therefore
solving the Lyapunov equation is a viable method of computing a feedback gain matrix to
achieve arbitrary eigenvalue assignment. As in the SISO case, we may choose F in companion
form or in modal form as shown in (8.23). If F is chosen as in (8.23), then we can select K as

_ 1 1.0 0 0 _ 1
K — or K= 00 00
00 01 0 1 0010
(see Problem 6.16). Once F and K are chosen, we can then use the MATLAB function 1yap
to solve the Lyapunov equation. Thus the procedure can easily be carried out.

8.6.3 Cunonicul-Form Method

We introduced in the preceding subsections two methods of computing a feedback gain matrix
to achieve arbitrary eigenvalue assignment. The methods are relatively simple; however, they
will not reveal the structure of the resulting feedback system. In this subsection, we discuss
a different design that will reveal the effect of state feedback on the transfer matrix. We also
give a transfer matrix interpretation of state feedback.

In this design, we must transform (A, B) into a controllable canonical form. It is an
extension of Theorem 8.2 to the multivariable case. Although the basic idea is the same, the
procedure can become very involved. Therefore we will skip the details and present the final
result. To simplify the discussion, we assume that (8.56) has dimension 6, two inputs, and two
outputs. We first search linearly independent columns of C = [B AB --. A°B]inorder from
left to right. It is assumed that its controllability indices are u; = 4 and u, = 2. Then there
exists a nonsingular matrix P and X = Px will transform (8.56) into the controllable canonical
form

__alll —a112 —113 —x114 : —Qa121 —Ol122_
1 0 0 0 0 0
0 1 0 0 0 0
X=1 0 1 0 0 o |¥
—02]1 —0212 —0213 —0214 —Qa22] —Q222
) 0 0 0 : 1 0
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-1 b
0 0
0 0

10 o0 |u (8.62)
0 1
L O 0

y=—ﬂ111 Bz Bus Bus P ,3122])_(
LBt Briz Boiz Bra Bt B

Note that this form is identical to the one in (7.104).
We now discuss how to find a feedback gain matrix to achieve arbitrary eigenvalue
assignment. From a given set of six desired eigenvalues, we can form

Ap(s) = (s* +aims® +@nas® +@nss + @ia) (57 + @15 + @) (8.63)

Let us select K as

I_(—|:1 b12i|_1|:55111—05111 Ay — o o3 — a3
0 1 Q11 — 211 G212 — Q212 0213 — (213
0_6114—06114 ) —121 ) —0122 ] (8.64)
Q214 — Q214  O22] — 221 (222 — (X222
Then it is straightforward to verify the following
—a —Q2 03— 0 0
1 0 0 0 0 0
0 1 0 0 0 0
A-BK=| 0 | 0 0 0 (8.65)
—yy  —Gp —Gy3 —Qas  : —Ga  —@m
L 0 0 0 0 : 1 0

Because (A — ]_3[_() is block triangular, for any a,y;,i = 1, 2, 3, 4, its characteristic polynomial
equals the product of the characteristic polynomials of the two diagonal blocks of orders 4
and 2. Because the diagonal blocks are of companion form, we conclude that the characteristic
polynomial of (A —BK) equals the one in (8.63). If K = KP, then (A—BK) = P(A—BK)P~'.
Thus the feedback gain K = KP will place the eigenvalues of (A —BK) in the desired locations.
This establishes once again Theorem 8. M3.

Unlike the single-input case, where the feedback gain is unique, the feedback gain matrix
in the multi-input case is not unique. For example, the K in (8.64) yields a lower block-triangular
matrix in (A — BK). It is possible to select a different K to yield an upper block-triangular
matrix or a block-diagonal matrix. Furthermore, a different grouping of (8.63) will again yield
a different K.
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8.6.4 Effect on Trunsfer Mutrices®

In the single-variable case, state feedback can shift the poles of a plant transfer function g(s) to
any positions and yet has no effect on the zeros. Or, equivalently, state feedback can change the
denominator coefficients, except the leading coefficient 1, to any values but has no effect on the
numerator coefficients. Although we can establish a similar result for the multivariable case
from (8.62) and (8.65), it is instructive to do so by using the result in Section 7.9. Following
the notation in Section 7.9, we express G(s) =CGsI—A) 'Bas

G(s) = N(s)D™'(s) (8.66)
or
¥(s) = ND™ ()i(s) (8.67)
where N(s) and D(s) are right coprime and D(s) is column reduced. Define
D(s)V(s) = u(s) (8.68)
as in (7.93). Then we have
y(s) = N(s)V(s) (8.69)
Let H(s) and L(s) be defined as in (7.91) and (7.92). Then the state vector in (8.62) is
X(s) = L(s)v(s)
Thus the state feedback becomes, in the Laplace-transform domain,
u(s) = r(s) — Kx(s) = £(s) — KL(s)V(s) (8.70)

and can be represented as shown in Fig. 8.11.
Let us express D(s) as

D(s) = Dy H(s) + D L(s) (8.71)
Substituting (8.71) and (8.70) into (8.68) yields
[DrcH(s) + Dy L(s)]V(s) = F(s) — KL(s)V(s)

which implies

r(s) + u(s) v(s) y(s) Figure 8.11 Transfer matrix
) AD ' (5) N(s) interpretation of state feedback.

7

x(s)

K K3 Lo

3. This subsection may be skipped without loss of continuity. The material in Section 7.9 is needed to study this
subsection.
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[DH(s) + (D + K)L(5)] ¥(5) = #(s)
Substituting this into (8.69) yields
§(s) = N(s) [DycH(s) + Dy + K)L()] ™' #(5)
Thus the transfer matrix from r to y is
Gy (s) = N(s) [DycH(s) + (Dye + K)L(5)] ™! (8.72)

The state feedback changes the plant transfer matrix N(s)D~!(s) to the one in (8.72). We see
that the numerator matrix N(s) is not affected by the state feedback. Neither are the column
degree H(s) and the column-degree coefficient matrix Dy, affected by the state feedback.
However, all coefficients associated with L(s) can be assigned arbitrarily by selecting a K.
This is similar to the SISO case.

It is possible to extend the robust tracking and disturbance rejection discussed in Section
8.3 to the multivariable case. It is simpler, however, to do so by using coprime fractions;
therefore it will not be discussed here.

8.7 Stute Estimutors—Multivariable Cuse

All discussion for state estimators in the single-variable case applies to the multivariable
case; therefore the discussion will be brief. Consider the n-dimensional p-input g-output state
equation

X = Ax + Bu
(8.73)
y=Cx

The problem is to use available input u and output y to drive a system whose output gives an
estimate of the state x. We extend (8.40) to the multivariable case as

%= (A —LC)X +Bu+Ly (8.74)
This is a full-dimensional state estimator. Let us define the error vector as
e(t) :=x(1) — x() (8.75)
Then we have, as in (8.41),
é=(A—-LOC)e (8.76)

If (A, C) is observable, then all eigenvalues of (A —LC) can be assigned arbitrarily by choosing
an L. Thus the convergence rate for the estimated state X to approach the actual state x can be
as fast as desired. As in the SISO case, the three methods of computing state feedback gain K
in Sections 8.6.1 through 8.6.3 can be applied here to compute L.

Next we discuss reduced-dimensional state estimators. The next procedure is an extension
of Procedure 8.R1 to the multivariable case.
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Procedure 8.MR1
Consider the n-dimensional ¢-output observable pair (A, C). It is assumed that C has rank q.

1. Select an arbitrary (n — gq) X (n — g) stable matrix F that has no eigenvalues in common with those

of A.
2. Select an arbitrary (n — ¢q) X g matrix L such that (F, L) is controllable.
3. Solve the unique (n — g) X n matrix T in the Lyapunov equation TA — FT = LC.

C
P= |: T ] (8.77)

4. If the square matrix of order n

is singular, go back to Step 2 and repeat the process. If P is nonsingular, then the (n — ¢ )-dimensional
state equation

z =Fz+ TBu+ Ly (8.78)

-1
x:[g] [ﬂ (8.79)

We first justify the procedure. We write (8.79) as

MEHE

which implies y = Cx and z = TxX. Clearly y is an estimate of Cx. We now show that z is an
estimate of Tx. Let us define

generates an estimate of X.

e:=z—Tx
Then we have
e =7z — Tx =Fz+ TBu+ LCx — TAx — TBu
=Fz+ (LC — TA)x = F(z — Tx) = Fe

If F is stable, then e(r) — 0 as t — oo. Thus z is an estimate of Tx.

Theorem 8.Mé6

If A and F have no common eigenvalues, then the square matrix

-

where T is the unique solution of TA — FT = LC, is nonsingular only if (A, C) is observable and
(F, L) is controllable.

This theorem can be proved by combining the proofs of Theorems 8.M4 and 8.6. Unlike
Theorem 8.6, where the conditions are necessary and sufficient for P to be nonsingular, the
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conditions here are only necessary. Given (A, C), it is possible to construct a controllable pair
(F, L) so that P is singular. However, after selecting F, if L is selected randomly and if (F, L)
is controllable, it is believed that the probability for P to be nonsingular is 1.

8.8 Feedbuck from Estimuted States—Multivariable Cuse

This section will extend the separation property discussed in Section 8.5 to the multivariable
case. We use the reduced-dimensional state estimator; therefore the development is more
complex.

Consider the n-dimensional state equation

X = Ax + Bu
(8.80)
y=0Cx

and the (n — g)-dimensional state estimator in (8.78) and (8.79). First we compute the inverse
of P in (8.77) and then partition it as [Q; Q.], where Q; isn x ¢ and Q, isn X (n — g); that s,

[Q Qz][g} =QC+QT=I (8.81)
Then the (n — ¢)-dimensional state estimator in (8.78) and (8.79) can be written as
z=Fz+ TBu+ Ly (8.82)
X=Qiy+Quz (8.83)
If the original state is not available for state feedback, we apply the feedback gain matrix to X
to yield
u=r—Kx=r—-KQ;y— KQz (8.84)

Substituting this into (8.80) and (8.82) yields
x = Ax + B(r — KQ,Cx — KQ,z)

= (A — BKQ;C)x — BKQ,z + Br (8.85)
z=Fz + TB(r — KQ,Cx — KQ,z) + LCx
= (LC — TBKQ,O)x + (F — TBKQ,)z + TBr (8.86)

They can be combined as
x| [ A-BKQ,C —BKQ; X n B .
z] |LC—-TBKQ,C F-TBKQ; ||z TB
y=C 0] [X} (8.87)
Z

This (2n — g)-dimensional state equation describes the feedback system in Fig. 8.8. As in the
SISO case, let us carry out the following equivalence transformation
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PROBLEMS

NE PN

After some manipulation and using TA — FT = LC and (8.81), we can finally obtain the
following equivalent state equation

-0 e
y=1IC 0][’;}

This equation is similar to (8.55) for the single-variable case. Therefore all discussion there
applies, without any modification, to the multivariable case. In other words, the design of a
state feedback and the design of a state estimator can be carried out independently. This is
the separation property. Furthermore, all eigenvalues of F are not controllable from r and the
transfer matrix from r to y equals

(8.88)

Gs(s) =C(I—A+BK)"'B

8.1 Given

. [2 1 1 0
S (|

find the state feedback gain k so that the state feedback system has —1 and —2 as its
eigenvalues. Compute k directly without using any equivalence transformation.

8.2 Repeat Problem 8.1 by using (8.13).
8.3 Repeat Problem 8.1 by solving a Lyapunov equation.

8.4 Find the state feedback gain for the state equation

1 1 =2 1
x=|0 1 1 |[x+|0|u
0 0 1 1

so that the resulting system has eigenvalues —2 and —1 £ j 1. Use the method you think
is the simplest by hand to carry out the design.

8.5 Consider a system with transfer function
. s—D+2)
g(s) =

(s+ D(s—2)(s +3)
Is it possible to change the transfer function to
s—1
(s+2)(s+3)
by state feedback? Is the resulting system BIBO stable? Asymptotically stable?

gr(s) =
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8.6 Consider a system with transfer function
(s —D(s+2)
S+ DG —2)(s+3)
Is it possible to change the transfer function to
R 1
gr(s) = 13
by state feedback? Is the resulting system BIBO stable? Asymptotically stable?

8(s) =

8.7 Consider the continuous-time state equation

11 =2 1
x=|0 1 1 |x+]|0]u
00 1 1

y=1[2 0 0]x

Let u = pr — kx. Find the feedforward gain p and state feedback gain k so that the
resulting system has eigenvalues —2 and —1 % j 1 and will track asymptotically any step
reference input.

8.8 Consider the discrete-time state equation

11 =2 1
xk+11=]0 1 1 [x[k]l+]|0 |ulk]
00 1 1

ylkl =1[2 0 OJx[k]

Find the state feedback gain so that the resulting system has all eigenvalues at z = 0.
Show that for any initial state, the zero-input response of the feedback system becomes
identically zero for k > 3.

8.9 Consider the discrete-time state equation in Problem 8.8. Let u[k] = pr[k] — kx[k],
where p is a feedforward gain. For the k in Problem 8.8, find a gain p so that the output
will track any step reference input. Show also that y[k] = r[k] for k > 3. Thus exact
tracking is achieved in a finite number of sampling periods instead of asymptotically.
This is possible if all poles of the resulting system are placed at z = 0. This is called the
dead-beat design.

8.10 Consider the uncontrollable state equation

21 0 0 0

. lo2 0 o 1

“loo -1 ol* |1 ]"
00 0 —I i

Is it possible to find a gain k so that the equation with state feedback u = r — kx has
eigenvalues —2, —2, —1, —1? Is it possible to have eigenvalues —2, —2, —2, —17 How
about —2, —2, —2, —27 Is the equation stabilizable?
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8.11

8.12

8.13

Design a full-dimensional and a reduced-dimensional state estimator for the state equa-
tion in Problem 8.1. Select the eigenvalues of the estimators from {—3, —2 £ j2}.

Consider the state equation in Problem 8.1. Compute the transfer function from r to y of
the state feedback system. Compute the transfer function from r to y if the feedback gain
is applied to the estimated state of the full-dimensional estimator designed in Problem
8.11. Compute the transfer function from r to y if the feedback gain is applied to the
estimated state of the reduced-dimensional state estimator also designed in Problem 8.11.
Are the three overall transfer functions the same?

Let
0O 1 0O 0 0
A= 0O 01 0 B— 0 0
-3 1 2 3 1 2
2 1 0 0 0 2

Find two different constant matrices K such that (A — BK) has eigenvalues —4 + 3
and —5 £ 4.



Chapter

Pole Plucement und
Model Matching

9.1 Infroduction

We first give reasons for introducing this chapter. Chapter 6 discusses state-space analysis
(controllability and observability) and Chapter 8 introduces state-space design (state feedback
and state estimators). In Chapter 7 coprime fractions were discussed. Therefore it is logical to
discuss in this chapter their applications in design.

One way to introduce coprime fraction design is to develop the Bezout identity and to
parameterize all stabilization compensators. See References [3, 6, 9, 13, 20]. This approach
is important in some optimization problems but is not necessarily convenient for all designs.
See Reference [8]. We study in this chapter only designs of minimum-degree compensators
to achieve pole placement and model matching. We will change the problems into solving
linear algebraic equations. Using only Theorem 3.2 and its corollary, we can establish all
needed results. Therefore we can bypass the Bezout identity and some polynomial theorems
and simplify the discussion.

Most control systems can be formulated as shown in Fig. 8.1. That is, given a plant with
input u and output y and a reference signal r, design an overall system so that the output y
will follow the reference signal r as closely as possible. The plant input u is also called the
actuating signal and the plant output y, the controlled signal. If the actuating signal u depends
only on the reference signal r as shown in Fig. 9.1(a), it is called an open-loop control. If u
depends on r and y, then it is called a closed-loop or feedback control. The open-loop control
is, in general, not satisfactory if there are plant parameter variations due to changes of load,
environment, or aging. It is also very sensitive to noise and disturbance, which often exist in
the real world. Therefore open-loop control is used less often in practice.

269
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There are many possible feedback configurations. The simplest is the unity-feedback
configuration shown in Fig. 9.1(b) in which the constant gain p and the compensator with
transfer function C(s) are to be designed. Clearly we have

u(s) = C(s)[pr(s) — y(s)] (CHY)

Because p is a constant, the reference signal r and the plant output y drive essentially the same
compensator to generate an actuating signal. Thus the configuration is said to have one degree
of freedom. Clearly the open-loop configuration also has one degree of freedom.

The connection of state feedback and state estimator in Fig. 8.8 can be redrawn as shown
in Fig. 9.1(c). Simple manipulation yields

1 Cy(s)

= Trae O T TR ae”

We see that r and y drive two independent compensators to generate a u#. Thus the configuration
is said to have two degrees of freedom.

A more natural two-degree-of-freedom configuration can be obtained by modifying
9.1) as

(s) 9.2

iu(s) = Ci(s)F(s) — Ca(s)y(s) 9-3)

and is plotted in Fig. 9.1(d). This is the most general control signal because each of r and y
drives a compensator, which we have freedom in designing. Thus no configuration has three
degrees of freedom. There are many possible two-degree-of-freedom configurations; see, for
example, Reference [12]. We call the one in Fig. 9.1(d) the two-parameter configuration;
the one in Fig. 9.1(c) the controller-estimator or plant-input—output-feedback configuration.
Because the two-parameter configuration seems to be more natural and more suitable for
practical application, we study only this configuration in this chapter. For designs using the
plant-input—output-feedback configuration, see Reference [6].

— C®) g(s)  p—> C(s) &)

(a)

(b)

r + u y r + u y

8(s) Ci(s) 8(s)
Ci(s) Ca(s)
Ca(s)

(c) (d)

Figure 9.1 Control configurations.
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The plants studied in this chapter will be limited to those describable by strictly proper
rational functions or matrices. We also assume that every transfer matrix has full rank in the
sense that if f}(s) isg x p,thenithasa g x g or p x p submatrix with a nonzero determinant.
If f}(s) is square, then its determinant is nonzero or its inverse exists. This is equivalent to
the assumption that if (A, B, C) is a minimal realization of the transfer matrix, then B has full
column rank and C has full row rank.

The design to be introduced in this chapter is based on coprime polynomial fractions
of rational matrices. Thus the concept of coprimeness and the method of computing coprime
fractions introduced in Sections 7.1 through 7.3 and 7.6 through 7.8 are needed for studying
this chapter. The rest of Chapter 7 and the entire Chapter 8, however, are not needed here. In
this chapter, we will change the design problem into solving sets of linear algebraic equations.
Thus the method is called the linear algebraic method in Reference [7].

For convenience, we first introduce some terminology. Every transfer function g(s) =
N(s)/D(s) is assumed to be a coprime fraction. Then every root of D(s) is a pole and every
root of N(s) is a zero. A pole is called a stable pole if it has a negative real part; an unstable
pole if it has a zero or positive real part. We also define

e Minimum-phase zeros: zeros with negative real parts

o Nonminimum-phase zeros: zeros with zero or positive real parts

Although some texts call them stable and unstable zeros, they have nothing to do with stability.
A transfer function with only minimum-phase zeros has the smallest phase among all transfer
functions with the same amplitude characteristics. See Reference [7, pp. 284-285]. Thus we
use the aforementioned terminology. A polynomial is called a Hurwitz polynomial if all its
roots have negative real parts.

9.1.1 Compensutor Eyuutions—Clussical Method

Consider the equation
A(s)D(s) + B(s)N(s) = F(s) 9.4

where D(s), N(s), and F(s) are given polynomials and A(s) and B(s) are unknown poly-
nomials to be solved. Mathematically speaking, this problem is equivalent to the problem of
solving integer solutions A and B in AD + BN = F, where D, N, and F are given integers.
This is a very old mathematical problem and has been associated with mathematicians such
as Diophantine, Bezout, and Aryabhatta.! To avoid controversy, we follow Reference [3] and
call it a compensator equation. All design problems in this chapter can be reduced to solving
compensator equations. Thus the equation is of paramount importance.

We first discuss the existence condition and general solutions of the equation. What will
be discussed, however, is not needed in subsequent sections and the reader may glance through
this subsection.

1. See Reference [21, last page of Preface].
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Theorem 9.1

Given polynomials D(s) and N(s), polynomial solutions A(s) and B(s) exist in (9.4) for any
polynomial F'(s) if and only if D(s) and N (s) are coprime.

Suppose D(s) and N (s) are not coprime and contain the same factor s + a. Then the
factor s + a will appear in F (s). Thus if F(s) does not contain the factor, no solutions exist in
(9.4). This shows the necessity of the theorem.

If D(s) and N (s) are coprime, there exist polynomials A(s) and B(s) such that

A(s)D(s) + B(s)N(s) = 1 9.5)

Its matrix version is called the Bezout identity in Reference [13]. The polynomials A(s) and
B(s) can be obtained by the Euclidean algorithm and will not be discussed here. See Reference
[6, pp. 578-580]. For example, if D(s) = s> — 1 and N(s) = s — 2, then A(s) = 1/3 and
B(s) = —(s + 2)/3 meet (9.5). For any polynomial F(s), (9.5) implies

F(s)A(s)D(s) + F(s)B(s)N(s) = F(s) 9.6)

Thus A(s) = F(s)A(s) and B(s) = F(s)B(s) are solutions. This shows the sufficiency of the
theorem.

Next we discuss general solutions. For any D(s) and N (s), there exist two polynomials
A(s) and l§(s) such that

A(s)D(s) + B(s)N(s) =0 9.7)

Obviously A(s) = —N(s) and é(s) = D(s) are such solutions. Then for any polynomial
Q(s),

A(s) = A(S)F(s) + Q(s)A(s) B(s) = B(s)F(s) + Q(s)B(s) 9.8)
are general solutions of (9.4). This can easily be verified by substituting (9.8) into (9.4) and
using (9.5) and (9.7).

ExAMPLE 9.1 Given D(s) = s2— 1, N(s) = s — 2, and F(s) = s> + 452 + 65 + 4, then
A(s) = 1> + 457 + 65 +4) + Q(s)(—s +2)
B(s)=—1(s +2)(s* +4s> + 65 +4) + Q(s)(s* — 1) 9.9)
for any polynomial Q(s), are solutions of (9.4).
Although the classical method can yield general solutions, the solutions are not necessarily
convenient to use in design. For example, we may be interested in solving A(s) and B(s) with

least degrees to meet (9.4). For the polynomials in Example 9.1, after some manipulation, we
find that if Q(s) = (s> 4 6s + 15)/3, then (9.9) reduces to

A(s) =s+34/3  B(s) = (=225 — 23)/3 (9.10)
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They are the least-degree solutions of Example 9.1. In this chapter, instead of solving the
compensator equation directly as shown, we will change it into solving a set of linear algebraic
equations as in Section 7.3. By so doing, we can bypass some polynomial theorems.

9.2 Unity-Feedbuck Configuration—Pole Placement

Consider the unity-feedback system shown in Fig. 9.1(b). The plant transfer function g(s) is
assumed to be strictly proper and of degree n. The problem is to design a proper compensator
C(s) of least possible degree m so that the resulting overall system has any set of n 4+m desired
poles. Because all transfer functions are required to have real coefficients, complex conjugate
poles must be assigned in pairs. This will be a standing assumption throughout this chapter.
Let g(s) = N(s)/D(s) and C(s) = B(s)/A(s). Then the overall transfer function from
r to y in Fig. 9.1(b) is
B(s) N(s)
pC)§s)  PA) D)
1+CEs) | BONG
A(s) D(s)

go(s) =

_ pB(s)N(s)
" A(s)D(s) + B(s)N(s)

In pole assignment, we are interested in assigning all poles of g,(s) or, equivalently, all roots
of A(s)D(s) + B(s)N(s). In this design, nothing is said about the zeros of g,(s). As we
can see from (9.11), the design not only has no effect on the plant zeros (roots of N(s))
but also introduces new zeros (roots of B(s)) into the overall transfer function. On the other
hand, the poles of the plant and compensator are shifted from D(s) and A(s) to the roots of
A(s)D(s) + B(s)N(s). Thus feedback can shift poles but has no effect on zeros.

Given a set of desired poles, we can readily form a polynomial F(s) that has the desired
poles as its roots. Then the pole-placement problem becomes one of solving the polynomial
equation

(9.11)

A(s)D(s) + B(s)N(s) = F(s) 9.12)

Instead of solving (9.12) directly, we will transform it into solving a set of linear algebraic
equations. Let deg N(s) < deg D(s) = n and deg B(s) < deg A(s) = m. Then F(s) in (9.12)
has degree at most n + m. Let us write

D(s) = Do+ Dis + Das*> +---+ D,s" D, #0

N(s) = No+ Nis + Nas®> + -+ + Ns"

A(s) = Ao+ Ars + Aps® + -+ Aps™

B(s) = By + Bis + Bys> + -+ + Bys"

F(s)=Fo+ Fis + Fas” + -+ - + Fyyps"™"

where all coefficients are real constants, not necessarily nonzero. Substituting these into (9.12)
and matching the coefficients of like powers of s, we obtain
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AoDo + BoNo = Fy
AoD; + BNy + A1Dy + Bi Ny = F)

Am Dn + BmNn = Fner

There are a total of (n + m + 1) equations. They can be arranged in matrix form as

[Ao By A1 By -+ Ay BulSw=1[Fo Fi F» -+ Fyyml (9.13)
with
Dy D --- D, 0 o 07
No Ny - N, 0 --- 0
0 Dy - D,y D, --- 0
0 Ny - Noy N, --- 0
Swi=| ... .. . . 9.14)
0 0 .-« 0 Dy --- D,
Lo 0 -~ 0 Ny, --- N,

If we take the transpose of (9.13), then it becomes the standard form studied in Theorems 3.1
and 3.2. We use the form in (9.13) because it can be extended directly to the matrix case. The
matrix S,, has 2(m + 1) rows and (n + m + 1) columns and is formed from the coefficients
of D(s) and N(s). The first two rows are simply the coefficients of D(s) and N(s) arranged
in ascending powers of 5. The next two rows are the first two rows shifted to the right by one
position. We repeat the process until we have (m + 1) sets of coefficients. The left-hand-side
row vector of (9.13) consists of the coefficients of the compensator C (s) to be solved. If C(s)
has degree m, then the row vector has 2(m + 1) entries. The right-hand-side row vector of
(9.13) consists of the coefficients of F(s). Now solving the compensator equation in (9.12)
becomes solving the linear algebraic equation in (9.13).

Applying Corollary 3.2, we conclude that (9.13) has a solution for any F(s) if and only
if S, has full column rank. A necessary condition for S,, to have full column rank is that S,,
is square or has more rows than columns, that is,

2m+1)>n+m+1 or m>n—1

If m < n — 1, then S,, does not have full column rank and solutions may exist for some F (s),
but not for every F (s). Thus if the degree of the compensator is less than n — 1, it is not possible
to achieve arbitrary pole placement.

Ifm = n—1,S,_1 becomes a square matrix of order 2n. It is the transpose of the Sylvester
resultant in (7.28) with n = 4. As discussed in Section 7.3, S,_; is nonsingular if and only if
D(s) and N (s) are coprime. Thus if D(s) and N (s) are coprime, then S,,_; has rank 2n (full
column rank). Now if m increases by 1, the number of columns increases by 1 but the the
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number of rows increases by 2. Because D,, # 0, the new D row is linearly independent of its
preceding rows. Thus the 2(n + 1) x (2n + 1) matrix S, has rank (2n + 1) (full column rank).
Repeating the argument, we conclude that if D(s) and N (s) are coprime and if m > n — 1,
then the matrix S,, in (9.14) has full column rank.

Theorem 9.2

Consider the unity-feedback system shown in Fig. 9.1(b). The plant is described by a strictly proper
transfer function g(s) = N(s)/D(s) with N(s) and D(s) coprime and deg N(s) < deg D(s) = n.
Let m > n — 1. Then for any polynomial F (s) of degree (n 4 m), there exists a proper compensator
C(s) = B(s)/A(s) of degree m such that the overall transfer function equals

PN (s)B(s) _ PN()B(s)
A()D(s) + B(s)N(s)  F(s)

Furthermore, the compensator can be obtained by solving the linear algebraic equation in (9.13).

éu(s) =

As discussed earlier, the matrix S,, has full column rank for m > n — 1; therefore, for
any (n + m) desired poles or, equivalently, for any F'(s) of degree (n 4 m), solutions exist in
(9.13). Next we show that B(s)/A(s) is proper or A,, # 0. If N(s)/D(s) is strictly proper,
then N,, = 0 and the last equation of (9.13) reduces to

AmDn + BN, = D,A,, = n+m

Because F(s) has degree (n + m), we have F,.,, # 0 and, consequently, A,, # 0. This
establishes the theorem. If m = n — 1, the compensator is unique; if m > n — 1, compensators
are not unique and free parameters can be used to achieve other design objectives, as we will
discuss later.

9.2.1 Reyulution und Tracking

Pole placement can be used to achieve the regulation and tracking discussed in Section 8.3. In
the regulator problem, we have r = 0 and the problem is to design a compensator C(s) so that
the response excited by any nonzero initial state will die out at a desired rate. For this problem,
if all poles of g,(s) are selected to have negative real parts, then for any gain p, in particular
p = 1 (no feedforward gain is needed), the overall system will achieve regulation.

We discuss next the tracking problem. Let the reference signal be a step function with
magnitude a. Then 7(s) = a/s and the output y(s) equals

$(s) = 8,(5)P(s) = go(s>§

If g,(s) is BIBO stable, the output will approach the constant g,(0)a (Theorem 5.2). This can
also be obtained by employing the final-value theorem of the Laplace transform as

lim y(¢) = lim sy(s) = g,(0)a

t—00 s—0

Thus in order to track asymptotically any step reference input, g,(s) must be BIBO stable and
8,(0) = 1. The transfer function from r to y in Fig. 9.1(b) is g,(s) = pN(s)B(s)/F(s). Thus
we have
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N(O)B©) BNy
FO) TR

80)=p

which implies
P = BNo

(9.15)

Thus in order to track any step reference input, we require By # 0 and Ny # 0. The constant
By is a coefficient of the compensator and can be designed to be nonzero. The coefficient Ny
is the constant term of the plant numerator. Thus if the plant transfer function has one or more
zeros at s = 0, then Ny = 0 and the plant cannot be designed to track any step reference input.
This is consistent with the discussion in Section 8.3.

If the reference signal is a ramp function or r(t) = at, for t > 0, then using a similar
argument, we can show that the overall transfer function g,(s) must be BIBO stable and has
the properties g,(0) = 1 and &/ (0) = O (Problems 9.13 and 9.14). This is summarized in the
following.

e Regulations g,(s) BIBO stable.
o Tracking step reference input< g,(s) BIBO stable and g,(0) = 1.
o Tracking ramp reference input< g,(s) BIBO stable, §,(0) = 1, and g/ (0) = 0.

EXAMPLE 9.2 Given a plant with transfer function g(s) = (s — 2)/(s> — 1), find a proper
compensator C(s) and a gain p in the unity-feedback configuration in Fig. 9.1(b) so that the
output y will track asymptotically any step reference input.

The plant transfer function has degree n = 2. Thus if we choose m = 1, all three poles of
the overall system can be assigned arbitrarily. Let the three poles be selected as —2, —1 £ j1;
they spread evenly in the sector shown in Fig. 8.3(a). Then we have

FS)=G4+2D6+1+DE+1—D=6+2(>+25+2)=s5>+4s> + 65+ 4
We use the coefficients of D(s) = —1+0-s+1-s>and N(s) = =2+ 1 -5+ 0- 5% to form
(9.13) as

-1 0 1 0
-2 1 0 O
[Ag Bo Ay B{]| -+ -+ v .| =[4 6 4 1]
0o -1 0 1
0o -2 1 0

Its solution is
Al =1 Ayg = 34/3 By =-22/3 By = —-23/3

This solution can easily be obtained using the MATLAB function / (slash), which denotes
matrix right division. Thus we have?

2. This is the solution obtained in (9.10). This process of solving the polynomial equation in (9.13) is considerably
simpler than the procedure discussed in Section 9.1.1.
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A(s) =s+34/3 B(s) = (—22/3)s —23/3 = (—225 — 23)/3
and the compensator
_ B(s)  —(23+225)/3 225123
TOAGs)  34/34+s  3s+34
will place the three poles of the overall system at —2 and —1 &£ j 1. If the system is designed to
achieve regulation, we set p = 1 (no feedforward gain is needed) and the design is completed.
To design tracking, we check whether or not Ny # 0. This is the case; thus we can find a p

so that the overall system will track asymptotically any step reference input. We use (9.15) to
compute p:

C(s)

(9.16)

Fy 4 6
p= = = — (9.17)
ByNy  (—23/3)(=2) 23
Thus the overall transfer function from r to y is
R 6 [—(22s +23)/3](s —2) —=2(225 +23)(s —2)
8o(s) = o= / = 9.18)

23 (34+4s346s+4)  23(s3+4s24+6s+4)

Because g,(s) is BIBO stable and g,(0) = 1, the overall system will track any step reference
input.

9.2.2 Robust Tracking und Disturbance Rejection

Consider the design problem in Example 9.2. Suppose after the design is completed, the plant
transfer function g(s) changes, due to load variations, to g(s) = (s — 2.1)/ (s — 0.95). Then
the overall transfer function becomes
. —22s —23 s —2.1
pC(s)g(s) 6 35434 5—0.95
1+ C(S)g_'(s) X 14 —22s —23 5 —2.1
3s+34 s—0.95
_ —6(22s +23)(s — 2.1)
©23(3s3 + 1252 +20.355 + 16)

g,(s) =

(9.19)

This §,,(s) is still BIBO stable, but §,,(O) = (6-23-2.1)/(23 - 16) = 0.7875 # 1. If the
reference input is a unit step function, the output will approach 0.7875 as t — oo. There is
a tracking error of over 20%. Thus the overall system will no longer track any step reference
input after the plant parameter variations, and the design is said to be nonrobust.

In this subsection, we discuss a design that can achieve robust tracking and disturbance
rejection. Consider the system shown in Fig. 9.2, in which a disturbance enters at the plant
input as shown. The problem is to design an overall system so that the plant output y will track
asymptotically a class of reference signal r even with the presence of the disturbance and with
plant parameter variations. This is called robust tracking and disturbance rejection.

Before proceeding, we discuss the nature of the reference signal r(¢) and the disturbance
w(t). If both r(¢) and w(¢) approach zero as ¢+ — oo, then the design is automatically
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Figure 9.2 Robust tracking and disturbance rejection.

N%

achieved if the overall system in Fig. 9.2 is designed to be BIBO stable. To exclude this
trivial case, we assume that r(¢) and w(¢) do not approach zero as t — oo. If we have
no knowledge whatsoever about the nature of r(¢#) and w(t), it is not possible to achieve
asymptotic tracking and disturbance rejection. Therefore we need some information of r(¢)
and w(t) before carrying out the design. We assume that the Laplace transforms of r(¢) and
w(t) are given by
N, (s) B(s) = Llw(n)] = Ny (s)

D, (s) Dy (s)
where D, (s) and D, (s) are known polynomials; however, N,(s) and N, (s) are unknown
to us. For example, if r(¢) is a step function with unknown magnitude a, then 7(s) = a/s.
Suppose the disturbance is w(t) = b + csin(w,t + d); it consists of a constant biasing with
unknown magnitude b and a sinusoid with known frequency w, but unknown amplitude ¢ and
phase d. Then we have W (s) = N, (s)/s(s> + wg). Let ¢ (s) be the least common denominator
of the unstable poles of 7(s) and w(s). The stable poles are excluded because they have no
effect on y as t+ — oo. Thus all roots of ¢ (s) have zero or positive real parts. For the examples
just discussed, we have ¢ (s) = s(s> + a)g).

F(s)=LIr@®] =

(9.20)

Theorem 9.3

Consider the unity-feedback system shown in Fig. 9.2(a) with a strictly proper plant transfer function
g(s) = N(s)/D(s). It is assumed that D(s) and N (s) are coprime. The reference signal r () and
disturbance w (¢) are modeled as 7 (s) = N,(s)/D,(s) and W(s) = Ny (s)/D,(s). Let ¢ (s) be the
least common denominator of the unstable poles of 7(s) and W(s). If no root of ¢ (s) is a zero of g(s),
then there exists a proper compensator such that the overall system will track 7 (¢) and reject w (), both
asymptotically and robustly.

Proof: 1f no root of ¢(s) is a zero of g(s) = N(s)/D(s), then D(s)¢(s) and N (s) are
coprime. Thus there exists a proper compensator B(s)/A(s) such that the polynomial
F(s)in

A(s)D(s)¢(s) + B(s)N(s) = F(s)

has any desired roots, in particular, has all roots lying inside the sector shown in Fig.
8.3(a). We claim that the compensator
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_ B(s)

A(s)9(s)
as shown in Fig. 9.2(a) will achieve the design. Let us compute the transfer function from
wto y:

C(s)

N(s)/D(s)
L+ (B(s)/A(s)¢p(s))(N(s)/D(s))
_ N(s)A(s)p(s) _ N@)AG)P(s)
~A®DE)$6) +BENG)  F(s)
Thus the output excited by w(z) equals

gyw(s) =

R R R N(s)A Ny
$u(s) = Syu(s)id(s) = (S)F((j)”’(” i 8 ©9.21)

Because all unstable roots of D,,(s) are canceled by ¢ (s), all poles of $,,(s) have negative
real parts. Thus we have y, (f) — 0 as t — oo. In other words, the response excited by
w(t) is asymptotically suppressed at the output.

Next we compute the output 3, (s) excited by 7(s):

B(s)N(s)
A(s)D(s)p(s) + B(s)N(s)

Yr(8) = &y ()P (s) = F(s)

Thus we have

e(s) :=7(s) — 3 (s) = (1 — &y, (5))7 ()
_A()D(s)@(s) Ni(s)
~ F(s)  Du(s)

Again all unstable roots of D,(s) are canceled by ¢(s) in (9.22). Thus we conclude
r(t) — y-(t) — 0ast — oo. Because of linearity, we have y(t) = y,(t) + y,(t) and
r() — y() — 0ast — oo. This shows asymptotic tracking and disturbance rejection.
From (9.21) and (9.22), we see that even if the parameters of D(s), N(s), A(s), and B(s)
change, as long as the overall system remains BIBO stable and the unstable roots of D, (s)
and D,,(s) are canceled by ¢ (s), the system still achieve tracking and rejection. Thus the
design is robust. Q.E.D.

(9.22)

This robust design consists of two steps. First find a model 1/¢ (s) of the reference signal
and disturbance and then carry out pole-placement design. Inserting the model inside the loop
is referred to as the internal model principle. If the model 1/¢ (s) is not located in the forward
path from w to y and from r to e, then ¢ (s) will appear in the numerators of gy,,(s) and .. (s)
(see Problem 9.7) and cancel the unstable poles of w(s) and 7(s), as shown in (9.21) and
(9.22). Thus the design is achieved by unstable pole—zero cancellations of ¢ (s). It is important
to mention that there are no unstable pole-zero cancellations in the pole-placement design and
the resulting unity-feedback system is totally stable, which will be defined in Section 9.3. Thus
the internal model principle can be used in practical design.

In classical control system design, if a plant transfer function or a compensator transfer
function is of type 1 (has one pole at s = 0), and the unity-feedback system is designed to be
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BIBO stable, then the overall system will track asymptotically and robustly any step reference
input. This is a special case of the internal model principle.

EXAMPLE 9.3 Consider the plant in Example 9.2 or g(s) = (s — 2)/(s> — 1). Design a
unity-feedback system with a set of desired poles to track robustly any step reference input.

First we introduce the internal model 1/¢(s) = 1/s. Then B(s)/A(s) in Fig. 9.2(a) can
be solved from

A(s)D(s)¢(s) + B(s)N(s) = F(s)
Because D(s) := D(s)¢(s) has degree 3, we may select A(s) and B(s) to have degree 2. Then
F(s) has degree 5. If we select five desired poles as —2, —2 & j1, and —1 £ j2, then we have
F(s)=(+2)(s>+4s+5(>+25s+53)
=57 + 85% + 305" + 665 + 855 + 50

Using the coefficients of D(s) = (s2—1)s = 0—s+0-s2+s> and N (s) = —2+s54+0-5240-5°,
we form

r 0 —1 0 I 0 07
-2 1 0O o0 o0 O

[Ag By A1 By Ay By] =[50 85 66 30 8 1]

0 0 0o -1 0 1
L 0 0 -2 1 0 O0d
Its solution is [127.3 —25 0 —118.7 1 —96.3]. Thus we have

B(s) _ —96.35s> — 118.7s — 25

A(s) 52+ 127.3
and the compensator is
B(s) —96.35% — 118.7s — 25
C(s) = =
A(s)p(s) (s2 +127.3)s

Using this compensator of degree 3, the unity-feedback system in Fig. 9.2(a) will track robustly
any step reference input and has the set of desired poles.

9.2.3 Embedding Internal Models

The design in the preceding subsection was achieved by first introducing an internal model
1/¢ (s) and then designing a proper B(s)/A(s). Thus the compensator B(s)/A(s)¢ (s) is always
strictly proper. In this subsection, we discuss a method of designing a biproper compensator
whose denominator will include the internal model as a factor as shown in Fig. 9.2(b). By so
doing, the degree of compensators can be reduced.
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Consider
A(s)D(s) + B(s)N(s) = F(s)

If deg D(s) = n and if deg A(s) = n — 1, then the solution A(s) and B(s) is unique. If
we increase the degree of A(s) by one, then solutions are not unique, and there is one free
parameter we can select. Using the free parameter, we may be able to include an internal model
in the compensator, as the next example illustrates.

ExaMPLE 9.4 Consider again the design problem in Example 9.2. The degree of D(s) is 2. If
A(s) has degree 1, then the solution is unique. Let us select A(s) to have degree 2. Then F'(s)
must have degree 4 and can be selected as

F(s) = (s> +4s + 5) (s> + 25 + 5) = s* + 657 + 1852 + 305 + 25

We form

r—1 0 I 0 07
-2 1 0O 0 O

[Ao Bo A1 By Az Bs] =[253018 6 1] (9.23)

L 0 0 -2 1 0d
In order for the proper compensator
By+ B B,s?
Cls) = 20 + Bis + Bas
Ag+ Ars + AzS2

to have 1/s as a factor, we require Ag = 0. There are five equations and six unknowns in
(9.23). Thus one of the unknowns can be arbitrarily assigned. Let us select Ay = 0. This is
equivalent to deleting the first row of the 6 x 5 matrix in (9.23). The remaining 5 x 5 matrix
is nonsingular, and the remaining five unknowns can be solved uniquely. The solution is

[Ag By A By A; B,]=[0 — 125348 —38.7 1 —28.8]
Thus the compensator is
_ B(s) —28.852 — 38.7s — 12.5
TOAGs) 52+ 34.8s

This biproper compensator can achieve robust tracking. This compensator has degree 2, one
less than the one obtained in Example 9.3. Thus this is a better design.

C(s)

In the preceding example, we mentioned that one of the unknowns in (9.23) can be
arbitrarily assigned. This does not mean that any one of them can be arbitrarily assigned. For
example, if we assign A, = 0 or, equivalently, delete the fifth row of the 6 x 5 matrix in (9.23),
then the remaining square matrix is singular and no solution may exist. In Example 9.4, if we
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select Ap = 0 and if the remaining equation in (9.23) does not have a solution, then we must
increase the degree of the compensator and repeat the design. Another way to carry out the
design is to find the general solution of (9.23). Using Corollary 3.2, we can express the general
solution as

[Ag By Ay By Ay B)]=[1 —13343 —-3871 —283]4+«a[2 —1 —100 1]

with one free parameter «. If we select « = —0.5, then Ay = 0 and we will obtain the same
compensator.

We give one more example and discuss a different method of embedding ¢ (s) in the
compensator.

ExAMPLE 9.5 Consider the unity-feedback system in Fig. 9.2(b) with g(s) = 1/s. Design a
proper compensator C(s) = B(s)/A(s) so that the system will track asymptotically any step
reference input and reject disturbance w(t) = a sin(2¢ + 0) with unknown a and 6.

In order to achieve the design, the polynomial A(s) must contain the disturbance model
(s2 + 4). Note that the reference model s is not needed because the plant already contains the
factor. Consider

A(s)D(s) + B(s)N(s) = F(s)

For this equation, we have deg D(s) = n = 1. Thus if m = n — 1 = 0, then the solution is
unique and we have no freedom in assigning A(s). If m = 2, then we have two free parameters
that can be used to assign A(s). Let

A(s) = Ag(s>+4)  B(s) = By + Bis + Bas®
Define
D(s) = D(s)(s>+4) = Do+ Dys + Drs®>+ D3s> =04+4s +0-5s> + 5>
We write A(s)D(s) + B(s)N(s) = F(s) as
AoD(s) + B(s)N(s) = F(s)

Equating its coefficients, we obtain
Dy D D, D

[Ao By B Bs] 0o | = [Fo F\ F> F3]

For this example, if we select
F(s)=(s+2)(s*+254+2) =5 +45> + 65+ 4

then the equation becomes

[Ag By B) B:] =1[4641]

S O = O
S = O B
- o O O
—_— 0 O =
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Its solution is [1 4 2 4]. Thus the compensator is

B(s) 452 425 + 4 _ 452 425 + 4

A(s) 1 x(s2+4) s2+4

This biproper compensator will place the poles of the unity-feedback system in the assigned

positions, track any step reference input, and reject the disturbance a sin(2t + 6), both
asymptotically and robustly.

C(s) =

9.3 Implementuble Transfer Functions

Consider again the design problem posed in Fig. 8.1 with a given plant transfer function
8(s). Now the problem is the following: given a desired overall transfer function g, (s), find
a feedback configuration and compensators so that the transfer function from r to y equals
8,(s). This is called the model matching problem. This problem is clearly different from the
pole-placement problem. In pole placement, we specify only poles; its design will introduce
some zeros over which we have no control. In model matching, we specify not only poles but
also zeros. Thus model matching can be considered as pole-and-zero placement and should
yield a better design.

Given a proper plant transfer function g(s), we claim that g,(s) = 1 is the best possible
overall system we can design. Indeed, if ,(s) = 1, then y(¢) = r(¢) for t > 0 and for any
r(t). Thus the overall system can track immediately (not asymptotically) any reference input
no matter how erratic r(¢) is. Note that although y(¢) = r(¢), the power levels at the reference
input and plant output may be different. The reference signal may be provided by turning a
knob by hand; the plant output may be the angular position of an antenna with weight over
several tons.

Although g,(s) = 1 is the best overall system, we may not be able to match it for a given
plant. The reason is that in matching or implementation, there are some physical constraints
that every overall system should meet. These constraints are listed in the following:

1. All compensators used have proper rational transfer functions.

2. The configuration selected has no plant leakage in the sense that all forward paths from r
to y pass through the plant.

3. The closed-loop transfer function of every possible input—output pair is proper and BIBO
stable.

Every compensator with a proper rational transfer function can be implemented using the
op-amp circuit elements shown in Fig. 2.6. If a compensator has an improper transfer function,
then its implementation requires the use of pure differentiators, which are not standard op-
amp circuit elements. Thus compensators used in practice are often required to have proper
transfer functions. The second constraint requires that all power passes through the plant and
no compensator be introduced in parallel with the plant. All configurations in Fig. 9.1 meet
this constraint. In practice, noise and disturbance may exist in every component. For example,
noise may be generated in using potentiometers because of brush jumps and wire irregularity.
The load of an antenna may change because of gusting or air turbulence. These will be modeled
as exogenous inputs entering the input and output terminals of every block as shown in Fig. 9.3.
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Clearly we cannot disregard the effects of these exogenous inputs on the system. Although the
plant output is the signal we want to control, we should be concerned with all variables inside
the system. For example, suppose the closed-loop transfer function from r to u is not BIBO
stable; then any r will excite an unbounded u and the system will either saturate or burn out. If
the closed-loop transfer function from n; to u is improper, and if n; contains high-frequency
noise, then the noise will be greatly amplified at # and the amplified noise will drive the system
crazy. Thus the closed-loop transfer function of every possible input—output pair of the overall
system should be proper and BIBO stable. An overall system is said to be well posed if the
closed-loop transfer function of every possible input—output pair is proper; it is totally stable
if the closed-loop transfer function of every possible input—output pair is BIBO stable.

Total stability can readily be met in design. If the overall transfer function from r to y is
BIBO stable and if there is no unstable pole-zero cancellation in the system, then the overall
system is totally stable. For example, consider the system shown in Fig. 9.3(a). The overall
transfer function from r to y is

1

8yr(s) = s+l

which is BIBO stable. However, the system is not totally stable because it involves an
unstable pole-zero cancellation of (s — 2). The closed-loop transfer function from n, to y
is s/(s —2)(s + 1), which is not BIBO stable. Thus the output will grow unbounded if noise
n,, even very small, enters the system. Thus we require BIBO stability not only of g,(s) but
also of every possible closed-loop transfer function. Note that whether or not g(s) and C(s)
are BIBO stable is immaterial.

The condition for the unity-feedback configuration in Fig. 9.3 to be well posed is
C(00)g(0c0) # —1 (Problem 9.9). This can readily be established by using Mason’s formula.
See Reference [7, pp. 200-201]. For example, for the unity-feedback system in Fig. 9.3(b),
we have C(00)g(00) = (—1/2) x 2 = —1. Thus the system is not well posed. Indeed, the
closed-loop transfer function from r to y is

(=5 + D25 +2)

- s+3

which is improper. The condition for the two-parameter configuration in Fig. 9.1(d) to be well
posed is g(00)Cy(00) # —1. In the unity-feedback and two-parameter configurations, if g(s)
is strictly proper or g(o0) = 0, then g(00)C (00) = 0 # —1 for any proper C (s) and the overall
systems will automatically be well posed. In conclusion, total stability and well-posedness can
easily be met in design. Nevertheless, they do impose some restrictions on g, (s).

go(s)

n ns

ni ny ns ny 3
r+ Y+ [s-2 %u 1 % 3 + o [—s+2 % 25 +2 !
N s—2 s—1

2s + 1
C(s) &(s) C(s) 8(s)

-

(a) (b)

Figure 9.3 Feedback systems.
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Definition 9.1 Given a plant with proper transfer function g(s), an overall transfer
Sunction g,(s) is said to be implementable if there exists a no-plant-leakage configuration
and proper compensators so that the transfer function from r to y in Fig. 8.1 equals
8,(s) and the overall system is well posed and totally stable.

If an overall transfer function g, (s) is not implementable, then no matter what configura-
tionis used to implement it, the design will violate at least one of the aforementioned constraints.
Therefore, in model matching, the selected g,(s) must be implementable; otherwise, it is not
possible to implement it in practice.

Theorem 9.4

Consider a plant with proper transfer function g(s). Then g,(s) is implementable if and only if g,(s)
and
R 2,(s
i(s) = S0
g(s)

(9.24)

are proper and BIBO stable.

Coroliary 9.4

Consider a plant with proper transfer function g(s) = N(s)/D(s). Then g,(s) = E(s)/F(s) is
implementable if and only if

1. All roots of F'(s) have negative real parts (F (s) is Hurwitz).
2. Deg F(s) —deg E(s) > deg D(s) — deg N(s) (pole—zero excess inequality).

3. All zeros of N (s) with zero or positive real parts are retained in E (s) (retainment of nonminimum-
phase zeros).

We first develop Corollary 9.4 from Theorem 9.4. If g,(s) = E(s)/F (s) is BIBO stable,
then all roots of F (s) have negative real parts. This is condition (1). We write (9.24) as
. 8o(s) _ E(s)D(s)
1(s) = = =
g(s)  F(s)N(s)

The condition for 7(s) to be proper is
deg F(s) +deg N(s) > deg E(s)+deg D(s)

which implies (2). In order for 7 (s) to be BIBO stable, all roots of N (s) with zero or positive real
parts must be canceled by the roots of E(s). Thus E(s) must contain the nonminimum-phase
zeros of N (s). This is condition (3). Thus Corollary 9.4 follows directly Theorem 9.4.

Now we show the necessity of Theorem 9.4. For any configuration that has no plant
leakage, if the closed-loop transfer function from r to y is g,(s), then we have

Y(s) = 8o ()P (s) = g(9)ia(s)
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which implies

_ 8o(s)

§0)
Thus the closed-loop transfer function from r to u is 7(s). Total stability requires every closed-
loop transfer function to be BIBO stable. Thus g,(s) and 7(s) must be BIBO stable. Well-
posedness requires every closed-loop transfer function to be proper. Thus &, (s) and 7(s) must
be proper. This establishes the necessity of the theorem. The sufficiency of the theorem will
be established constructively in the next subsection. Note that if g(s) and 7(s) are proper, then
8,(s) = g(s)t(s) is proper. Thus the condition for g,(s) to be proper can be dropped from
Theorem 9.4.

In pole placement, the design will always introduce some zeros over which we have no
control. In model matching, other than retaining nonminimum-phase zeros and meeting the
pole—zero excess inequality, we have complete freedom in selecting poles and zeros: any pole
inside the open left-half s-plane and any zero in the entire s-plane. Thus model matching
can be considered as pole-and-zero placement and should yield a better overall system than
pole-placement design.

Given a plant transfer function g(s), how to select an implementable model g,(s) is not
a simple problem. For a discussion of this problem, see Reference [7, Chapter 9].

iu(s) F(s) = E()F (s)

9.3.1 Model Mutching—Two-Parameter Configuration

This section discusses the implementation of g,(s) = g(s)7(s). Clearly, if C(s) = #(s) in Fig.
9.1(a), then the open-loop configuration has g, (s) as its transfer function. This implementation
may involve unstable pole—zero cancellations and, consequently, may not be totally stable.
Even if it is totally stable, the configuration can be very sensitive to plant parameter variations.
Therefore the open-loop configuration should not be used. The unity-feedback configuration in
Fig. 9.1(b) can be used to achieve every pole placement; however it cannot be used to achieve
every model matching, as the next example shows.

ExAMPLE 9.6 Consider a plant with transfer function g(s) = (s —2)/ (s2=1). We can readily
show that
—(s—2)

A 9.25
s2 42542 ©.25)

go(s) =

is implementable. Because g,(0) = 1, the plant output will track asymptotically any step
reference input. Suppose we use the unity-feedback configuration with p = 1 to implement
8,(s). Then from
R C(5)8(s)
8o(s) = ————
14 C(s)g(s)

we can compute the compensator as

o 2
CoyeBo®) _=62=D)
EOM =21~ s6+3)
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This compensator is proper. However, the tandem connection of C(s) and g(s) involves the
pole—zero cancellation of (s2—1) = (s + 1)(s — 1). The cancellation of the stable pole s + 1
will not cause any serious problem in the overall system. However, the cancellation of the
unstable pole s — 1 will make the overall system not totally stable. Thus the implementation
is not acceptable.

Model matching in general involves some pole—zero cancellations. The same situation
arises in state-feedback state-estimator design; all eigenvalues of the estimator are not con-
trollable from the reference input and are canceled in the overall transfer function. However,
because we have complete freedom in selecting the eigenvalues of the estimator, if we select
them properly, the cancellation will not cause any problem in design. In using the unity-
feedback configuration in model matching, as we saw in the preceding example, the canceled
poles are dictated by the plant transfer function. Thus, if a plant transfer function has poles with
positive real parts, the cancellation will involve unstable poles. Therefore the unity-feedback
configuration, in general, cannot be used in model matching.

The open-loop and the unity-feedback configurations in Figs. 9.1(a) and 9.1(b) have one
degree of freedom and cannot be used to achieve every model matching. The configurations
in Figs. 9.1(c) and 9.1(d) both have two degrees of freedom. In using either configuration,
we have complete freedom in assigning canceled poles; therefore both can be used to achieve
every model matching. Because the two-parameter configuration in Fig. 9.1(d) seems to be
more natural and more suitable for practical implementation, we discuss only that configuration
here. For model matching using the configuration in Fig. 9.1(c), see Reference [6].

Consider the two-parameter configuration in Fig. 9.1(d). Let
LB oy = MW
Ai(s) As(s)
where L(s), M(s), Ai(s), and A,(s) are polynomials. We call C,(s) the feedforward com-
pensator and C;(s) the feedback compensator. In general, A;(s) and A,(s) need not be the
same. It turns out that even if they are chosen to be the same, the configuration can still be used
to achieve any model matching. Furthermore, a simple design procedure can be developed.
Therefore we assume A;(s) = A,(s) = A(s) and the compensators become

L(s) M(s)

s 93

The transfer function from r to y in Fig. 9.1(d) then becomes

Ci(s) =

Ci(s) =

(9.26)

N(s)
§s) L&) D(s)
L+2(6)C(s) — A) | | NG) M(s)

D(s) A(s)

8o(s) = Ci(s)

L(s)N(s)
" A($)D(s) + M(s)N(s)
Thus in model matching, we search for proper L(s)/A(s) and M (s)/A(s) to meet
E(s) L(s)N(s)
F(s)  A(s)D(s) + M(s)N(s)

(9.27)

8o(s) = (9.28)
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Note that the two-parameter configuration has no plant leakage. If the plant transfer function
g(s) is strictly proper as assumed and if C,(s) = M(s)/A(s) is proper, then the overall
system is automatically well posed. The question of total stability will be discussed in the next
subsection.

Problem Given g(s) = N(s)/D(s), where N(s) and D(s) are coprime and deg
N(s) < degD(s) = n, and given an implementable g,(s) = E(s)/F(s), find proper
L(s)/A(s) and M (s)/A(s) to meet (9.28).

Procedure 9.1

1. Compute

o) _ _E@) R AC) (9.29)
N(s)  F(N(s)  F(s)

where E (s) and F (s) are coprime. Since E(s) and F(s) are implicitly assumed to be coprime,
common factors may exist only between E (s) and N (s). Cancel all common factors between them
and denote the rest as E (s) and F (s). Note thatif E(s) = N(s),then F(s) = F(s)and E(s) = 1.
Using (9.29), we rewrite (9.28) as

E(s)N(s) L(s)N(s)

88 = TEG T AODG) + MONE) ©30

From this equation, we may be tempted to set L(s) = E(s) and solve for A(s) and M(s) from
F(s) = A(s)D(s) + M(s)N (s). However, no proper Co(s) = M (s)/A(s) may exist in the
equation. See Problem 9.1. Thus we need some additional manipulation.

. Introduce an arbitrary Hurwitz polynomlal F (s) such that the degree of F (S)F (s)is2n — 1 or

hlgher In other words, if deg F(s) = p, then deg F (s) > 2n — 1 — p. Because the polynomial

F (s) will be canceled in the design, its roots should be chosen to lie inside the sector shown in Fig.
8.3(a).

. Rewrite (9.30) as

. E(s)F(s)N(s) L(s)N(s)
8o(s) = ———= = 9.31)
F(s)F(s) A(S)D(s) + M(s)N(s)
Now we set
L(s) = E(s)F(s) (9.32)

and solve A(s) and M (s) from
A($)D(s) + M(s)N(s) = F(s)F(s) (9.33)
If we write
A(s) = Ao+ Ars + Aps® + -+ Aps™
M(s) = My + Bis + Mos®> + -+ M,,s™
F()F(s) = Fo+ Fis+ Fos® + -+ + Fy st
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withm > n — 1, then A(s) and M (s) can be obtained by solving

[Ao Mo Ay My -+ Ay My1S,, =Fo Fi I -+ Fuyml (9.34)
with

rDy D --- D, 0 --- 07
No Nj - N, 0 - 0
0 Dy D,y D, 0
0 Ny - N,y N, --- 0

S, =

0 0 --- 0 Dy - D,

Lo 0 -~ 0 Ny --- N, |

The computed compensators L(s)/A(s) and M (s)/A(s) are proper.

We justify the procedure. By introducing F(s), the degree of F (s)F(s)is2n—1or higher
and, following Theorem 9.2, solutions A(s) and M (s) with deg M (s) < deg A(s) = m and
m > n — 1 existin (9.34) for any F (s)I:" (s). Thus the compensator M (s)/A(s) is proper. Note
that if we do not introduce F (s), proper compensator M (s)/A(s) may not exist in (9.34).

Next we show deg L(s) < deg A(s). Applying the pole-zero excess inequality to (9.31)
and using (9.32), we have

deg (F(s)F(s)) — deg N(s) — deg L(s) = deg D(s) — deg N(s)
which implies
deg L(s) < deg (F(s)F(s)) — deg D(s) = deg A(s)
Thus the compensator L(s)/A(s) is proper.

ExamPLE 9.7 Consider the model matching problem studied in Example 9.6. That is, given
8(s) = (s —2)/(s> = 1), match g,(s) = —(s — 2)/(s> + 25 + 2). We implement it in the
two-parameter configuration shown in Fig. 9.1(d). First we compute

8o(s) —(s-2) -1 CE(s)

NGs)  (2+25+2)(-2) $2+425+2  F(s)

B:ecauAse the degree of F(s) is 2, we select arbitrarily F (s) = s + 4 so that the degree of
F(s)F(s)is 3 = 2n — 1. Thus we have

L(s) = E$)F(s) = —(s +4) (9.35)
and A(s) and M (s) can be solved from
A()D(s) + M(s)N(s) = F(s)F(s) = (s> + 25 + 2)(s + 4)
=57 +657+10s +8
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or
-1 0o 1 o0
-2 1 0 O
[Ag Mo Ay My]| -+ -+ o .. | =[810 6 1]
0o -1 0 1
0 -2 1 0
The solutionis Ag = 18, Ay = 1, My = —13, and M| = —12. Thus we have A(s) = 18 + s
and M (s) = —13 — 12s and the compensators are
Cis) = L(s) _ —(s+4) Cos) = M(s) _ —(12s + 13)
A(s) s+ 18 A(s) s+ 18

This completes the design. Note that, because g,(0) = 1, the output of the feedback system
will track any step reference input.

EXAMPLE 9.8 Given g(s) = (s — 2)/(s> — 1), match

—(s —2)(4s +2) —4s% + 65 + 4
(2425 +2)(s+2) s3+4s24+6s+4
This g,(s) is BIBO stable and has the property g,(0) = 1 and g/ (s) = 0; thus the overall
system will track asymptotically not only any step reference input but also any ramp input.
See Problems 9.13 and 9.14. This g,(s) meets all three conditions in Corollary 9.4; thus it is
implementable. We use the two-parameter configuration. First we compute

gos) _  —(-2Ms+2)  —@s+2 _ E@)
N(s) (2425 +2)(s+2)(s—2) s3+424+65+4  F(s)

go(s) =

Because the degree of F (s) is 3, which equals 2n — 1 = 3, there is no need to introduce F (s)
and we set F(s) = 1. Thus we have

L(s) = F()E(s) = —(4s +2)

and A(s) and M (s) can be solved from

-1 0 1 0
-2 1 0
[Ag Mo Ay My]| -+ -+ oo .| =[4641]
0 -1 0 1
0 -2 1 0
as Ag =1, Ay = 34/3, My = —23/3, and M; = —22/3. Thus the compensators are
—(4s+2) —(22s +23)

Ci(s) = — T2 gy =
)= T30 29 =33

This completes the design. Note that this design does not involve any pole—zero cancellation
because F(s) = 1.

)
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9.3.2 Implementution of Two-Parameter Compensuators

Given a plant with transfer function g (s) and an implementable model g, (s), we can implement
the model in the two-parameter configuration shown in Fig. 9.1(d) and redrawn in Fig. 9.4(a).
The compensators C(s) = L(s)/A(s) and C(s) = M(s)/A(s) can be obtained by using
Procedure 9.1. To complete the design, the compensators must be built or implemented. This
is discussed in this subsection.

Consider the configuration in Fig. 9.4(a). The denominator A(s) of C(s) is obtained by
solving the compensator equation in (9.33) and may or may not be a Hurwitz polynomial. See
Problem 9.12. If it is not a Hurwitz polynomial and if we implement C;(s) as shown in Fig.
9.4(a), then the output of C; (s) will grow without bound and the overall system is not totally
stable. Therefore, in general, we should not implement the two compensators as shown in Fig.
9.4(a). If we move C;(s) outside the loop as shown in Fig. 9.4(b), then the design will involve
the cancellation of M (s). Because M (s) is also obtained by solving (9.33), we have no direct
control of M(s). Thus the design is in general not acceptable. If we move C(s) inside the
loop, then the configuration becomes the one shown in Fig. 9.4(c). We see that the connection
involves the pole—zero cancellation of L(s) = F (s)E(s). We have freedom in selecting F (s).
The polynomial E(s)is part of E(s), which, other than the nonminimum-phase zeros of N (s),
we can also select. The nonminimum-phase zeros, however, are completely canceled in E (s).
Thus L(s) can be Hurwitz® and the implementation in Fig. 9.4(c) can be totally stable and is

r L(s) o v . Yy r L(s) + ~ M(s) u N y
A6) s 8(s) M) > A05) 8(s)
M(s)
A(s)
(a) (b)
6 |
r A+ L(s) u , y ro ! + | ou , y
I ¢ ) ; I -1 5
A6) g(s) | L(s) ~ A7) | 8(s)
_ | |
! |
|
M(s) | I
L(s) | M(s) :
|
|

() )

Figure 9.4 Two-degrees-of-freedom configurations.

3. This may not be true in the multivariable case.
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acceptable. However, because the two compensators L(s)/A(s) and M (s)/L(s) have different

denominators, their implementations require a total of 2m integrators. We discuss next a better

implementation that requires only m integrators and involves only the cancellation of F'(s).
Consider

L(s) , M(s)

A(s)r(s) T A y(s)

iu(s) = Ci(s)i(s) — Ca(s)y(s) =

— A OIL(s) — M(s)] [i(s) ]
y(s)

This can be plotted as shown in Fig. 9.4(d). Thus we can consider the two compensators as a
single compensator with two inputs and one output with transfer matrix

C(s) =[Ci(s) = Ca(s)] = A7 ($)[L(s) — M(s)] (9.36)

If we find a minimal realization of (9.36), then its dimension is m and the two compensators
can be implemented using only m integrators. As we can see from (9.31), the design involves
only the cancellation of F(s). Thus the implementation in Fig. 9.4(d) is superior to the one in
Fig. 9.4(c). We see that the four configurations in Fig. 9.4 all have two degrees of freedom and
are mathematically equivalent. However, they can be different in actual implementation.

EXAMPLE 9.9 Implement the compensators in Example 9.8 using an op-amp circuit. We write
—(@4s+2) 7.33s+7.671[ 7(s)
s+11.33 s+ 11.33 y(s)

[4333 — 75.38]) [’i(s)]
y(s)

i(s) = C1(s)r(s) — Ca(s)y(s) = |:

= (-4 7331+ ———
<[ s

Its state-space realization is, using the formula in Problem 4.10,

%= —11.33x 4+ [43.33 —75.38] [r}
y

u=x+[—4 7.33] [r}
y
(See Problem 4.14.) This one-dimensional state equation can be realized as shown in Fig. 9.5.
This completes the implementation of the compensators.

9.4 Multivariable Unity-Feedbuck Systems

This section extends the pole placement discussed in Section 9.2 to the multivariable case.
Consider the unity-feedback system shown in Fig. 9.6. The plant has p inputs and g outputs
and is described by a g x p strictly proper rational matrix G(s). The compensator C(s) to be
designed must have ¢ inputs and p outputs in order for the connection to be possible. Thus
C(s) is required to be a p x g proper rational matrix. The matrix P is a ¢ x g constant gain
matrix. For the time being, we assume P = I,. Let the transfer matrix from r to y be denoted
by f}a(s), a g x g matrix. Then we have
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Figure 9.5 Op-amp circuit

. . - R/433 c R/4 R RC =1
implementation. MWV §
R/75.4 |: “y R
——AAA— —— MW\ u
R/11.3 R/73
| R
—y R
_ — — y
C(s) G(s)

Figure 9.6 Multivariable unity feedback system with P = 1.

Go(s) = [I, + G(5)C()1 ' G(5)C(s)
= G()CH)II, + G(s)Cs)]™!
=G, + C(»)G(5)] ' C(s) (9.37)

The first equality is obtained from y(s) = G(5)C()[F(s) — y(s)]; the second one from
&(s) = £(s) — G(s)C(s)&(s); and the third one from @i(s) = C(s)[F(s) — G(s)ii(s)]. They can
also be verified directly. For example, pre- and postmultiplying by [, + f}(s)C(s)] in the first
two equations yield

G)CHI, + Gs)Cs)] = [I, + G(s)C($)IG(5)Cls)

which is an identity. This establishes the second equality. The third equality can similarly be
established.

Let G(s) = N(s)D~!(s) be a right coprime fraction and let C(s) = A~!(s)B(s) be a left
fraction to be designed. Then (9.37) implies

Go(s) = N&)D ™' ()T + A7 (5)B(s)N(s)D ™' ()] 'A™ (5)B(s)
= N©D ' (5) {A ©)AGDE) +BEONSID ()} A~ (5)B(s)
= N()[A)D(s) + B(s)N(s)1 7 'B(s)
= N(@s)F ' (s)B(s) (9.38)
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where
A(s)D(s) +B(s)N(s) = F(s) (9.39)

It is a polynomial matrix equation. Thus the design problem can be stated as follows: given
p x pD(s) and ¢ x p N(s) and an arbitrary p x p F(s), find p x p A(s) and p x g B(s) to
meet (9.39). This is the matrix version of the polynomial compensator equation in (9.12).

Theorem 9.M1
Given polynomial matrices D(s) and N(s), polynomial matrix solutions A(s) and B(s) exist in (9.39)
for any polynomial matrix F(s) if and only if D(s) and N(s) are right coprime.

Suppose D(s) and N(s) are not right coprime, then there exists a nonunimodular polyno-
mial matrix R(s) such that D(s) = D(s)R(s) and N(s) = N(s)R(s) Then F(s) in (9.39) must
be of the form F(s)R(s) for some polynomial matrix F(s) Thus if F(s) cannot be expressed
in such a form, no solutions exist in (9.39). This shows the necessity of the theorem. If D(s)
and N(s) are right coprime, there exist polynomial matrices A(s) and ﬁ(s) such that

A(s)D(s) + B(s)N(s) = I

The polynomial matrices A(s) and B(s) can be obtained by a sequence of elementary oper-
ations. See Reference [6, pp. 587-595]. Thus A(s) = F(S)A(S) and B(s) = F(s)I_B(s) are
solutions of (9.39) for any F(s). This establishes Theorem 9.M1. As in the scalar case, it
is possible to develop general solutions for (9.39). However, the general solutions are not
convenient to use in our design. Thus they will not be discussed.

Next we will change solving (9.39) into solving a set of linear algebraic equations.
Consider é(s) = N(s)D~'(s), where D(s) and N(s) are right coprime and D(s) is column
reduced. Let u; be the degree of the ith column of D(s). Then we have, as discussed in
Section 7.8.2,

deg G(s) =degdetD(s) = 1+ +---+pu, =:n (9.40)
Let u := max(u1, 42, . .., ip). Then we can express D(s) and N(s) as

D(s) =Dg+Dis +Dys> + - +Dys* D, #0

N(s) = No + Nis +Nos® + -+ - + Ns”

Note that D, is singular unless 41 = @y = --- = u,. Note also that N,, = 0, following the
strict properness assumption of G(s). We also express A(s), B(s), and F(s) as

A(s) = Ao+ Ass AT+ AT
B(s) =By +Bis +Bys>+--- +B,,s"
F(s) =Fy+Fis +Fos® 4+ -+ + Fopms "
Substituting these into (9.39) and matching the coefficients of like powers of s, we obtain

[Ag Bo A B, --- A, B,IS, =[Fp F, --- F,,]=F (9.41)
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where
Dy D; --- D, 0O 0 --- 017
No Ny -~ N, o 0 --- 0
0 D D,, Db, 0 0
Sni=] 0 Ny --- Nﬂ,l N, O - 0 (9.42)
0o o0 .. 0 Dy D, --- D,
L0 0 - 0 No Ny -+ N, |

The matrix S,, has m + 1 block rows; each block row consists of p D-rows and g N-rows.
Thus S,, has (m + 1) (p + ¢) number of rows. Let us search linearly independent rows of S, in
order from top to bottom. It turns out that if N(s)D~!(s) is proper, then all D-rows are linearly
independent of their previous rows. An N-row can be linearly independent of its previous rows.
However, if an N-row becomes linearly dependent, then, because of the structure of S,,, the
same N-rows in subsequent N-block rows will be linearly dependent. Let v; be the number of
linearly independent ith N-rows and let

v :=max{v;, va, ..., vy}

It is called the row index of é(s). Then all g N-rows in the last N-block row of S, are linearly
dependent on their previous rows. Thus S,,_; contains all linearly independent N-rows and its
total number equals, as discussed in Section 7.8.2, the degree of G(s), that is,

DVt v, =n (9.43)

Because all D-rows are linearly independent and there are a total of pv D-rows in S,_, we
conclude that S,,_; has n 4+ pv independent rows or rank n + pv.
Let us consider

SO _ |:D0 Dl D}L—l Du]
NO N] s NM—I N/l.

It has p(u + 1) number of columns; however, it has at least a total of Zip=1(:“ — ;) Zero
columns. In the matrix S;, some new zero columns will appear in the rightmost block column.
However, some zero columns in Sy will not be zero columns in S;. Thus the number of zero
columns in S| remains as

p
@i=) (=) =pu—(utpt-tu)=pu—n (9.44)

i=1
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|
|

In fact, this is the number of zero columns in S,,, m = 2,3, .... Let SM,I be the matrix S,
after deleting these zero columns. Because the number of columns in S, is p(u + 1 + m), the
number of columns in S,_; is

B=pu+l+v—-1)—(pu—n)=pv+n (9.45)

The rank of gﬂ_l clearly equals the rank of S,,_; or pv 4 n. Thus S,L_l has full column rank.
Now if m increases by 1, the rank and the number of the columns of S, both increase by
p (because the p new D-rows are all linearly independent of their previous rows); thus S,

still has full column rank. Proceeding forward, we conclude that Sm, form > u — 1, has full
column rank.
Let us define

H,(s) := diag(s"!, s*2, ..., s*7) (9.46)
and
H, (s) = diag(s™!, s™, ..., s"?) 9.47)

Then we have the following matrix version of Theorem 9.2.

Theorem 9.M2

Consider the unity-feedback system shown in Fig. 9.6 with P = I;. The plant is described by ag x p

strictly proper rational matrix G(s) Let G(s) be factored as G(s) = N(s)D~!(s), where D(s) and
N(s) are right coprime and D(s) is column reduced with column degrees u;, i = 1,2,..., p.Letv
be the row index of G(s) andletm; > v — 1 fori =1,2,..., p. Then for any p X p polynominal
matrix F(s), such that

lim H'(s)F(s)H.'(s) = F,, (9.48)
§—>00
is a nonsingular constant matrix, there exists a p X ¢ proper compensator A~! (s)B(s), where A(s) is
row reduced with row degrees m;, such that the transfer matrix from r to y equals
Go(s) = N©F ' (9)B(s)

Furthermore, the compensator can be obtained by solving sets of linear algebraic equations in (9.41).

Proof: Let m = max(my, my, ..., mp). Consider the constant matrix
F:=[Fy F Fo -+ Fuy,l

It is formed from the coefficient matrices of F(s) and has order p x (m + p + 1). Clearly
F(s) has column degrees at most m + ;. Thus F has at least « number of zero columns,
where « is given in (9.44). Furthermore, the positions of these zero columns coincide
with those of S,,. Let F be the constant matrix F after deleting these zero columns. Now
consider

[AgByA; B, --- A, B,IS,, = F (9.49)
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It is obtained from (9.41) by deleting o number of zero columns in S,, and the correspond-
ing zero columns in F. Now because S, has full column rank if m > v — 1, we conclude
that for any F(s) of column degrees at most m + w;, solutions A; and B; exist in (9.49). Or,
equivalently, polynomial matrices A(s) and B(s) of row degree m or less exist in (9.49).
Note that generally Sm has more rows than columns; therefore solutions of (9.49) are not
unique.

Next we show that A~!(s)B(s) is proper. Note that D, is, in general, singular and the
method of proving Theorem 9.2 cannot be used here. Using H,. (s) and H,(s), we write,
as in (7.80),

D(s) = [Dhe + Dic(s)H; ' (5)]He(s)

N(s) = [Ne + Nic(s)H ' ($)1H,(s)

A(s) = Hy(5)[Ap + H (9)A; ()]

B(s) = H.(s)[B, + H, ' (5)By,(s)]

F(s) = H,()[F; + H; ' (s)F; (s)H, " (5)JH(s)
where Dy, (s)H ' (s), Nic(9)H; " (), H; ' (5)Ay, (5), Hy (5B, (s), and H; ' () F (s )H ' (5)
are all strictly proper rational functions. Substituting the above into (9.39) yields, ats = oo,

ApDie + By Nye = Fy,
which reduces to, because Nj. = 0 following strict properness of G(s),
Ay Dy =Fy,

Because D(s) is column reduced, Dy, is nonsingular. The constant matrix F, is nonsingular
by assumption; thus Ay, = F;,D;C1 is nonsingular and A(s) is row reduced. Therefore
A~(s)B(s) is proper (Corollary 7.8). This establishes the theorem. Q.E.D.

A polynomial matrix F(s) meeting (9.48) is said to be row—column reduced with row
degrees m; and column degrees p;. If m;y = my = --- = m, = m, then the row—column
reducedness is the same as column reducedness with column degrees m + ;. In application,
we can select F(s) to be diagonal or triangular w1th polynomials with desired roots as its
diagonal entries. Then F~!(s) and, consequently, o(s) have the desired roots as their poles.

Consider again S,_;. It is of order (p + g)v X (u + v)p. It has @ = pu — n number
of zero columns. Thus the matrix S,_; is of order (p+qgv x[(w+v)p — (pu —n)] or
(p + q)v x (vp 4+ n). The matrix Sv_ 1 contains pv linearly independent D-rows but contains
only v; + - -+ 4+ v, = n linearly independent N-rows. Thus S,_1 contains

=(pt+q@v—pv—n=qv—n

linearly dependent N-rows. Let Sv_l be the matrix S,_; after deleting these linearly dependent
N-rows. Then the matrix S, _; is of order

[(p+q)v = (qv —n)] x (vp +n) = (vp +n) x (vp +n)

Thus S,_; is square and nonsingular.
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Consider (9.49) withm = v — 1:
KS, | :=[A¢BoA; B, ---A, B, IS, | =F
It actually consists of the following p sets of linear algebraic equations
kS, =f i=12..,p (9.50)

where k; and fi are the ith row of K and F, respectively. Because SU_I has full column rank, for
any f,, solutions k; exist in (9.50). Because S, has more y rows than columns, the general
solution of (9.50) contains y free parameters (Corollary 3.2). If m in S,, increases by 1 from
v — 1 to v, then the number of rows of Sv increases by (p + ¢) but the rank of SU increases
only by p. In this case, the number of free parameters will increase from y to y + ¢. Thus in
the MIMO case, we have a great deal of freedom in carrying out the design.

We discuss a special case of (9.50). The matrix S,_1 hasy linearly dependent N-rows. If
we delete these linearly dependent N-rows from S,_1 and assign the corresponding columns
in B; as zero, then (9.50) becomes

[AO BO Av—l Bu—l]sv—] ZF

where év,l is, as discussed earlier, square and nonsingular. Thus the solution is unique. This
is illustrated in the next example.

ExAMPLE 9.10 Consider a plant with the strictly proper transfer matrix

. 1/s% 1/s 1 17[s? o] .
(s) [ 0 I/J [0 1}[0 s (s)D™(s) .51
The fraction is right coprime and D(s) is column reduced with column degrees ;; = 2 and
ur = 1. We write
[0 0] [0 0] 1 0]
D(s) = 2
(s) 0 0_+_0 1_s+_0 O_S
and
(1 17 [0 0] [0 0]
N(s) = 2
(s) 0 1_+_0 O_S+_O O_S

We use MATLAB to compute the row index. The QR decomposition discussed in Section 7.3.1
can reveal linearly independent columns, from left to right, of a matrix. Here we need linearly
independent rows, from top to bottom, of S,,; therefore we will apply QR decomposition to
the transpose of S,,. We type

dl=[0 0 0 0 1 0];d2=[0 0O O 1 0 O1;
[110000];n2=[0 1 00 0 01;
sl=[dl 0 0;d2 0 0;nl 0 0;n2 0 0;...
0 0 dl;0 0 d2;0 0 n1;0 0 n2];
[q,r]l=qgr(sl’)
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which yields, as in Example 7.7,

~dl 0 0 0 0 0 0 0-
0 d2 0 0 0 0 x x
0 0 2l x 0 0 0 0
o 0o 020 0 00
"“1o0o 0 0 0 41 0 0 0
0O 0 0 0 0 d2 0 0
0O 0 0 0 0 0 nl 0
Lo 0 0 0 0 0 0 o0

The matrix g is not needed and is not typed. In the matrix r, we use x, di, and ni to denote
nonzero entries. The nonzero diagonal entries of r yield the linearly independent columns of S
or, equivalently, linearly independent rows of S;. We see that there are two linearly independent
N1-rows and one linearly independent N2-row. The degree of G(s) is 3 and we have found
three linearly independent N-rows. Therefore there is no need to search further and we have
v; = 2 and v, = 1. Thus the row index is v = 2. We select m; = my; =m = v — 1 = 1. Thus
for any column-reduced F(s) of column degrees m + | = 3 and m + u, = 2, we can find a
proper compensator such that the resulting unity-feedback system has F(s) as its denominator
matrix. Let us choose arbitrarily

(s> +4s+5)(s +3) 0
F(s) = )
0 s+2s+5
15+ 17s + 752 + 53 0
| P ) (9.52)
0 542s+s
and form (9.41) withm =v —1=1:
0 0 0 O 1 0O 0 07
O 0 O 1 O 0O o0 O
1 1 O 0O O O o0 o0
0 1 O 0O O O o0 o0
[Ag By A By]
O 0O O o0 o0 1 0
O 0O o0 o0 o 1 0o 0
0 O 1 1 O 0 o0 O
| 0 0 O 1 0 O 1 0 |
15 0 17 0 7 0 1 O -
= =F 9.53
|: 05 02010 Oi| ( )

The « in (9.44) is 1 for this problem. Thus S; and F both have one zero column as we can
see in (9.53). After deleting the zero column, the remaining S| has full column rank and, for
any F, solutions exist in (9.53). The matrix 81 has order 8 x 7 and solutions are not unique.
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In searching the row index, we knew that the last row of Sy isa linearly dependent row. If
we delete the row, then we must assign the second column of B; as 0 and the solution will be
unique. We type

dl=[0 0 0 0 O 1];d2=[0 0 O 1 0 O1];

nl=[1 1 0 0 0 0];n2=[0 1 0 0 0 O];

dlt=[0 0 0 0 1];d2t=[0 O 0 1 0];nlt=[0 1 O O O];
slt=[dl 0;d2 O0;nl O0;n2 0;0 0 dlt;0 O d2t;0 0 nlt];

flt=[15 0 17 0 7 11;
flt/slt

which yields [7 —17 15 —15 1 0 17]. Computing once again for the second row of F, we
can finally obtain
7 —-17 15 —-15 1 0 17 O
[Ao Bo A Bi] =
0 2 0 501 00
Note that MATLAB yields the first 7 columns; the last column 0 is assigned by us (due to
deleting the last row of S;). Thus we have

AGs) = |:7 —(I)— s 2—_'1_7 ] B(s) = |:15—|(—)17S —515:|
s

and the proper compensator

s+7 —17 }1 |:17s+15 —15}

C(S)Z[ 0 s+2 0 5

will yield the overall transfer matrix
A 1 1 [ (> +4s +5)(s +3) 0 -
G, (s) = 2
0 1 0 s°+2s+5

|:17s+ 15 —15:|
X

0 5 (9.54)

This transfer matrix has the desired poles. This completes the design.

The design in Theorem 9.M2 is carried out by using a right coprime fraction of f}(s). We
state next the result by using a left coprime fraction of G(s).

Corollary 9.M2

Consider the unlty -feedback system shown in F1g 9.7. The plant is described by a ¢ X p strictly proper

rational matrix G(s) Let G(s) be factored as G(s) = D~ !(s)N(s), where D(s) and N(s) are left
coprime and D(s) is row reduced with row degrees v;, i = 1,2, ..., q. Let 1 be the column index of

G(s) andletm; > p — 1. Then for any ¢ X g row-column reduced polynominal matrix F(s) such that

lim diag(s ™", s™2, ..., s ")F(s)diag(s ™™, s, ..., s ™) = F,
§—> 00
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—— e — — 4

Figure 9.7 Unity feedback with G(s) = D~1(s)N(s).

. . . . 5 <1
is a nonsingular constant matrix, there exists a p X g proper compensator C(s) = B(s)A (s), where
A(s) is column reduced with column degrees m;, to meet

D(s)A(s) + N(s)B(s) = F(s) (9.55)
and the transfer matrix from r to y equals

G,(s) =1 — A(s)F ! (s)D(s) (9.56)

Substituting C}(s) = D !N(s) and C(s) = B(s)f&fl(s) into the first equation in (9.37)
yields
Go(s) = 1+ D' NEB®A ™ 5)]'D ' (NE)BEA ™ (5)
= A DE)AG) +N)Bs)]'No)BEA